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1. Algebraic preliminaries

Let £ be a n—dimensional Euclidean space en-
dowed with the scalar product (-,-). We iden-
tify throughout this talk £ and E*.

{e;} denotes an orthonormal basis of E, (or
a local orthonormal frame of the Riemannian
manifold in the next sections).

Consider the two natural linear maps
L EQNE - ANFLE,

A EQNE - NFTLE

Their meric adjoints (wrt the induced metric
on the exterior powers of E) are

_I*(T):Z(?i@t?i/\T, TE/\k_lE,

N* (o) :Zei@)eiJU : ocec NFTlp,



Since obviously
Ao ¥ =3 0N =0,
one gets the direct sum decomposition
EQN'E=TIm(.%) @ Im(A) @ TFE

where Tk E denotes the orthogonal complement
of the direct sum of the first two summands.
We denote by w1, mo, m3 the projections on
the three summands. The relations

Jout = (n—k+ 1)Idyi-15

Ao AN* = (k+ 1)Id/\k—|—1E
show that for £ € E ® A*E one has

1
W1§=k+1J*OJ§,
3 ! N oNE
T = o
2 n—k-+1 ’
1
38 = £ — S0 € A* o AE.



2. Twistor forms on Riemannian
manifolds

Let (M™, g) be a Riemannian manifold. As be-
fore, we identify 1—-forms and vectors via the
metric. Let V denote the covariant derivative
of the Levi—Civita connection of M. If u is a
k—form, then Vu is a section of TM ® AfM,
where

AFM = NF(T* M) ~ NF(TMD).

Using the notations above (for E = TM) we
define the first order differential operator

T : C®(A M) — C®°(TM @ AN*M),

Tu := w3(Vu).

Noticing that the exterior differential d and its
formal adjoint 4 can be writen

du = AN(Vu) |, ou = — 1 (Vu),



one gets

1 1
Tw(X) = Vyu— ——X .d X AS
wX) = Vxu— o Xadut o 7 XA ou

for all X € T'M.

Definition 1 The k—form w is called twistor
form if Tu = 0.

If, moreover, u is co—closed, then it is called
Killing form.

Remark: if one takes the wedge or interior
product with X in the twistor equation

1 1
Vyu=-—X Jdu — X A du,
k41 +1

n—=k

put X = e; and sum over ¢ one gets tautolog-
ical identities. In case of holonomy reduction,
such an approach can be used successfully (see
below).



3. Short history

e Yano (1952) introduces Killing forms

e Tachibana, Kashiwada (1968—1969) intro-
duce and study twistor forms

e Jun, Ayabe, Yamaguchi (1982) study twistor
forms on compact Kahler manifolds. They
conclude that if n > 2k > 8, every twistor
k—form on a n—dimensional compact Kahler
manifold is parallel (?7!)

e Since 2001: Semmelmann, M, Belgun et
al. study twistor and Killing forms on com-
pact manifolds with reduced holonomy and
on symmetric spaces. Several classification
results are obtained.



4. Main properties of twistor forms

Geometric interpretation. If £ = 1, a twistor
1—form is just the dual of a conformal vector
field. A Killing 1-form is the dual of a Killing
vector field. Remark: twistor k—forms have no
geometric interpretation for k > 1.

Conformal invariance. If u is a twistor k—
form on (M, g) and § := e?*g is a conformally
equivalent metric, the form 4 = ekt is 2
twistor form on (M, g). This is a consequence
of the conformal invariance of the twistor op-
erator: T(a) = Tu.

Finite dimension. Twistor forms are deter-
mined by their 2—jet at a point. More precisely,
(u, du, du, Au) is a parallel section of

AN a NI e NI o AR

with respect to some explicit connection on
this bundle.



Thus, the space of twistor k—forms has finite

dimension < ( Zif ) This dimensional bound

is sharp, equality is obtained on S™.

Relations to twistor spinors. If (M"™, g) is
oriented and spin, endowed with a spin struc-
ture, one can consider the (complex) spin bun-
dle > M with its canonical Hermitian product
(-,-), Clifford product v and covariant deriva-
tive V induced by the Levi-Civita connection.
The Dirac operator D is defined as the compo-
sition D :=~voV. More explicitly, D =} ¢e; Ve,
in a local ON frame. T M ® > M splits as fol-
lows:

TM QXM = Im(v*) @ Ker(~).

A spinor v is called a twistor spinor if the pro-
jection of Vi onto the second summand van-
ishes. Since v o~* = —nlds s, this translates
into

VX¢+1X-D¢=0.
n



ToO every spinor ¢ one can associate a k—form
Y. via the squaring construction:

YV 1= Z 62'1/\.../\6%(67;1-...-eik-w,w).

11<...<1

Proposition 2 (M — Semmelmann, 2003) If v
is a twistor spinor then v, are twistor k—forms
for every k.

T he converse clearly does not hold. T he twistor
form equation can thus be seen as a weakening
of the twistor spinor equation. Similar relations
exist between Killing spinors and forms.



5. Examples

e Parallel forms; more generally, if u is a par-
allel k—form on (M, g), ety is a (non—
parallel) twistor form on (M, e??g).

e T he round sphere S™. Twistor forms are
sums of closed and co—closed forms cor-
responding to the least eigenvalue of the
LLaplace operator.

e Sasakian manifolds: d¢l, € Adel, 1> 0 are
closed (resp. co—closed) twistor forms.

e Weak Go—manifolds or nearly Kahler man-
ifolds: the distinguished 3—form (resp. the
fundamental 2—form) are Killing forms.

e Kahler manifolds: new examples (see be-
low).



6. Classification program

Let (M"™,g) be a compact, simply connected,
oriented Riemannian manifold with holonomy
#* SO,. By the Berger—Simons Holonomy T he-
orem, one of the 3 following cases occurs:

e M is a symmetric space of compact type.

e M is a Riemannian product M = M7 X M>.

e N has reduced holonomy.

A. Symmetric spaces. The existence prob-
lem for twistor forms is not yet completely
solved. For Killing forms one has the following
result:



Theorem 3 (Belgun — M —Semmelmann, 2004)
A symmetric space of compact type carries a
non—parallel Killing form if and only if it has a
Riemannian factor isometric to a round sphere.

B. Riemannian products. Twistor forms are
completely understood in this case:

Theorem 4 (M —Semmelmann, 2004) A twistor
form on a Riemannian product is a sum of par-
allel forms, Killing forms on one of the factors,
and their Hodge duals.

C. Reduced holonomy. We distinguish three
sub—cases:

(i) Kahler geometries (holonomy group U, SUm,
or Sp;). Killing forms are parallel and twistor
forms are related to Hamiltonian forms (see
below).




(ii) Quaternion—Kahler geometry (holonomy
group Sp1-Sp;, [ > 1).

Theorem 5 (M — Semmelmann, 2004) Every
Killing k—form (k > 1) on a quaternion—Kahler
manifold is parallel.

The similar question for twistor forms is still
open.

(iii) Joyce geometries (holonomy group G» or
Spiny).

Theorem 6 (Semmelmann, 2002) Every Killing
k—form on a Joyce manifold is parallel. There
are no twistor k—forms on Go—manifolds for
k=1,2,5,6.



7. An example: twistor forms on
Kahler manifolds

Let (M2™ g, J) be a Kdhler manifold with K&hler
form denoted by (2.

Definition 7 (Apostolov — Calderbank — Gaudu-
chon) A 2—form w € ANVIM is called Hamilto-
nian if

Vxw=XANJu+uNJX, VX € TM,

for some 1—form u (which necessarily satisfies
p=3d(w,)).

Main feature: if A denotes the endomorphism
associated to w, the coefficients of the char-
acteristic polynomial x4 are Hamiltonians of
commuting Killing vector fields on M (toric ge-
ometry). In a sequence of recent papers, A—C—
G obtain the classification of compact Kahler
manifolds with Hamiltonian forms.



For the study of twistor forms one uses the
Kahlerian operators

d° = ZJeZ-/\Vei , 0° 1= —ZJGZ'_IVQZ-,
1 .1
L= Q/\=§ei/\Jei/\, A:=L =§ZJ62-_|62-_|,

J = ZJG@/\ei_l
and the relations between them:
dc — _[57 L] — _[d7 J] ’ 56 — [da /\] — _[57 L]a
d — [6C7L] — [dc7 J] ’ 5 — _[dca/\] — [5caL]7

A = dé+dd = d°5°+6°d° , [N, L] = (m—k)Idu,

as well as the vanishing of the following com-
mutators resp. anti—commutators

0=I[d, L] = [d° L] = [6,A\] = [6°,A] = [\, J] = [J, L],
0 =6d°+d0 = dd°+d°d = 66+ 6°6 = d6“+ 6“d.
(21 relations)



Theorem 8 (M — Semmelmann, 2002) Let u
be a twistor k—form on a compact Kahler mani-
fold (M?2™, g, J) and suppose that k #+ m. Then
k is even, k = 2p, and there exists a Hamilto-
nian 2—form ¢ with

w= Yy~ 1Py, Q)
p

up to parallel forms.

Step 1. (difficult) Ju is parallel (i.e. u € APP4
parallel form).

Step 2. du and du are eigenforms of AL with
explicit eigenvalues.

Step 3. The LePage decomposition

w=w0+Lw1—|—L2w2—|—...

implies

du = LPv , éu= LP " Yw, v,we TM.



Step 4. Using the twistor equation one gets
uw=LPlo4+LPf, we AVIM, feC®M.
Step 5. For a right choice of w and f,

1
uw= LP 1y — Q—pr, Q) + parallel form.
p

Remark. A similar approach can be used to
study twistor forms on QK manifolds. If J,
(o = 1,2,3) denotes a local ON frame of al-
most complex structures, one can define (be-
sides d and §) 6 first order natural diferential

operators

dt =" LaJa(e;) A Ve,

1,0
d™ =) Nadale;) A Ve,

1,00

dc e Z Jaja(€i> A\ Vei,

1,00



5+ = — Z LaJa(@i) J Vei,
1,00

5_ = — Z /\aJa(ei) _ Vei,
1,00

50 = — Z Jaz]a(ezi) | V@I;.
1,00

and 6 linear operators

L:=) LaoLa, L™ :=Y LaoJa, J 1= _ JaoJa,
(87 84 (87

A= Aaola, AT =3 Agoda, C =3 LaoAa.
(87 « «

This gives rise to 91 commutation relations,
e.g

d,\] =26~ 6, L] = -—-2dt

d, 7] = —dt 6, L] = —6T —d°—3d
d,AT] =—-d=+64+36 [6,AT] =6

d,J] = —2d°—3d 5, J] = —26°—36
d,C] =67 5,C] =-d +3




8. Open problems

In view of the previous results, the existence
of Killing forms on simply connected compact
manifolds M with non—generic holonomy is com-
pletely understood: there exists a non—parallel
Killing k—form (k > 1) on M iff M has a factor
isometric to a Riemannian sphere SP, p > 2.

T he similar problem for twistor k—forms is still
open

e ON symmetric spaces

e ONn quaternionic—Kahler manifolds
e On Spiny—manifolds

e on Go—manifolds (for £k = 3,4)

e on Kahler manifolds (for k = dim¢cM).



