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In the absence of a de Rham decomposition theorem for geometries with
torsion, we develop and unify ways to view a geometry with parallel skew
torsion as the total space of a locally defined, not necessarily unique Rieman-
nian submersion with totally geodesic fibers. We complete and extend the
Cleyton—Swann classification of irreducible such geometries and characterize
the cases where the stabilizer of the torsion is larger than the holonomy. As
a byproduct, we obtain structure results on Gray manifolds, nearly parallel
Gy-manifolds and Sasaki manifolds with reducible holonomy.
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§1 Introduction

The tangent bundle of every Riemannian manifold carries a unique torsion-free metric
connection, the so-called Levi-Civita connection. This is the main tool in studying
general Riemannian metrics. However, in the presence of additional geometric structure
like nearly Kahler, Sasaki, 3-Sasaki, homogeneous, etc., it appears that specific metric
connections with torsion preserving the given structure are better adapted in order to
gather relevant information.

In their foundational paper [12], Cleyton and Swann studied geometries with torsion,
defined by a metric connection V™ whose torsion 7 is totally skew-symmetric and par-
allel with respect to the connection itself, as is the case in all aforementioned special
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geometric contexts. Of course, one tacitly assumes that the torsion is non-vanishing,
since otherwise the problem is empty. One remarkable result that they obtain is the fol-
lowing (except in dimension 3 which was overlooked): when the infinitesimal holonomy
representation of the connection V7 is irreducible, then either the manifold is Ambrose—
Singer (i.e. the curvature is parallel as well, and the manifold is, up to regularity, locally
modelled on a naturally reductive homogeneous space), or the manifold is nearly Kéhler
in dimension 6, or nearly parallel Gy in dimension 7.

In the case of Riemannian (torsion-free) geometries, the de Rham decomposition the-
orem allows to understand a geometry with reducible holonomy representation (at least
locally) as a product of irreducible factors corresponding to the summands of the holon-
omy representation. This is no longer the case in the presence of torsion, where even for
a reducible holonomy representation, the torsion tensor may have “mixed” components
which prevent the manifold from locally splitting as a product.

A systematic study of the general (holonomy-reducible) case was undertaken in [13].
The main contribution there is the introduction of the so called standard decomposition
of the tangent bundle of a geometry with parallel skew torsion, in horizontal and vertical
summands. An irreducible component of the holonomy representation is called horizon-
tal if there exists a non-trivial element of the holonomy group acting trivially on all
other irreducible components, and vertical otherwise. The point is that with respect to
this decomposition of the tangent bundle 7'M =V & H, the torsion form has vanishing
projection onto A2V ® H, and this, in turn, ensures the existence of a local Rieman-
nian submersion with totally geodesic fibres tangent to )V from M to some other local
geometry with torsion of smaller dimension. Moreover the fibres are Ambrose—Singer
manifolds, and the “mixed” part of the torsion coincides with one of the O’Neill tensors,
which is the obstruction for the submersion to be of product form.

Using this construction, geometries with torsion where characterized in [13] in terms
of so-called geometries with parallel curvature, and in the particular case where the
holonomy representation on V is trivial, a complete classification was obtained.

It turns out, however, that even on explicit geometries with torsion like Sasakian for
instance, the holonomy group is not easy to describe in general. It is therefore useful
sometimes to consider the decomposition of the tangent bundle as representation of other
groups larger than the holonomy group, like the stabilizer of the torsion form 7, or any
other group inbetween.

The necessity of considering more general splittings into parallel subbundles than
those used in the construction of the standard submersion was already pointed out in
[3] in the context of 3-(c,d)-Sasaki manifolds. The crucial condition required for the
construction of the submersion is that the torsion form has no A2V ® H-part, leading to
our definition of admissible splittings (Definition . We extend the notion of standard
decomposition from [13] to any intermediate algebra g with hol(V™) C g C stab(7) and
show that most results from [12] and [I3] generalize to this setting. In particular, in
Theorem we extend (and slightly correct and complete) Cleyton-Swann’s result on
geometries with torsion with irreducible holonomy representation to the case where the
tangent bundle is irreducible as representation of stab(7) but possibly reducible with
respect to hol(V7).



An important question here is to classify the possible holonomies of V™ when the
stabilizer of the torsion is SU(3) or Gg. The first group corresponds to so called strict
nearly Ké&hler manifolds in dimension six (also called Gray manifolds), and in the com-
plete case, a classification was obtained in [§] and [23]. We extend these results to the
non-complete (local) setting in Proposition and Theorem . The combined results
read as follows:

1.1 Theorem. Let (M, g,J) be a Gray manifold such that the holonomy algebra of
the canonical connection is properly contained in su(3). Then either (M, g, J) is locally
isomorphic to the homogeneous Gray manifold S® x S* (see Rem. , or to the twistor
space over an anti-self-dual Einstein 4-manifold.

Similarly, when the stabilizer of the torsion is G, which corresponds to nearly parallel
Go-structures, the classification of possible holonomies of V™ is obtained in Proposi-
tion and Theorem [6.1] Again, we summarize the results:

1.2 Theorem. Let (M7, g, ) be a nearly parallel Gy-manifold such that the holonomy
algebra of the canonical connection is properly contained in go. The either (M, g, )
is locally isomorphic to the Berger space SO(5)/SO(3)i: (see Rem. [2.10), or it is a
3-(a, 0)-Sasaki manifold with 6 = ba, and ¢ is its canonical Go-structure (see [2]).

In the final section, we consider the case where the stabilizer of the torsion acts al-
most irreducibly on the tangent bundle (in the sense that it has only two irreducible
summands, one of which is 1-dimensional). In Theorem we show that this charac-
terizes Sasakian geometry, and in Theorems and we classify the cases where the
holonomy group of V7 is strictly contained in the stabilizer of 7.

§2 Geometries with parallel skew torsion

§2.1 Notation

Before we begin, a few remarks on notation are in order. Let (V,g) be a finite-
dimensional Euclidean vector space. Throughout this article, we always identify V' = V*
using g; moreover, any 2-form a € A%V = so(V) corresponds to a skew-symmetric
endomorphism via

g(a(X),Y) =a(X,Y), X, Y eV
In particular, (X AY)Z = g(X,2)Y —g(Y,Z)X for X,Y,Z € V. Moreover, any 3-form
7 € A3V corresponds to a (2, 1)-tensor by

g(xY,Z) =1(X,Y, Z), XY, ZeV,

so that X 57 =7y € s0(V).
Given an endomorphism A € End V', we denote with A, its action as a derivation on
tensor powers of V. In particular, on exterior forms,

A = Aei A (e; s a), a € AFV, (2.1)



where (e;) is some orthonormal basis of V. For 2-forms, we have the useful identity
af=[a,f], BNV =s(V). (2.2)

The notation thus introduced applies in particular to the tangent bundle 7'M and the
vector fields X(M) of any Riemannian manifold (M, g). Let moreover V9 denote the
Levi-Civita connection of g, and RY the Riemannian curvature tensor

RI(X)Y) = [V%, VI]Z = Viyy, X, Y € X(M).

§2.2 Skew torsion and decomposability

2.1 Definition. A geometry with parallel skew torsion (M, g, 7) is a Riemannian man-
ifold (M, g) together with a 3-form 7 € Q3(M) which is parallel with respect to the
connection V7 := V9 + 7. This connection is then a metric connection with parallel
skew-symmetric torsion 77 = 27.

The curvature R” of the connection V7 is related to the Riemannian curvature RY by
RI(X,Y)=R(X,Y)+ [Tx,Tv] — 2Tryv, (2.3)

cf. [12 (2.2)].

Throughout the article, we will repeatedly pick an arbitrary point of M and isomet-
rically identify the tangent space at that point with Euclidean R™. This allows us to
view O(n) as the group of isometries of the tangent space and consider various sub-
groups thereof. There are two subgroups which play a distinguished role in the study
of geometries with parallel skew torsion: the holonomy group Hol(VT), which is con-
tained in O(n) because V7 is metric, as well as the stabilizer Stab(7) in O(n). Note that
Hol(V™) C Stab(7) because V77 = 0.

Their corresponding Lie algebras are denoted by hol(V7) and stab(7), respectively, and
subsequently abstractly viewed as subalgebras of so(n). Since all of our considerations
in this article are of a local nature, we will mostly argue on the level of Lie algebras.

2.2 Definition. A geometry with parallel skew torsion (M, g, 7) is called decomposable
it M = Ty @ T» for nontrivial, orthogonal, V7-parallel distributions T}, 75, such that
T =1 + 1 with 7, € A3T;. Otherwise (M, g, 7) is called indecomposable.

2.3 Remark. By [I3, Lem. 3.2], a geometry with parallel skew torsion is decomposable if
and only if it is locally isometric to a product of geometries with parallel skew torsion. In
the torsion-free or Riemannian case (7 = 0), we recover the local de Rham decomposition
theorem: decomposability is equivalent to reducibility of the holonomy representation.

However, a geometry with torsion may well have reducible holonomy representation
while being indecomposable. The extent to which this equivalence fails for geometries
with parallel skew torsion was investigated in [I3], and we shall get back to precisely
this issue in The discussion hinges critically on the torsion being parallel. All the
more remarkable is the following result by Dileo—Lotta [14]: if a connected Riemannian
manifold (M, g) carries a metric connection with (not necessarily parallel) skew torsion
whose holonomy representation is reducible, then (M, g) is locally a product, provided
the sectional curvature of g is nonpositive.



§2.3 Some special cases

In order to sharpen our intuition and at same time present some of the situations that
will become important later on, let us review some well-known examples of geometries
with parallel skew torsion.

2.4 Naturally reductive spaces. Let (M = G/H,m) be a reductive homogeneous
space, that is, there is an Ad(H )-invariant splitting g = h@m. The reductive complement
m is canonically identified with the tangent space of M at the identity coset. Such a
manifold admits a canonical reductive connection V, which is the H-connection on the
principal bundle G — G/H whose horizontal distribution in T'G consists of all left
translates of m C g. It has the notable property that all invariant tensors on M are
V-parallel — in particular, its torsion 7" and curvature R are parallel, and given by

T(X,Y)=—[X,Y]u, R(X,Y)Z = —[[X,Y]y, Z], X, Y, Z €m,

where the subscripts denote projections to the respective subspaces.
If g is an invariant Riemannian metric on M, then (M,m,g) is called a naturally
reductive homogeneous space if

(X, Y]m Z) + g(Y,[X, Z]a) =0  VX,Y,Z € m,

Equivalently, the torsion of V is skew-symmetric with respect to g. By a famous theorem
of Ambrose—Singer, any complete, simply connected geometry with parallel skew torsion
(M, g, 7) and parallel curvature R” is a naturally reductive homogeneous space, and V”
coincides with the canonical connection.

Motivated by this, we call a geometry with parallel skew torsion (M, g, 7) satisfying
VTR = 0 a naturally reductive Ambrose—Singer manifold. Omitting the assumption of
completeness introduces a subtlety: an Ambrose—Singer manifold is locally isometric to
a homogeneous space if and only if it is regular in the sense of Tricerri [30], see also [10].

Let (M = G/H,m, g) be a naturally reductive homogeneous space, and assume that
G/H is almost effective, that is, the representation h — so(m) = A%m is faithful. Since
V has parallel curvature, the Ambrose—Singer holonomy theorem implies that

hol(V) = im(R : A’m — A*m) = [m,m], C b, (2.4)

and moreoever this is an ideal in b.

In this spirit one may associate to any Ambrose-Singer manifold (M, g, 7) its transvec-
tion algebra g := b @& m, where h := hol(V") = im R, m is the tangent space at some
point, and the missing part of the bracket on g is given by

(X,Y]:=(—R"(X,Y),-T"(X,Y)) €g, X, Yem (2.5)

Let G be the simply connected Lie group with Lie algebra g, and H C G the connected
subgroup with Lie algebra . By [10, Prop. 3.1.21], if H is closed in G, then (M, g, 7) is
regular and locally isometric to the homogeneous space G/H.



The naturally reductive spaces form a rich family, containing many interesting geo-
metric examples. For a detailed description of their structure, see [29]. We would like
to note here two particularly simple cases: first, isotropy irreducible spaces, i.e. homo-
geneous spaces GG/H whose isotropy representation m is irreducible, and the invariant
metric is unique up to scale. These were classified by Wolf in 1968. If G/H is not a
symmetric space, then G is necessarily compact and simple [31, Thm. 1.1].

Second, and as a special case of the first, symmetric spaces of group type are the
(resp. compact and noncompact) symmetric spaces (K x K)/K and K©/K, where K
is a compact simple Lie group. These possess the notable property that the choice of

reductive complement m, and thus the canonical connection, is not unique. We illustrate
this for the space G/H = (K x K)/K, where

g=tat, h = diag(t) = {(X, X) [ X € ¢},
m={(t—-DX,t+1)X)| X €t}

defines a one-parameter family of reductive decompositions g = b & m;. The associated
family of canonical connections V' has torsion and curvature given by

THX,Y)=-2t[X,Y], R(X,)Y)Z=-(1-t)[X,Y],Z], X,Y,Zckt,

under the identification € = m : X — ((t — 1)X, (¢ + 1)X). In particular, V° is the
Levi-Civita connection of any bi-invariant metric on K, while V*! are flat connections
also called the Cartan (4)-connections on K.

2.5 Gray manifolds. A nearly Kdihler manifold (M,g,.J) is an almost Hermitian
manifold satisfying the condition

(VL)X =0 VX eTM.

Any almost Hermitian manifold possesses a canonical Hermitian connection V such that
g and J are V-parallel. It is given by

1
V=Vitr Y = - J(VRI)Y.

and its torsion is skew-symmetric if and only if (M, g, J) is nearly Kéhler. This also
implies that the torsion of V is parallel, i.e. (M,g,7) is a geometry with parallel skew
torsion. Moreover 7 is of type (3,0) + (0, 3) with respect to J, that is

xoJ+Jorx =0, X eTM.

A structure result by Nagy states that any strict (i.e. non-Kéahler) nearly Kahler mani-
fold locally splits as a product of factors which may be homogeneous, twistor spaces over
quaternion-Kéhler manifolds, or 6-dimensional [23]. Strict nearly Kéhler 6-manifolds
thus have a special status; they are also called Gray manifolds. Identifying the tangent
space with R®, the stabilizer of the torsion in s0(6) is given by stab(7) = su(3) for Gray
manifolds, since in this case 7 is the real part of a complex volume form. Conversely,
we have the following:



2.6 Lemma. Any geometry with parallel skew torsion (M°®, g,7) with stab(t) = su(3)
is a Gray manifold with respect to some almost complex structure J.

Proof. Up to scaling, stab(7) = su(3) stabilizes exactly one nonzero vector J € A?RS =
50(6). The same goes for Sym? R%, so J? is a multiple of the identity, and we can assume
that J? = —Id. Since hol(V7) C stab(7), it follows that there exists an almost Hermitian
structure J on (M, g) which is V7-parallel. Moreover, 7 is of type (3,0) + (0,3) with
respect to J, because (A*RY)*3) = ABGO+OIRE This shows that 7xJX = 0 for every
tangent vector X, whence

(ij)(X) = (VTXJ— ij)(X) = —(ij)<X) = —TxJX+ J(TxX) =0.
Moreover since 7 is nonzero, so is VJ, and thus (M, g, J) is a Gray manifold. O

2.7 Remark. Homogeneous Gray manifolds have been classified by Butruille [7]. Any
simply connected homogeneous Gray manifold G/H is one of the naturally reductive
spaces

3. g3y g3
Go Py — SU(3) CP® — By 6B 5% x S5° xS

T2 U(2)’ diag(S3) '

each (up to scale) with the metric induced by minus the Killing form of G. The canonical
Hermitian connection coincides with the canonical reductive connection, and with the

help of (2.4) one may verify that in each of the above cases, hol(V) = b.

2.8 Nearly parallel Go-manifolds. A Gs-structure on a 7-dimensional manifold M
is a 3-form ¢ € Q3(M) such that at every point, its stabilizer in GL(7,R) is isomorphic
to the compact Lie group Go. Any Go-structure ¢ determines both a metric g, and an
orientation on M. The triple (M, g,, ¢) is called a nearly parallel Go-manifold if

dSOZTO*goSO

for some 79 € R. Any nearly parallel Go-manifold carries a canonical Go-connection V
which parallelizes ¢ and which is given by

To

V = V% = —
+ 7, T D

@,
see e.g. [5] E] By definition, stab(7) = go. If g is any other Riemannian metric on M such
that s0(7,g) contains go, then by the irreducibility of R” under g, and Schur’s Lemma, g
must be a constant multiple of g,. We still call (M, g, ¢) a nearly parallel Go-manifold.
Not all geometries with parallel skew torsion such that hol(V7") C gs are nearly parallel
Gy, because the torsion is not a priori linearly related to the Go-structure. Friedrich
[16] achieved a classification under the assumption that the Go-structure is cocalibrated
(meaning that d*¢ = 0) and that the holonomy algebra is nonabelian.

n contrast to [5], there is a sign change in both 75 and the choice of orientation induced by (.



2.9 Lemma. Any geometry with parallel skew torsion (M7, g,T) such that stab(T) = go
is a nearly parallel Go-manifold.

Proof. Since g, stabilizes exactly one vector in A3R7 up to scaling, 7 is proportional to
a Go-form ¢. One can write 7 = 5 for some non-zero constant 7, € R. Moreover, it
is easy to check that Y- ¢., A @., = 6%, ¢ for every local orthonormal frame (e;). Using
this, and the fact that V77 = 0, we compute

dp = —dT— Ze,/\veﬂ'— ——Zel (Te, )sT =

To
To 12

:—Ezei/\%ﬂj/\%j = Ez%j/\%j = T *p P-

ei N\ (9081)*(p

]

2.10 Remark. The compact, simply connected, homogeneous nearly parallel Go-mani-
folds have been classified by Friedrich et al. [I7]. A notable example is the Berger space

O(5)/SO(3)irr, where the inclusion SO(3);, < SO(5) is given by the 5-dimensional
irreducible representation of SO(3). This is an isotropy irreducible space where the
canonical Gy-connection coincides with the canonical reductive connection. Again one
may check using that hol(V) = s0(3), viewed as a subalgebra of s0(7) by its
7-dimensional irreducible representation.

2.11 Sasaki, 3-Sasaki, and 3-(a, 0)-Sasaki manifolds. For our purposes, a Sasaki
manifold (M**1 g, &, ®) is a Riemannian manifold (M, g) together with a unit length
Killing vector field £ € X(M) and a skew-symmetric endomorphism field ® satisfying

dé = 20, P? = -Id+£€RE, V4P =-XANE VX eTM. (2.6)
The canonical Sasaki connection V is a metric connection given by
V=Vt T=E¢ND,

and it has parallel skew-symmetric torsion.

The endomorphism ® annihilates £ and restricts to a complex structure on the orthog-
onal complement 4. Thus the stabilizer of 7 is isomorphic to U(n) if dim M = 2n + 1.
It is well known that any Sasaki manifold locally fibers over a Kéhler manifold with
fibers tangent to &.

A 3-Sasaki manifold is a Riemannian manifold (M*"*3 g) carrying three Sasakian
structures (&;, ®;), i = 1,2, 3, interacting via

§e = —0i&; = D3, (2.7)

for any even permutation (i, j,k) of (1,2, 3)E] In particular, the vector fields &; satisfy
the s0(3)-commutation relations [§;, {;] = 2&;.

2Note the change in sign compared to [2, Def. 1.2.2] due to a different way of associating 2-forms with
endomorphisms.



For later use, we introduce the vertical distribution V spanned by &, &9, &3, its orthog-
onal complement H := V*, and the horizontal endomorphisms ®7* := ®; +&; A&, which

by ([2.7)-(2.8)) satisfy ®¥(&;) = 0 for every 4,j and
ONDH = —0FPl = —0f, (2.9)

for every even permutation (i, j, k) of (1,2,3).
A generalization of the latter are 3-(a, §)-Sasaki manifolds, introduced in [2]. Again,
these are Riemannian manifolds (M*"+3, g) with three unit length Killing vector fields

& and skew-symmetric endomorphism fields ®; satisfying (2.7)) and (2.8)), but with the
condition ([2.6)) replaced by

o = —Id+& ®¢, (2.10)

for some constants o, € R, a # 0. The analogous first order condition on the ®; is
then automatic [2, Prop. 2.3.2]. A 3-(«, d)-Sasaki manifold can be obtained by rescal-
ing a 3-Sasakian structure with two separate parameters on the distribution V spanned
by &1, &, &3 and on its orthogonal complement H := V*. Indeed, any 3-(a, §)-Sasaki
manifold with ad > 0 is related to a 3-Sasaki manifold in this way. Moreoever, any
3-(av, §)-Sasaki manifold fibers over a quaternion-Kéhler orbifold [3, 27], and the dis-
tribution V is tangent to the fibers. For 6 = 0 (the degenerate case), the base of the
fibration is hyperkéhler.

On any 3-(«, 6)-Sasaki manifold, there exists a family of metric connections (V7). er
with skew-symmetric torsion, the so-called compatible connections

3
v’yzvg_}_TV’ 77:%Z€ZA®Z{+%§1A§2/\€37
i=1

which have the distinctive property that they parallelize the distributions V' and H.
Only for the choice v = 2(§ — 4« is the torsion also parallel; this is called the canonical
3-(a, 0)-Sasaki connection.

We remark that only in the so-called parallel case 6 = 2« does the canonical 3-(«, §)-
Sasaki connection parallelize the & and ®;. In this case, for any R-linear combination
& of &1, &9, &3, there exists a local fibration along & over a nearly Kéahler manifold whose
canonical connection has reducible holonomy, and which in turn is locally isometric to
the twistor space over the aforementioned quaternion-Kéhler manifold [28].

On a seven-dimensional 3-(«, §)-Sasaki manifold (n = 1), the three-form

3
SOZZ&/\CI’Z["‘&/\@/\&
=1

gives a cocalibrated Gg-structure [2, Thm. 4.5.1], which is nearly parallel (and thus a
multiple of the torsion of the canonical connection) if and only if § = 5a.



2.12 Lemma. For n # 1, the stabilizer in SO(4n + 3) of any of the 3-forms 17 is
isomorphic to Sp(n) - Sp(1), acting on H = R in the standard way, and acting on
V 2R3 by the adjoint representation of the factor Sp(1).

Proof. 1t is enough to prove this at the infinitesimal level. Let A € so(4n + 3) be any
element, decomposed with respect to the splitting R =H @V as

3
A=ao NG+ i NG +asi N+ Y &GN+ o,
i=1
where X; € H and 0 € A’H. An easy computation yields
A*(2T7) = a1(§3 A q);[ - 52 A CI)?);[) + CL2<§1 A CI)? - 53 A (I),{{) + CL3(§2 A (I),{-t - 51 A (D;[)

3 3
+Y XA = DT G AEG AR (X))

i=1 ij=1

3
FAXIAGAGFENXo NG+ G ANLAX) + Y &N o (D).

i=1

Comparing types, we see that A € stab(7?) if and only if the following system holds:

0.(P]) = ;% — a; P}
P Xi AP =0
PH(X;) — H(X;) = v Xy

for every even permutation (4, j, k) of (1,2,3). Using (2.9), the first condition is equiv-
alent to (09).(®¥) = 0 for i = 1,2,3, where 0g := 0 — 1 3% | ¢;®!. Of course, the
relations (o). (®}) = 0 are equivalent to oy € sp(n).

It remains to show that X; = 0 for ¢ = 1,2, 3, since then it will follow that every
element A € stab(77) can be written as a sum of an element in sp(n) and one in sp(1),
where the elements e; of the standard basis of sp(1) act as —® on H and as 2&; A &
on V for every even permutation (i, 7, k) of (1,2, 3).

In order to prove our claim, we contract the second equation of the system with ®7*,
and apply @7 to the resulting equation. Using again, we obtain

0=(2n — 1)O(X;) + (X)) + PFH(Xy)

for every even permutation (i, 7, k) of (1,2,3). This system immediately implies that if
2n — 1 # 1, then ®X(X;) = 0 for every i, so X; = 0. O
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§3 Canonical splittings and submersions

We reminded ourselves in that some geometries with parallel skew torsion canon-
ically bring locally defined submersions with them. This phenomenon has already been
systematically studied in [I3] by means of the so-called standard submersion. We recall
and at the same time generalize some of the results of [I3] below.

3.1 Definition. Let (M, g, 7) be a geometry with parallel skew torsion. An admissible
splitting is an orthogonal decomposition of the tangent bundle into V7-parallel distribu-
tions TM = H @ V such that the projection of 7 onto A2V @ H C A3T'M vanishes.

‘H is called the horizontal distribution and V the vertical distribution of the admissible
splitting.

Given an admissible splitting, we may decompose the 3-form 7 into a purely horizontal,
a mixed, and a purely vertical part:

r=1t 4147

where 7 € A3H, 7™ € A’H @V, and 7¥ € A3V. Clearly, if a geometry with parallel
skew torsion is decomposable (and thus locally a product) it has an admissible splitting
such that 7™ = 0.

3.2 Local submersions. As remarked in [I3, Rem. 3.15], see also [28, Thm. 2.1],
any admissible splitting locally defines a Riemannian submersion 7 : (M, g) — (N, gn)
which enjoys the following properties:

(S1) N is the local leaf space of the integrable distribution V), that is, V is actually the
vertical distribution of .

(S2) 7 has totally geodesic fibers.

(S3) If the horizontal distribution admits a further V7-parallel splitting H = @, Ha,
then the horizontal and mixed parts of 7 decompose accordingly:

HePAH, ™e@PNH, V.

(S4) For all V € V, one has (1y).7" = 0.

(S5) The horizontal part 7 is projectable to N, i.e. 7% = 7*o for some o € Q3(N),
and (N, gy, o) is again a geometry with parallel skew torsion. The connections V7*
and V7 are m-related.

(S6) By restriction, every fiber F' of m becomes a geometry with parallel skew torsion
(F » 9, TV) :

11



(S7) For any X,Y € H and V € V, we have the curvature identities

RT(X,V) =0, (3.1)
RT<X, Y)V = —4[TX,Ty]V+4TTXyV. (32)

In fact, the O’Neill invariant A which measures the failure of the horizontal distribution
to be integrable (see [0, §9.C]) is encoded in the mixed part of the torsion, A = —7™.

The key observation leading to the next definition is the following: since V77 = 0,
the holonomy algebra hol(V7) is contained in the stabilizer algebra stab(7) of 7 inside
s0(n). However holonomy and stabilizer do not necessarily coincide, and indeed fail to
do so in many geometrically interesting cases. This leads us to the following scheme
where “parallel distributions” are replaced with “g-invariant subbundles”.

3.3 Definition. Let g C so(n) be a Lie algebra such that hol(V7™) C g C stab(7). The
representation of g on R™ decomposes into an orthogonal sum of irreducible modules b,,
and v; such that so(h,)Ng # 0 for all @ and so(v;) Ng = 0 for all j. Then the canonical
g-splitting of T'M is defined by taking H to be the subbundle associated to h = @, ba,
and V the subbundle associated to v = &, v;.

Even though the decomposition into irreducible g-modules might itself not be unique,
the canonical g-splitting is, since any two isotypical summands belong to ¥V by definition.

3.4 Lemma. Any canonical g-splitting is an admissible splitting.

Proof. We give an adaptation of the proofs of [I3, Lem. 3.4, Lem. 3.6]. Let for any « be
b1 the orthogonal complement of b, in R", and denote g, := s0(h,) N g.

First, we show that the representation of g, on b, has no trivial subspace, i.e. h> = 0.
Since g preserves the splitting R” = b, @ b, we have [g, go] C ga, i-€. g, is an ideal of
g. Thus, for every v € b2, A € g, and B € g,

ABv = [A, BJv + BAv = 0,

which shows that h2~ is a g-invariant subspace of b,. By assumption, b, is an irreducible

g-module, so h¥* = 0 or h¥ = h,. By definition, g, acts faithfully on bh,, and by

assumption, g, # 0. Thus g, cannot act trivially on b, and we conclude that hd> = 0.
Next, since g, acts trivially on b by definition, we have

(ha ® A%h;)* = Y @ A%h;

and since h% = 0, we conclude that (h, ® A%i)ga =0.
In particular (h, ® A%h2)® = 0, and it follows that

(A’R™)? C <€B AS%) = (EB A%h, @ v) @ Av.

«

Since hol(V7T) C g, the splitting TM = H @ V associated to R" = h @ v is V"-parallel.
And since g C stab(7), the 3-form 7 corresponds to an element of (A*R™)?, whence the
A%V @ H-part of 7 vanishes. O
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As a consequence of a canonical g-splitting locally defines a Riemannian submer-
sion called the canonical g-submersion. The standard submersion defined in [13] is just
one example of a canonical g-submersion, namely the case where g = hol.

3.5 Remark. It is natural to ask whether every admissible splitting coincides with a
canonical g-splitting for a suitable choice of g. This may fail when V = 0 or when the
map V — A?H defined by 7™ is not injective. Beyond that, we currently do not have
an answer to this question.

Canonical g-splittings have more distinguishing properties making them preferable.
The following generalizations of [13, Prop. 3.13] and [13], Lem 6.2] are proved in complete
analogy, while noting that g-invariance implies parallelity under V7 since hol(V7) C g.

3.6 Lemma. Let TM =H &V be a canonical g-splitting. Then the composition
praopo BT A°TM — A*H @ A*Y — A%V

18 g-1nvariant.
In particular, any fiber F' of the canonical g-submersion has parallel skew torsion and
parallel curvature, so F is a naturally reductive Ambrose—Singer manifold.

3.7 Lemma. Let TM = H®YV be a canonical g-splitting. If (M, g, T) is indecomposable,
V %0 and g acts trivially on V, then the horizontal part 7" vanishes.

3.8 Remark. Initially, the analogous statement to [I3| Lem 6.2] would require that
(M, g,7) is g-indecomposable in the sense that there exists no nontrivial splitting of the
tangent bundle T"M = T} & T3 into orthogonal, g-invariant distributions under which
T =7 + 75 for some 7; € A*T;.

In fact, all notions of g-decomposability for hol(V™) C g C stab(7) are equivalent.
Clearly, g-decomposability implies g’-decomposablility for hol(V7) C g’ C g C stab(7),
and by [13l Lem. 3.2], (M, g,7) is hol(V7)-decomposable if and only if it is locally
isometric to a Riemannian product (M; x Ma, g1 + g2, 71 + 72). To close the circle, we
need to observe that a Riemannian product is stab(7)-decomposable. This is achieved
by way of the following lemma.

3.9 Lemma. Let T =T, ® T, be a direct sum of finite-dimensional vector spaces, and
let 7 =1+ 1 € A*T for 1, € A*T;, where k > 3. Then

5tabg[(T) (T) = 5tabg[(T1)(Tl) () 5tabg[(T2)(T2).

Proof. Of course, if A; € stabgyr,(7;), then (A @ As).m = (A1) + (A2)s72 = 0.
Conversely, let A € gl(T") such that A,7 = 0. Then we have

A, € T @ AT, c NPT, i=1,2,

but also A,7 + A, = 0. Since these two vector subspaces of A*T" intersect trivially if
k > 3, we conclude A,7; = 0. O]
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It may seem as if one would lose information by taking g to be strictly larger than
hol(V7) since the decomposition of the tangent space R"” may get coarser, and the vertical
space smaller. However, there are some definite advantages. First of all, as already
remarked in [I3], it is in general not easy to determine the standard decomposition
explicitly since hol(V7) is not always known. Second, as we will see later on, many
situations require us to consider a local submersion based on an action of some fixed
Lie algebra g which may be larger than hol(V7). Third, focusing on the action of
stab(7) yields the most satisfactory analogue of the de Rham decomposition theorem for
geometries with parallel skew torsion, in so far that it guarantees irreducibility of the
factors of the base:

3.10 Theorem. Let (M, g,T) be a geometry with parallel skew torsion, and 7 : M — N
a canonical g-submersion. Then the base is locally decomposable into geometries with
parallel skew torsion (Ny, g, 0a),

(N7 gNao-) = H(Nomgomgoc)a TH = Z?T*O'O”

[0}

which are irreducible under their respective stabilizer algebra stab(o,,).

Proof. Let h = @, b, be the horizontal part in the definition of the canonical g-splitting.
By and , the base (N, gy, o) of the corresponding local submersion 7 is decom-
posable and thus a product of geometries with parallel skew torsion (Ng, g, 0s) by [13,
Lem. 3.2]. Moreover, the 3-forms o, are related to 7 by 77t = 7*a,.

[t remains to show that stab(o,) acts irreducibly on the tangent space b, of N, for
every a. Consider the projection

So 1= Plag(p,) 8 = im(g — so(ha)).

Clearly, s, acts irreducibly on bh,. Moreover, since g preserves each b,, it has to stabilize
each component 7%= separately, so

5o, C stabgy,) (77) = stab(o,).

Hence stab(c,) must also act irreducibly on b,. O

Put differently, any geometry with parallel skew torsion is locally decomposable into
stabilizer-irreducible geometries with parallel skew torsion, possibly after passing to the
base of a local submersion with locally naturally reductive homogeneous fibers.

Note also that a stabilizer-irreducible geometry with parallel skew torsion needs not
be de Rham irreducible if the torsion vanishes — but this is simply the Riemannian case.
In the following section we classify the cases where the torsion does not vanish, and in
particular characterize the cases where hol(V7™) C stab(7).
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§4 Irreducible stabilizer actions

In his PhD thesis, Cleyton gave a rough classification of the stabilizer-irreducible ge-
ometries with parallel, skew and nonvanishing torsion [I1, Thm. I.3.14]. Later, Cleyton—
Swann refined this classification and removed the assumption of skew-symmetric torsion,
while specializing to irreducible holonomy action [I2, Thm 5.14]. Our aim is to show
that essentially the same classification can be achieved by considering an arbitrary in-
termediate Lie algebra hol(V7) C h C stab(7) acting irreducibly on the tangent space.
(Note that this intermediate algebra was denoted g in the previous section.)

More pressingly, there turns out to be a gap in both classifications, occurring in
dimension 3 (and contradicting Cleyton-Swann’s conclusion that such a geometry is
always Einstein!), plus another small gap in the symmetric setting where ¢ is flat. In
order to fix the first gap, we need to revisit a technical lemma [12, Lem. 5.13]. We give
a correction to the statement in Lemma together with a conceptual, Lie-theoretic
proof.

First, we need to recall a few definitions and facts. Let V be a finite-dimensional
Euclidean vector space. Consider the well-known O(V')-invariant decomposition

Sym? A’V = K @ AV,

where K is the space of algebraic curvature tensors on V. The projection to A* is given
by éb, where b : Sym? A2V — A*V is the Bianchi map, which involves a cyclic sum in
the first three arguments,

b(R)(X,Y,Z,W):=R(X,Y,Z W)+ R(Y,Z,X,W)+ R(Z,X,Y,W).

For any subalgebra h C so(V), we may view its space Sym b of symmetric endomor-
phisms as a subspace of Sym? A2V, and thus define

K(h) :=ker(b: Symbh — A*V) = KN Symh

as the space of algebraic curvature tensors with values in f. This representation of b
has been instrumental in studying holonomy representations [9} 12} 26] as well as in the
proof of Lemma [3.6]

We remark that if we denote 75y Z := 757xY, then we have (7x).,7 = X 1 b(7%) and
(2.3) may more elegantly be rewritten as

RY =R +71°+b(17). (4.1)

§4.1 The local classification

First, we state the promised correction to [I2, Lem. 5.13 (i)].

4.1 Lemma. Let V be a finite-dimensional Euclidean vector space underlying a faithful
irreducible representation of a Lie algebra b C so(V). If (V @ §)Y # 0, then b is simple
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and V- = b. If b has rank at least 2, then K(h) = R, while for h = so(3) we have
K(h) = K = Sym” R5.

Moreover, if T € (V@h)" C (V®so(V))", then T is a multiple of the canonical 3-form
given by the Lie bracket of b.

Proof. We write Homy, and Endy for h-equivariant homomorphisms (resp. endomor-
phisms) of h-modules. Since V is irreducible, Homy(V,h) = (V ® )" # 0 means that
there is a simple ideal b, of b such that hy = V. Write h = ho D h;. Now hg acts on V' by
its adjoint representation, and the action of h; commutes with it, that is h; C Endy, V.
However, since by preserves the inner product on V', it is a compact Lie algebra and thus
its adjoint representation is of real type, i.e. Endgy, ho = RId. Since h; C Endy, V = RId
consists of skew-symmetric endomorphisms, it follows that h; = 0. Hence b is simple.

Since Endy b = (V®@5)" C (V®@s0(V))" is one-dimensional, any element is a multiple
of the canonical 3-form ([-,-],-).

Assume now that the rank of b is at least two, and let A € Sym b such that b(A) = 0.
Since both the inclusion h — so(h) and the projection A% — b are determined by the
Lie bracket, the condition b(A) = 0 reduces to

[A[X, Y], Z] + [A]Y, Z], X] + [A[Z,X],Y] =0  VX,Y,Z €. (4.2)

It remains to show that A is a multiple of the identity.
Let t C b be a maximal torus, and take X,Y € t. For any root A and root vector

Z € by Cht, implies
0=[A[X,Y],Z] = [X, A]Y, Z]] — [V, A[X, Z]] = i\(Y)[X, AZ] —iNX)]Y, AZ]
= > AX)uY) = AY)u(X))(AZ),

p root

where (AZ), denotes the h,-part in the root space decomposition

[](C:t(c@ @ hu-

p root

Thus we find that for any root j, the tensor (AA p) ® (AZ), € A*t* ® h* vanishes — and
hence, if p1 ¢ {£A}, we have (AZ), = 0. Thus

Ay @®b_y) CE@ by @by (4.3)

for any root A.
Let now X € t, while Y € b and Z € hh_, for some fixed root A\. Then (4.2)) implies
that

and because of the bracket relations

[t,h1y] C by, b, baa] =0, [Bx, ha] C €
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we conclude that [X, A[Y, Z]] € t® h\ @ h_,. Since for every root p there is an X € t
with u(X) # 0, we may let X € t vary to find that

Alby by CtE@hy @b, (4.4)

Recall that t© = span{[h,, h_,] | p root}. If the rank of b is at least 2, then there are
more opposite pairs of roots than rkbf. Moreover, by the reflection property of root
systems, there can be no hyperplane in t* containing all but one opposite pair of roots
{£\}, except possibly for A+ — but this would imply that the root system is reducible,
which contradicts h being simple. Hence the linear hull of the roots remains the same if
one removes any pair {£A}, and thus

¢ = Span{[hu, hﬂt] | # A}

for any fixed root A. Together with ([4.4)) this shows that At C (hy ® h_,)*. But since
this holds for all roots A\, we obtain

At C t. (4.5)
A being symmetric and (4.3]) then imply that

A(bx®b-x) S by ® b (4.6)
Let now 0 # X € by. Then its complex conjugate X € h_,, and
1 _
[Re X, Im X| = —§[X,X] £ 0.

Choose now another maximal torus t' containing Re X but not Im X. Then A preserves

t' by (4.5)), so together with (4.6]) it preserves
t' N (hy®h_y) =span{Re X }.

Hence we have shown that every vector in (h) @ h_,) N b is an eigenvector of A, thus

TN = Oé)\Idh/\@h7>\ (47)

for some «, € R.
Let now A, 11 be roots such that A + p is a root. Then for all Y € hy and Z € b, we
have [Y, Z] € hy;,. Choose Y, Z such that [Y,Z] # 0, and let X € t. Then it follows

from (4.2) that

0 = NX)anY, 2] — i(A + 1) (X)anulV: Z] — in(X)a,[2. Y]
ACX) (@1 — ane) + () — ang)[Y: 2]

Since X was arbitrary, we conclude that ay = axy, = .
Consider the equivalence relation ~ on the set of roots generated by decreeing that
A~ if X4 por A — pis a root. Clearly, if A ~ p, then oy = a,.
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Since h is simple, its root system is irreducible. In particular, if we choose a set of
simple roots, no two simple roots A, u are orthogonal, which implies that A\ ~ pu (see
for example [19, §21.1 (5)]). And since every positive root is a sum of simple roots, it
follows that they are all in the same equivalence class. Thus all «, are equal, and
simplifies to

ALL = ald. (4.8)

for some a € R.
Finally, let us take X € b, Y € h_y and Z € b, where u # +X. Then [X,Y] € t©
and [Y, Z] € t+, so from ([4.2)), (4.8)) and the Jacobi identity we find

0=[A[X,Y],Z] + o[[Y, Z], X] + a[[Z, X],Y]
= [A[X,Y], Z] — o[[X, Y], Z] = p(A]X,Y] — o[ X,Y])Z.

If AIX,Y]— a[X,Y] # 0, then all 4 # £ lie inside the hyperplane in t* defined by
A[X,Y] — a[X,Y]. But this is impossible, again due to the reflection property and b
being simple. Thus A[X,Y] = a[X,Y]. Since t© is spanned by all the [hy,h_,], we
conclude together with that

A= CYIdb.
We briefly discuss the rank 1 case, i.e. h = s0(3). In this case, h = A?h, and the
condition b(A) = 0 is vacuous since A’R? = 0. Thus K(h) = K = Sym® so(3). O

4.2 Remark. The first part of Lemma [4.1] namely the conclusion that V' = b, is
reminiscent of the Skew-Torsion Holonomy Theorem by Olmos—Reggiani [24]. The sub-
stantial difference is that this theorem assumes that 7 is a 3-form and that b # so(V)
and concludes that 7 is h-invariant, while Lemma assumes invariance and proves the
total skew-symmetry of 7.

For convenience we restate [12, Lem. 5.13 (ii)]. Due to [12, Prop. 4.10], the proof is
really just a case-by-case check.

4.3 Lemma. Let V be a finite-dimensional Euclidean vector space underlying a faithful
irreducible representation of a Lie algebra b C so(V). If (V @ b1)" #£ 0, where bt is the
orthogonal complement of b in so(V'), and K(h) # 0, then (h,V) is either (su(3),C?) or
(g2, R7). In both cases K(h) is an irreducible representation not isomorphic to R or V.
Moreover, (V @ h+)" C (A3V)D.

We are now ready to state and prove the correction and generalization of [I2, Thm. 5.14].
Note that as in [12], the skew-symmetry of the torsion is a consequence instead of an
assumption.

4.4 Theorem. Let (M,g) be a Riemannian manifold carrying a connection ¥V with
parallel nonzero torsion, and b any Lie algebra such that hol(V) C b C stab(r) and
b acts irreducibly on the tangent space of M. Then the torsion is skew-symmetric,
i.e. V.= V7 for some T € Q3(M), and (M, g,7) belongs to one of the following cases:
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(a) (M,g) is locally isometric to a non-symmetric isotropy irreducible homogeneous
space G/H with b = Lie(H), and V is the canonical connection, cf. .

(b) (M, g) is locally isometric to one of the irreducible symmetric spaces (Hx H)/H or
HC/H with b = Lie(H), or to the Euclidean vector space by, and T is any nonzero
multiple of the canonical 3-form on b.

(c) (M,g) is a Gray manifold or nearly parallel Go, and V is the characteristic SU(3)-
or Go-connection, cf. and[2.8.

(d) dim M = 3 and 7 is a multiple of vol,,.

Proof. As the major part of the work has already been done in [12], we give an account
of the proof of [I2 Thm. 5.14] and point out the necessary modifications, corrections,
and additions.

(a) First, assume that () = 0. Then also K(hol(V)) = 0, and [12, Lem 5.6] implies
that (M, g) is an Ambrose—Singer manifold. The regularity argument in the proof
of [12, Prop. 5.12] works analogously for b instead of hol(V). Thus we conclude
that (M, g) is locally isometric to an isotropy irreducible homogeneous space G/ H,
where H is a Lie group with Lie algebra b, and that V is its canonical connection.

The pair (G, H) cannot be symmetric: indeed, suppose the Lie algebra of g splits
as g = h @& m with [m,m] C b, then the inclusion h — so(m) and the projection
A’m — b are both given in terms of the Lie bracket, and the condition b(A) = 0
for A € Sym b reduces to

[A[X, Y], Z] + [A]Y, Z], X] + [A[Z, X],Y] =0, VX,Y,Z€m.

This is however satisfied for A = Id, thanks to the Jacobi identity, which shows
that () # 0, contradicting the assumption.

Let us now assume that K(h) # 0. Since 7 € (R" ® s0(n))", at least one of the spaces
(R* ® b)Y or (R™ ® h*)" must be nontrivial, where b+ is the orthogonal complement of
b in so(n). It follows from Lemmas {4.1| and [4.3| that 7 is a 3-form.

(b) If we assume that b(72) = 0, then it follows from that b(R™) = 0. Moreover
7x annihilates 7 for any X € R", thus 7 € R" ® stab(7). This means 72 is an
algebraic curvature tensor with values in stab(7), i.e. 72 € K(stab(7)), and in
particular /C(stab(7)) contains a trivial submodule. Lemma [4.3| then implies that
(R” @ stab(7)4)**(") = 0, hence we must have (R" ® stab(7))****(") £ 0, and
by Lemma [4.1] stab(7) is simple and R™ = stab(7). But since h C stab(7) acts
irreducibly, it must coincide with stab(7).

Assuming from now on rkbh > 2, Lemma guarantees that IC(h) = R. Since
b(R™) = 0 and R" takes values in hol(V") C b, we have R™ € K(bh), and it follows
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that R™ = k7?2 for some function x : M — R. As in [12], we may calculate using

(4.1) that

scal, = 2(1 + &)||7||*.

Since b acts irreducibly on R”, Schur’s Lemma implies that (Sym]R™)" = 0.
Together with K(h) = R, we may apply [12, Thm. 5.3] to find that (M, g) is
Einstein. In particular scal, is constant. Since 7 is parallel with respect to the
metric connection V7, it has constant norm. Thus also x is constant, and we have

V4R = (14 k) (Vi — (1x).7%) = 0.

Thus (M, g) is locally symmetric with tangent space h. Let G/K denote the
symmetric model, where £ = im R C A?R". Since V77 = 0 and b(7?) = 0, we also
have V97 = 0. That is, 7 lifts to an invariant 3-form on G/K. Hence K stabilizes
T, i.e. £ C h = stab(r). By R™ = k7% and , RY is also invariant under b.
Thus ¢ = im RY is an h-invariant subspace of b, i.e. an ideal. Since b is simple,
this means either £ = 0 or € = . In the first case, ¢ is flat, and in the second case
g = h Db (as a representation of h). It is well known that the only two symmetric
spaces with this property are (H x H)/H and H®/H.

(c) Next, if K£(h) # 0 and b(72) # 0, then the projection of 7 to R™ ® stab(7)*,
and in particular to R” ® h*, is nontrivial. Then Lemma implies that h =
stab(7) is one of su(3) or go, and the representation on the tangent space is C3
or R7, respectively. Thus (M, g, 7) is a geometry with parallel skew torsion whose

stabilizer is su(3) C s0(6) or g2 C 50(7). By Lemma [2.6] resp. Lemma[2.9] (M, g)
is a Gray manifold or a nearly parallel Go-manifold.

(d) Lastly, if rkh = 1, then dim M = 3. Again 7 has constant norm since V7 = 0,
so it must be a constant multiple of the volume form vol, (and in particular, M is
orientable). O

§4.2 Stabilizer versus holonomy

The above generalization of [12, Thm. 5.14] raises the question how many more cases
it actually catches. In other words,

 which of the above situations allow for hol(V7) to be properly contained in stab(7),
or even for the existence of a proper intermediate subalgebra h?

o can we characterize the stabilizer-irreducible geometries with parallel skew torsion
for which the holonomy representation is reducible?

These questions drive the remainder of the article.

4.5 Proposition. In cases|(a)] and|(b)| above we actually have hol(VT) = stab(r), except
for the Berger space SO(5)/SO(3)i, and the flat (£)-connections on (H x H)/H.
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Proof. (a) Let G/H be a non-symmetric isotropy irreducible homogeneous space, V

its canonical connection, and g = h & m its reductive decomposition. Note that
h C so(m), so it follows from (2.4) that

hol(V) @ m =m + [m, m],

and this is in fact an ideal in g. But by [31, Thm. 1.1], G is simple, so this ideal
must equal g, and this only possible if hol(V) = b.

Suppose that h C stab(7). If KC(stab(7)) = 0, we may apply Theorem and
repeat the above argument to conclude that stab(7) = hol(V). On the other hand,
if IC(stab(7)) # 0, then we fall in case|(c)| of Theorem [4.4] for the stabilizer action;
that is, the isotropy representation is the restriction of C* or R” to b C su(3) or to
b C go, respectively. Since no proper subalgebra of su(3) acts irreducibly on C3,
this case is ruled out; and the only proper subalgebra of g, that acts irreducibly
on R” is h = 50(3)i, as defined in Example [2.8] By the classification of Wolf [31],
G/H must be the Berger space SO(5)/SO(3)iy.

Assume now that b(72) = 0. Then M is either (H x H)/H, b, or H®/H, and
TXy:—t[X,Y], t;é(),

for a suitable identification h = m (cf. Example , while the curvature is given
by

1 -2, M= (HxH)/H,

R(X,Y) = —sad([X,Y]), s={—¢ M =n,

~1-#, M=HC/H.
Thus hol(V7) = im(R") = b, except when s = 0, which happens only on the space
(H x H)/H for t = +1. Moreover, stab(7) is the Lie algebra of derivations of b,

and since b is simple, this coincides with b.
m

Before we carry on with the cases and [(d)] of Theorem [4.4], we need to state a few
preparatory results.

4.6 Lemma. Let (M5 g, J) be a Gray manifold and V™ its canonical Hermitian con-
nection. Then there do not exist any nontrivial V™ -parallel vector fields on M.

Proof. Let £ € X(M) be a V7-parallel vector field, that is

V& =—1¢6, X eTM.

In particular ¢ is Killing and d§ = 2V9¢ = 27¢. Moreover, 7¢ is V7-parallel since 7 and
¢ are. Using (2.1)) and [21, (8)], one may calculate that

1
0= §d2§ = Zei AV 7 = —Zei A (Te,)sTe = =€ 1 ZTEZ. AT, = —2€ 3 (wAwW),

where w is the Kéhler form (identified with J using the metric). Since w A w is nonde-
generate, it follows that & = 0. O
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4.7 Lemma ([16], Prop. 3.1). Let (M7, g,y) be a nearly parallel Go-manifold and V™
its canonical Go-connection. Then there do not exist any nontrivial V™ -parallel vector
fields on M.

Proof. We prove this by contradiction. Let X # 0 be a hol(V7)-invariant element of R”
corresponding to a V7-parallel vector field. Let b := staby, (X) be the subalgebra of go
that annihilates X. Then hol(V7) C h. It is well-known that the stabilizer algebra in g
of any nonzero vector in R is conjugate to su(3) C g, so the holonomy representation
splits into R” = R @ C3. This is precisely the canonical h-splitting, where V = R and
H = C3. From Lemma [3.7it follows now that 7% = 0, and thus 7 € A>H ® V. But this
implies
TX NTx NT = 0

for any X € H, which is not possible for a 3-form stabilized by Gs. [

4.8 Lemma. Let (M,g,7) be a naturally reductive Ambrose-Singer manifold, and let
g = b dm be its transvection algebra. If T € m @ h+ C m @ so(m) and

Ric/( X, X) +|mx[*>0 VX em, X #0,
then g is compact and semisimpleﬁ

Proof. Tt suffices to show that the Killing form B of g is negative definite. First, we
show that B(m,h) = 0. Extend g to the natural inner product on g C m & A’m, and
let (e;) and (f;) be orthonormal bases of m and b, respectively. Then for any A € h and
X € m, we have

B(X, A) = trg(ad(X) ad(A)) = 3 ([X, [A, eil], &) + 3 (X, [A, f]], f3)-

7

The second term vanishes because [h,h] C h and [h, m] C m L h. For the first term, we
use natural reductivity and the definition (2.5) of the bracket on g to obtain

Z([X, (A, ei]], e;) = Z(Aei, 21xe;) = 4(A, Tx) A%m,

7 %

which vanishes since by assumption, 7x € h*.
It remains to show that the restrictions of B to fh and m are negative definite. For
A € bh Cso(m) we have

B(A, A) = YA JA el e) + (A LA £, 1)
= =Y [Aei? = SIA, fF =~ AP = SIA, S

3Here we use the endomorphism norm, which is given by |a|? = >, |a(e;)|* for @ € Endm.
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which is clearly negative definite. Finally, for X € m, we have by [6, Cor. 7.38] and ([2.5))
1
B(X,X) = —2Ric’(X, X) = Y |[X,eilul* + 3 > (les e)], X)?
i i
= —2Ric?(X, X) — 4|7x|* + 2|7x|?

and this is negative if and only if Ric?(X, X) + |7x|* > 0. O

The following result was already proven by Nagy under the additional assumption of
completeness [23, Cor. 3.1].

4.9 Proposition. Let (M® g,7) be a geometry with parallel skew torsion such that
hol(V™) C stab(7) = su(3). Then either (M, g,T) is locally isomorphic to the homoge-
neous Gray manifold S x S3, or the holonomy representation is reducible as a complex
representation.

Proof. 1f hol(V7T) C su(3), then hol(V7) is contained in a maximal proper subalgebra
of su(3). Up to conjugation, these are s(u(2) @ u(1)) and so(3). In the first case, the
holonomy representation splits into C* = C? @ C, which are preserved by the almost
complex structure J.

In the second case, the holonomy representation splits as C* = R3 @ R? according to
the real structure on C? that s0(3) C su(3) preserves — that is, the two summands are
interchanged by J. Since the two summands are equivalent as representations of s0(3),
they are both vertical with respect to the canonical so(3)-splitting. Lemma then
implies that (M, g, 7) is an Ambrose—-Singer manifold.

We must have hol(V7) = s0(3). Indeed, if hol(V") C s0(3), then the holonomy
representation C* = R?® @ R? has to have at least two trivial summands and thus V-
parallel vector fields, which is impossible by Lemma [4.6]

Let b := s0(3), m := C? the holonomy representation, and let g := h & m be the
transvection algebra of the Ambrose-Singer manifold (M, g, 7). As (C?®su(3))™®) =0,
it follows that 7 € (m®su(3)*)™®) c (m®@bht). Since (M, g, 7) is a Gray manifold, it is
Einstein with positive scalar curvature, so in particular the assumptions of Lemma4.8|are
satisfied, and we conclude that g is compact and semisimple. For dimensional reasons,
the Lie algebra g must then be isomorphic to s0(3) & s0(3) & s0(3).

The only possible embeddings b = s0(3) < g as a subalgebra are given by

X — (aX,bX,cX), X € s0(3),

where a,b,c¢ € {0,1}. If one of them was 0, then the isotropy representation m = g/h
would have a trivial summand; and since this is not the case, h must be the diagonal
subalgebra. In particular, the associated subgroup diag(S?®) C 5% x S3 x S? is closed,
and thus (M, g, 7) is locally isometric to the Gray manifold S® x S3 = %. O
4.10 Proposition. Let (M7, g,7) be a geometry with parallel skew torsion such that
hol(V™) C stab(7) = go. Then it is either locally isomorphic to the Berger space, or
hol(V7) C s0(4) C g2 and the holonomy representation is reducible.
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Proof. Again, hol(V™) must be contained in a maximal proper subalgebra of g, and up
to conjugation, these are 50(3 )y, 50(4), and su(3).
For the first case, we note that

50(7) 2 ga ®R” = 50(3)iry ®R” @ R

under $0(3);; C go. Thus (R ® s50(3):5,)**®)ir £ 0, and since s0(3);,, acts irreducibly on
R7, Lemma [4.3] yields that K(s0(3);,) = 0. By the proof of Theorem 4.4 (M, g,7) must
locally be an isotropy irreducible space, and we may again invoke the classification of
Wolf [31] to see that it is the Berger space.

In the second case where hol(V™) C so(4), the holonomy representation splits as
R” = R?* ® R*. The action of s0(4) = s0(3) ® s0(3) is by the adjoint representation of
one of the so(3)-factors on R3, and by the standard representation on R%.

Finally, assume that hol(V7™) C su(3). Then the holonomy representation splits as
R” = R® C3. In particular, there exists a nontrivial V7-parallel vector field. Hence this
case is ruled out by Lemma [4.7] O

4.11 Remark. In [I6] Thm. 8.1], the Berger space had already been characterized as
the unique complete, simply connected and cocalibrated Go-manifold with parallel skew
torsion such that hol(V7) = s0(3)s,. This is slightly more general than Prop. [4.10] since
it goes beyond the nearly parallel Gy condition.

4.12 Proposition. If (M3, g,7) is a geometry with parallel skew torsion such that
hol(V™) C s0(3), then (M, g) is Sasakian up to rescaling and locally fibers over a Rie-
mann surface.

Proof. By Theorem @, we have 7 = tvol, for some ¢t € R, and we may use the
Hodge star to write 7x =t *X and 7xY =t x(X AY') for vector fields X,Y. Thus

xTyZ =t**( X AX(Y AN Z)) = —t3(Y AN Z) X.
In dimension 3 the Bianchi map is identically zero, and so (4.1]) reduces to
RI(X,)Y)=R(X,Y)-t*X AY. (4.9)

The only maximal proper subalgebra of so(3), up to conjugacy, is s0(2). Suppose that
hol(V™) C s0(2). Then the holonomy representation splits as R?* = R2@R. In particular,
there exists a hol(V7)-invariant vector, and thus a V7-parallel vector field &, assumed to
be of unit length. As in the proof of Lemmal[d.6] £ is Killing and satisfies d§ = 27 = 2t+¢.
Since V7d¢ = 0, we have

Vg(df = —(Tx)*df = —Q(Tx)*Tg = -2X 4 b(7'2) + 27'7—X§ = 2t2X A 5

Thus, up to a rescaling of the metric g by the factor ¢?, the Sasaki condition (2.6]) is
satisfied. The canonical s0(2)-splitting is given by H = R? and ¥V = R, so (M, g) locally
fibers over a surface (N, gyn). We readily compute

(R X =+(EAHENX)) = —(EAX)E =X, XEeEH,
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thus *¢ defines an almost complex structure on the distribution H. Together with
the above, Cartan’s formula immediately implies that L¢(x€) = 0, so *{ projects to a
complex structure J on N. Hence (N, gy, J) is a Riemann surface. ]

4.13 Remark. Finally, if (M3, g,7) is a geometry with parallel skew nonzero torsion
such that hol(V7) = 0, i.e. V7 is flat, then (4.9) implies that RY = —t?Id,2. Hence g
has constant sectional curvature t> > 0, that is, (M, g) is locally isometric to a round
3-sphere.

§5 Gray manifolds with complex reducible
holonomy

Let (MS,g,J) be a Gray manifold whose canonical connection V7 has complex re-
ducible holonomy representation, that is, hol(V") C s(u(1) @ u(2)) (see Proposition [1.9).
Then the canonical s(u(1) @ u(2))-splitting is given by TM = H @ V, where pointwise
H = C? and V = C. In particular it is J-invariant. The 3-form 7 = —%JOVQJ is of type
(3,0) + (0, 3), and since dim¢ H = 2 and dimc V = 1, we necessarily have 7 € A*°H @ V.

The splitting TM = H & V locally defines a Riemannian submersion with totally
geodesic fibers over some manifold (N* gy). Our goal in this section is to prove that
this local submersion is equivalent to the twistor fibration.

5.1 Theorem. (M, g, J) is locally isomorphic to the twistor space over the anti-self-dual
Finstein 4-manifold (N, gn).

5.2 Remark. It was first shown by Reyes-Carrién [25] that the canonical connection of
a nearly Kéhler twistor space over an anti-self-dual Einstein 4-manifold has holonomy
contained in S(U(1) x U(2)). Theorem [5.1l may be seen as a converse to that.

Under the additional assumption that (M, g) is complete, Belgun—Moroianu [§] have
already shown that if (M, g, 7) has complex reducible holonomy, it is isometric to one of
the homogeneous Gray manifolds CP* or Fy 5 (see Remark , which are the twistor
spaces over S* or CP? with their respective standard metric. However, there are many
more anti-self-dual Einstein 4-manifolds which are not complete, and their twistor spaces
are captured by Theorem [5.1]does not assume that the torsion is a Gg-structure.

A higher-dimensional version of Theorem [5.1]is given by Stecker [28, Thm. 4.5], stating
that under some technical assumptions, any nearly Kéhler manifold M™2 with a suit-
able V7-parallel splitting of the tangent bundle fibers locally over a quaternion-Kéhler
manifold N™. Our formulation in dimension n + 2 = 6 removes these assumptions.

A version for Hermitian manifolds with parallel skew torsion and holonomy contained
in U(m) x U(1) was proved by Alexandrov [4, Thm. 7.1]. Again, under suitable assump-
tions on the torsion, the space is locally isomorphic to a twistor space over a positive
quaternion-Kéhler manifold.
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§5.1 The twistor space over a 4-manifold

First, let us give an account of the twistor construction. Let (N4, gy) be an oriented
Riemannian 4-manifold. Its twistor space Z is defined as the bundle of compatible almost
complex structures:

Z :={(p,j)|p € N, j € SO(T,N), j* = —I1d}.
The corresponding bundle map
wz: Z—N: (p,J)v+—>p,

is called the twistor fibration. One may also view the fiber bundle Z = P xgo(4) S* as
associated to the principal bundle P — N of oriented orthonormal frames, with fiber
S? = S0(4)/ U(2). Since almost complex structures are in particular skew-symmetric,
Z C 50(TN) =P X30(4) 50(4).

Let V5 := kerdmz be the vertical distribution of the fibration 7. Its fiber over a
point (p, j) € Z is identified with the tangent space T;m,'(p) of the fiber, that is

Vi) ={A€so(I,N)|Aoj+joA=0}.

The Levi-Civita connection V9 induces a connection on the bundle of skew-symmetric
endomorphisms so(7'N), which restricts to an Ehresmann connection on Z. Take Hy
to be the horizontal distribution of this Ehresmann connection. That is, a curve 7y in Z
with v(0) = j is horizontal if for any ¢, v(¢) is the V9¥-parallel transport of j in so(T'N)

along the curve 7y o 7)[0 " We then have a splitting 77 = V; @& Hz, and the bundle

)

map dWZ’H : Hz — TN is invertible.
Z
Denote with gg2 the metric on the twistor fibers given by the restriction of the usual

inner product on End T'N, i.e.
9s52(X,)Y) = —tr(XY), X,Y €V Cso(TN).

It can be shown that on each fiber, gg2 is the round metric with Gaussian curvature 1.
Now, one may define a family of Riemannian metrics (g))xso on Z by setting

ok N | —
gx HyxHy =Tgz4, gx VyxVy = A gs2, gx HyxVy = 07
each making 7z into a Riemannian submersion.
Finally, let J* be the almost complex structures defined on Z by
JE (X)) = de]HZ o jodry(X), X € Hzp),
‘](:lz:),j)<j/> =+joj, 7€ V2 i)

These are compatible with the metrics g,. It is well-known that if (IV, gy ) is Einstein with
anti-self-dual Weyl curvature and positive scalar curvature, then (Z, gy, J") is Kahler
for A\ = scal,, /3, and (Z, gy, J ™) is strictly nearly Kéhler for A = 2scal,, /3. Conversely,
if (Z,gy,J1) is Kéhler or (Z, gy, J”) is nearly Kahler, then (N,gy) is anti-self-dual
Einstein with positive scalar curvature, and A = scal,, /3 or A = 2scal,, /3, respectively
18, 22].
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§5.2 The isometry

Let now (M, g, J) be as in the beginning of , and 7 : M — N the canonical submer-
sion. In order to prove Theorem , it suffices to give an isometry between (M, g, J)
and (Z, gy, J ™) with A = 2scal,, /3 that intertwines the almost complex structures. We
define the smooth map

-1
F: (Mg, J) = (ZgnJ):  prs (n(p),dmo Jl odW‘H ), (5.1)

where J% € EndH is the horizontal part of J € EndTM (recall that J preserves
the distributions H and V). For the purpose of this section, we use the conventional
normalization scaly = 30. Then we show that for the choice A = 16, the map F' is a
holomorphic isometry.

5.3 Lemma. The map F : M — Z defined in (5.1)) preserves the horizontal and vertical
distributions, that is, dF(H) = Hz and dF (V) = V5.

Proof. First, let V€ V. Then by |(S1)
0=dr(V)=d(rzoF)(V),

and thus dF'(V) € V5.
Now let v : [0,1] — M be any horizontal curve, ie. 4(t) € H for all t. Then
AF(3(0)) = (0), where

J(t) = F(3(1) = (x(y(t)). dm o Ty o dr] ).

We intend to show that j : [0,1] — Z is parallel along 7 oy = 7z o j, and thus a
horizontal curve. For any vector field X € X(N), let X denote its horizontal lift to M,
ie.

pE M.

p)s

~ —1
X, = dm|, X

Suppose that X is a V9¥-parallel vector field along 7 o~. Since 77 = 0, states that

ViX =V X =0

(moy

Because J and the distributions V, H are V™-parallel, so is the horizontal part J*. Hence

0= VI(JHX) = VI¥_(X).

(moy)

Since X was assumed to be parallel, it follows that j is parallel along 7 o 7, hence
dF(7(0)) = j'(0) € Hz. O

Since both 7 and 7, are Riemannian submersions and m = 75 o F, we obtain:

5.4 Corollary. For any X € H, |X|* = |dF(X)|?.
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5.5 Lemma. For any V €V, we have
dF (V) = dr o dJry odr|

and |V[? = |dF (V)2

Proof. Let V € X(M) be a vertical vector fields, and let ® denote the flow of V. Since
V is an integrable distribution by [(S1)| the flow of V' preserves the fibers of 7, that is

Tod, =7 Vt.

Hence we may calculate at every p € M that

d -1

dF (V) = gngodW¢AP>Otﬁﬁuﬁc>dﬁéxpﬂa
d -1
N g‘tzod% © (A®-t)a, () © Jgjt(p) o (d®y), o dﬂp‘y

= dmyo (Ly ) o dry| |

That is, dF(V) = dr o (Ly JH*)" o dw‘: € s0(T'N). Further, using thatJ, H and V are
V7-parallel, that 7 € A>H ® V, and that 7 is a (3,0) + (0, 3)-form, we find

(Ly JOHM(X) = [V, JX])" — J[V, X]"
= (VL (JX))" = (VI V) = J(VEX)* + J(VE V)T
= (VEJ)(X) = (Vi V) + JVRV = 2(rv (J X)) + 2] (rv X)T
=4Jry X.

for any horizontal vector field X € X(M). By [20, Thm. 5.2 (i)], we have
1
oY P = JXPIYP #X LYY

(where we note that our normalization corresponds to & = 1). Since 7 is a Riemannian
submersion, we conclude

[dF(V)X[* = [4Jmy X * = 4|V ]| X|?
for any X € TN with horizontal lift X € H. Taking the trace,
gs2(dF(V),dF(V)) = —tr(dF(V)?) = 16|V |*.
It follows that for A = 16, we have [dF(V)|? = |[V|? with respect to the metric g,. U

Together with Lemma [5.3] and Corollary [5.5] this shows that F' : M — Z is an
isometry. It remains to show that it intertwines J and J~.

5.6 Lemma. dFoJ =J odF.
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Proof. Let p € M. Since F'is an isometry, dF}, is invertible. By definition,
n -1 2 -1
) = (dWZ)F(p)‘HZ o dmy o Jy" o dﬂp‘H

=dF, o0 J" o (dF,)”"

o (dmz) F(p)

since 7z o F'= 7. Thus dF(JX) = J*dF(X) for any X € H.
Let now V € V. By Lemma 5.5 and since 7 is of type (3,0) + (0, 3),

AF(JV) = dr o dJryy odn| | = —droJ o dJry odr|
— —droJ%o dw\: o dF(V) = J=dF(V). 0

This completes the proof of Theorem [5.1]

§5.3 Further holonomy reduction

We now turn to the case where the holonomy algebra of the canonical connection of
a Gray manifold is properly contained in s(u(1) & u(2)).

5.7 Theorem. Let (M® g,7) be a geometry with parallel skew torsion which is a Gray
manifold. If hol(VT) C s(u(2)®u(1)), then hol(V™) = s(u(1)du(l)du(l)) and (M, g,7)
is locally isomorphic to the homogeneous Gray manifold F 5.

Proof. Since hol(V7™) C s(u(2)@u(1)), it must be contained in one of the maximal proper
subalgebras su(2) and s(u(1) ® u(1) ® u(1)).

In the first case, the C-summand of the holonomy representation C? @ C would have to
be trivial, which means that there exists an at least two-dimensional space of V"-parallel
vector fields. However this is impossible by Lemma [4.6]

In the second case, the holonomy representation splits further into C e C ¢ C. It is
easy to see that everything is vertical with respect to the canonical s(u(1) du(1) u(l))-
splitting, and thus by Lemma , (M, g,7) is an Ambrose-Singer manifold.

The holonomy algebra cannot be smaller than b := s(u(1)®u(1)@u(1)), since otherwise
we would again have trivial summands in the holonomy representation and thus parallel
vector fields, which Lemma 4.6| forbids. Hence hol(V7) = b.

Consider thus the transvection algebra g = b @ m, where m = C? is the holonomy
representation. As before, we have 7 € (m ® su(3)4)™®) C (m® h*)" and (M, g, 7) is
Einstein with positive scalar curvature, so Lemma tells us that g is compact and
semisimple. The only possibility in dimension eight is g = su(3), and since this has
rank two, b is a maximal torus in g. The corresponding Lie groups are G = SU(3) and
H = T?. In particular H is closed in G. Thus (M, g,7) is locally isometric to the Gray
manifold Fy , = SU(3)/T?. O
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§6 Nearly parallel Go-manifolds with reducible
holonomy

Recall from Example that a 3-(a, d)-Sasaki manifold is a Riemannian manifold
(M, g) carrying three sets of structure tensors (&;, ®;);—123 such that the algebraic (al-
most 3-contact metric) conditions (2.7)), and as well as the differential con-
dition ([2.11]) are satisfied.

As observed in [2, Thm. 4.5.1], every 7-dimensional 3-(«, §)-Sasaki manifold carries a
natural Go-structure

@122&/\@3{"‘51/\52/\53

which is cocalibrated, i.e. d*p = 0, and whose characteristic connection (in the sense of
[1]) coincides with the canonical 3-(a, §)-Sasaki connection, whose holonomy algebra is
contained in s0(4)®s0(3). The Ga-structure ¢ defined above is nearly parallel if and only
if § = ba. In this case, its holonomy algebra is also contained in gs, hence in a maximal
s0(4)-subalgebra of g, (which is characterized by preserving a splitting R” = R* @ R? of
the standard representation of Gy).

Our goal in this section is to show a sort of converse:

6.1 Theorem. If (M7, g,7) is a geometry with parallel skew torsion which is strictly
nearly parallel Go with reducible holonomy representation, i.e. hol(VT) C so(4) C g,
then it is 3-(c, 0)-Sasakian, and § = ba.

§6.1 Recovering the 3-(«, §)-Sasaki structure

Let (M7, g,7) be as above. Recall from Example that 7 = T3¢, where ¢ is the
Ga-structure. We assume without restriction that g is the metric induced by ¢, i.e. that
lp|> = 7. As in Proposition .10} let TM = H @ V be the so(4)-canonical splitting,
where fiberwise dimH = 4 and dimV = 3. Note that 7% = 0, since any subalgebra of
50(4) that stabilizes an element of A3>H also stabilizes a vector in H, and by Lemma
the holonomy algebra hol(V™) cannot stabilize a tangent vector. Thus 7 = 7™ + 7V,

Since the 3-form ¢ describes a vector cross product on 7'M, it satisfies the identities

15, (2.7), (2.13)]

200 v + [px, ov] =3X NY, (6.1)
{ox, v} =2X,V)Id+ X Y, (6.2)

where {-,-} is the anticommutator, and X ©Y = X @ Y + Y ® X. Moreover, since ¢
is a 3-dimensional vector cross product on V, we additionally have

[ou, evIW = pp,vW = (U A V)W, UV,WeV. (6.3)
In light of (6.1]), the curvature identity (3.2)) reduces to

R(X,Y)V =12r.vV, X, YeH VeV (6.4)
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In addition to the identities that hold for any admissible splitting, we also need to
describe the purely vertical part of the curvature in our situation.

6.2 Lemma. For any U, V,W €V, we have R™(U, V)W = =241, W.
Proof. By Lemma , the vertical part R™Y := pry2y, oR™ 0 pry»y, is 50(4)-invariant, i.e.
RT,V c (Sme AQV)5°(4).

Since A%V =V = 50(3) is irreducible, any invariant symmetric endomorphism must be
some multiple of the identity, and since the isomorphism A%V = V is given by 7V, we
must have

R (U V)W =c- 1y W, UV, WeV,

for some ¢ € R that it remains to determine.
Recall that the Ricci endomorphism can be written as

Ric™ = Z(e, N ej) 9] RT(EZ', ej). (65)
i<j
for any orthonormal basis (e;) of TM. Recall also that on an Euclidean vector space T
of dimension n, the Casimir operator

Cas;f(n) = — Z(v, A vj)2 € (End T)s"(”),

i<j
where (v;) is an orthonormal basis of T, acts as the operator (n — 1)Id. By (3.1]), we

have R™(#H,V) = 0, and by (6.4), R™(H,H)V C V. With (U;) as an orthonormal basis
of V, and using (/6.3)), the only remaining terms in (6.5 applied to W € V are

RICT(W) = Z(Ul N Uj)RT(Ui, U])W = CZ(UZ N Uj)Tq—UinW

1<j 1<j

=c (TO>2 (U ANU)PW = —c (TO>2 Casy® W = —2¢ (TO>2 W
12 E 12 v 12

1<j

Now, [3, (5.33)] combined with the fact that (M, g) is Einstein with Ric? = %Id implies
that ) )
T . 70 s0(7 70
Ric” = Ric? + 7 <12> CaSTA(/ =48 (12> Id.
Comparing the above results, we obtain ¢ = —24. O

We now define a new connection that will help us reconstruct the 3-(a,d)-Sasaki
structure tensors. Let
V=Vt 57V =V —67".

Since both V% and 7¥ preserve the splitting TM = H @ V for any X € T M, so does
Vx. In particular V restricts to a connection on the vector bundle V.

6.3 Lemma. The connection V on V is flat.
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Proof. Let X,Y be horizontal and U, V, W be vertical vector fields on M, and R denote
the curvature of V. Using Vx = V%, VLY € H, 7xY € V, and ([6.4), we calculate
R(X,Y)V =VxVyV = VyVxV = Vx|V
=R(X,)Y)V —127,,yV =0
Further, with ViV e V, VI, X € H, 7xV € H, V77 =0, and ({3.1), we obtain
R(X, V)W =VxVyW = VyVxW = Vix yyW
= Vi (ViW =61y W) — (V] — 670 )VEXW — Vyrv_vi xar,v W
= ViV W =V, VW — 6Vy (W) + 61, Vi W
= Vorvovyx ar v W + 679 v W
=R (X, VW —6(Vi7)yW = 0.
Finally, we use [U, V], VI W, W €V, V77 =0, (6.3)), and Lemma to see that
RU, VYW =VyVyW = VyVyW = VigyW
= VU(V(/W — 67-VW) - Vv(VEW — GTUW) - VE—U,V]W + 67’[U7v]W
= R"(U V)W — 61y (VW — 67y W) — 6V (v W)
+ 67’\/(V6W — GTUW) + 6v7\—/(TUW) + 67—V6V—V‘T/U—27'UVW
= RT(U, V)W - 6( 7(-]7'){/I/V + 6( 7‘-/7')UI/V + 36[TU, Tv]W - 127'7-va
=R (U V)W — 241, vW = 0. O
6.4 Lemma. VY = 0.

Proof. Since 7 = ¢ and V7Y = 0, it remains to show that (p%).¢” = 0. But
0¥ € A*V and dim V = 3, so clearly

b((pV)?) € VN ATM = A*Y =0,
hence (%)Y = X J3b((¢Y)?) = 0. O

Proof of Theorem[6.1. At an arbitrary point of M, choose an orthonormal basis (&1, &2, &3)
of V that is positively oriented with respect to ¢V, that is

=G NENE

at that point. By Lemma [6.3], we may extend the & to V-parallel vector fields on M,
and by Lemma , the above relation then holds globally. Since ¢ = ™ + ¢Y, we may
write

3
¢:Z§iAwi+§1/\§2/\§3
i=1
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for the horizontal 2-forms w; := ¢, = ¢, — §; A &. Each w; defines an almost complex
structure on H, which is easily checked using the identity (6.2) with X =Y =¢;. If we
now define

Q; = w; — &G Nk = e, — 285 N &k,
then this implies
O = (Wi =G A& =w] — (A& =-Td+&®E,

verifying (2.10]). Using the definition of V, the condition V§; = 0 is rewritten as

VoG = & 3 (" = 57Y) = =2 (wi = 56 A &)
for any even permutation (7,7, k) of (1,2,3). This is turn is equivalent to (2.11)) with
a = —1% and ¢ = Sa. Since the w; are horizontal, we clearly have ®;§; = =&, = —®,¢;,

which is (2.7). Finally, combining the identities (6.1]) and (6.2)), we obtain
pexopy =2XQY -Y X — (X, Y)Id — ¢,y € EndTM.

Specializing to X = & and Y = §;, we find ¢g, 0 e, = 2§ @ §; — § @ & — g, . Thus

QP X = (g, — 285 N &) (e, — 26 N &)X
= g6, X — 2(&k, X)we,&i + 2(&i, X) e,k
— 2(&j, 0e; X)E + 2(Ek, e, X)E + 4(&i, X)E;
= g, g, X
= —pe, X +2(&, X)&5 — (&, X)&
= =0 X + (&, X)&

and similarly for ®;®; X, thus showing the desired relation ((2.8)). [

§6.2 Further holonomy reduction

6.5 Theorem. If hol(V7) C so(4) inside go, then either we have equality, or the base
of the locally defined submersion is Kihler—Finstein and hol(V7) = u(2) C so(4).

Proof. Since V is hol(V7)-invariant and dim )V = 3, it must be irreducible — otherwise,
there would be a trivial summand in V and thus a V7-parallel vector field, which is
impossible by Lemma [4.7 Hence the projection hol(V7") — so()) is surjective.

Assume that hol(V7") C so(4), and write s0(4) = s0(3); ®50(3)2 such that V = s0(3);,
and both s0(3); 2 act irreducibly on . The maximal proper subalgebras of so(4) are,
up to conjugacy,

50(3); @ u(l), u(l) @ s0(3),, diag(so(3)) C s0(3); @ s0(3)o.

Since u(1)@s0(3)2 has an invariant vector in V = s0(3); and diag(so(3)) has an invariant
vector in H = R*, the holonomy algebra cannot be contained in either of them by
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Lemma Furthermore, since hol(V7) — so(V) is surjective, the only remaining
possibilities are hol(V7) = s0(3); @ u(1) or hol(V") = s0(3);.
The representation A?*H splits under s0(3); @ u(1) as

NH=ReCoR?,

where the u(1)-factor acts nontrivially only on C, and s0(3); only on R3. In particular,
there exists an invariant element, corresponding to a V7-parallel horizontal 2-form .
This 2-form is nondegenerate — otherwise its kernel would be a V7-parallel subbundle of
H, which is impossible since H is irreducible as a representation of s0(3);. Thus we may
rescale and assume that « is an almost complex structure on #H. In turn, so(3); & u(1)
is the u(2)-subalgebra stabilizing «.

The contraction o 17 is a parallel 1-form, hence zero. For any vertical vector field V,
we then calculate using the Cartan formula

Lya=V sda= ZVJ (es ANVia)= —ZVJ(BZ‘/\ (Te; )wc¥)
= —(1v).a+ Z ei N (V 1 (7e,)et) = —(Tv ) v + Z ei N ((7e,)«(V o) =7,V Ja)

= —(1v).0 + Zei A(Tve; sa) = —(Ty ) — vaei A (e o) = =2(1y ).

2

Since s0(3), acts trivially on V, the 2-form 7y is also s0(3)s-invariant. Thus, under the
identification A*H = so(4), we have 7y, € s0(3)1, while @ € s0(3)y. In particular, the
skew-symmetric endomorphisms 7y and o commute, and (2.2)) implies

(Tv)*Oé = [Tv,Oé] =0.

Thus « is projectable to a 2-form ¢ on the quaternion-Kahler base (IV, gn) in the canon-
ical 50(4)-submersion, and since 7 = 0, property of the canonical submersion
implies that VI¥& = 0. Thus & is a V9-parallel complex structure on N, that is,
(N, gn, &) is Kéhler.

Finally, we rule out the case hol(V") = s0(3); = su(2). Under this subalgebra, the
representation s0(3); C A?H is trivial. By the argument above, we obtain a triple of
V9~ -parallel complex structures on N satisfying the s0(3) commutation relations. This
means that (N, gy) is hyperkdhler. However by [27, Thm. 4.2.10] we have

scaly, = 48ad > 0,

which clashes with the fact that hyperkahler metrics are Ricci-flat. [
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§7 Almost irreducible stabilizer actions and Sasaki
geometry

We conclude this article with a particular class of geometries with parallel skew torsion
that does not appear in the classification of Theorem [4.4] while still being of great
importance. In [I3], geometries with torsion of special type were introduced. These are
geometries with parallel skew torsion (M, g,7) such that hol(V7) acts trivially on the
vertical space V # 0 of the standard submersion. Equivalently, the distribution V is
spanned by V7-parallel vector fields. Geometries with torsion of special type include
Sasaki manifolds as well as parallel 3-(«, §)-Sasaki manifolds (6 = 2a).

§7.1 A characterization of Sasaki manifolds

Replacing the holonomy action by the stabilizer action, we focus on the so-called
almost irreducible case, where in the canonical stab(7)-splitting TM = H @ V), the
vertical part V is one-dimensional and H is an irreducible representation of stab(7).

7.1 Theorem. If (M,g,7) is a geometry with parallel skew torsion such that stab(7)
acts almost irreducibly on the tangent space, and (M, g, T) has no local one-dimensional
factor, then (M, g,T) is Sasakian.

Proof. Write the canonical stab(7)-splitting as TM = H @ V, and let £ € X(M) be
a unit length V7-parallel vector field spanning V. By the irreducibility of H and the
assumption, (M, g, 7) is indecomposable. Thus Lemma yields 77t = 0 and we may
write

T=E(EAND

for the stab(7)-invariant horizontal 2-form ® := 7,. By Schur’s Lemma, its square
2 € (Sym H)***(™) is a multiple of the identity, i.e.
O? — —\dy,

for some A > 0. Up to a joint rescaling of the metric and £, we can assume that A = 1.
Since £ and ® are V7-parallel, we calculate for X € H

V&= -1y =X 10, Vi = 1 = 0,
V4d = —7x® = [EAD(X),B] = —AX AE, VIO = —70 = [0, P] = 0.

Thus (&, ) satisfy the Sasaki conditions (2.6)). O

In particular we can view H as a complex representation of stab(7), using the invariant
complex structure ®. M?" ! is necessarily odd-dimensional, and stab(7) = u(n).

Applying the canonical u(n)-submersion, we recover the well-known fact that any
Sasaki manifold locally fibers over a Kahler manifold. Indeed, the torsion of the base

vanishes as a consequence of [(S5) and Lemma
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§7.2 Holonomy reductions for Sasaki manifolds

Let (M, g,&, ®) be a Sasaki manifold, 7 = & A ® as in 2.11] and (N?", gy, J) the
Kéhler base of the canonical u(n)-submersion 7 : M — N. Again one may raise the
question whether it is possible to characterize the cases where hol(V7) is a proper sub-
algebra of u(n). We shall henceforth assume that n > 2, because the three-dimensional
case is covered in Proposition and Remark [£.13]

We consider the (complex) representation H of hol(V7) and distinguish three possi-

bilities:
(H1) H = @, H. is reducible as a complex representation. Then accordingly, (N, gn, J)
locally splits into a product of Kéahler manifolds (Ny, ga, Ja)-

(H2) H is irreducible as a complex representation, but reducible as a real one. That is,
H =H' @ PH' for an irreducible real representation H' of hol(VT).

(H3) H is irreducible as a real representation. Then hol(V") C u(n) is necessarily a
maximal subalgebra.

The last two cases merit a further investigation. First, however, we need to relate the
holonomy of V7 to the Riemannian holonomy of the Kéhler base. View both holonomy
groups as subgroups of U(n), and denote with U(1) C U(n) the rotation subgroup

-1
generated by ® on H, resp. by the 7-related endomorphism J = dm o ¢ o drx L, on TN.
7.2 Theorem. We have the inclusions

Hol(V™) C Hol(V9Y) - U(1),
Hol(V9%) C Hol(V7) - U(1),

and U(1) is contained in at least one of the holonomy groups.

Proof. Let v :]0,1] — N be a closed smooth curve, and let X be a vector field along ~.
Let further 6 : [0,1] — M be a closed smooth curve with 7 o § = 7, and denote with X
the horizontal lift of X along 7. At every point of the curve §, we may write the tangent
vector as

0=+ f¢
for some function f : [0,1] — R. By |(S5), we have

—~——

ViX = VINX,
and since X is projectable, £§X = (0 and thus
VIX =V%E=0X = JX.
Putting this together, we find

—_— —_—

ViX = VIX + fViX = VIV X + f(VIX + 7.X) = VIV X + 2f JX.
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Thus the parallel transport equation of X with respect to V7 is given by
VINX +2fJX =0.

If X is the solution of VIV X = 0 with initial value X (0) = X (0), then using VI~.J = 0
and integrating yields
X(1) € span{Xn(1), JXn(1)}.

Since V7 is metric, parallel transport preserves length, and we conclude
Hol(V™) C {ah + Bh® | h € Hol(VY), o? + 3% = 1} = Hol(V¥) - U(1).
Since also Xy (1) € span{X (1), JX(1)}, we have at the same time
Hol(V") C {ah + ShJ | h € Hol(VN), o + 3> =1} = Hol(V7) - U(1).

Let us now compare the curvature of V7™ and V9. For vector fields X,Y,Z € X(N)
with horizontal lifts XY, Z € X(M), implies that

RI(X,Y)Z = |[R™(X,Y)Z] + V' 2.

[X,Y]-[X,Y

For the difference term, we note that

—~—

X, Y] = [X, V] = [VRY - VI X| - V4V + VIX
=VLY - Vi X — V%Y + V‘;Z,X
= 275Y = 29(®X, V)¢ = 2w(X,Y)E,
where w(X,Y) = gn(JX,Y) is the Kéhler form on N. Again, since 552 =0, we have
ViZ=V{Z+77=207=2J]Z.
Finally, we obtain
R (X,Y)Z = [R™(X,Y)Z]” +4(X,Y)JZ. (7.1)

Thus R™ is m-related to RN + 4w ® w. In particular, the curvature operators cannot
both annihilate w (resp. ®). Thus at least one of the holonomy algebras hol(V7) and
hol(V9¥) has to contain u(1l) = Rw. O

Finally, we are ready to discuss the cases|(H2)[and |[(H3)l It turns out that it is possible
to completely describe [(H2)|, and we give a classification scheme for |(H3)|

7.3 Theorem. If n > 2, condition is satisfied if and only if (M?*"*1 g) is locally

isometric to one of the Sasaki manifolds

SO(n,2)/S0(n), E; '/ S0(10), E-? /B,

which are circle bundles over Hermitian symmetric spaces.
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Proof. We have H = H' @ ®H' as a representation of hol(V7). Since H' = OH/,
everything in T'M = R@®H is vertical with respect to the canonical hol(V7)-splitting. By
Lemma [3.6, V'R™ = 0 and (M, g, 7) is a naturally reductive Ambrose-Singer manifold.
It then follows from and that also V9¥R9% = 0. Hence (N, gy) is locally
symmetric, i.e. locally of the form G/(K-U(1)). Let p = H be the isotropy representation
of hol(VI~) = ¢du(l), and let g’ := ¢Bm be the transvection algebra of (M, g, 7), where
m =1 @ H. It remains to show that g’ = g. We stipulate the isomorphism

v g=toul)ep—d=toVoH: (kJX)- (k-1X).

The [¢, €]- and [¢, p]-part of the bracket agree by construction. We also have [¢, V] = 0
since V7¢ = 0, which agrees with the fact that [¢,u(1)] = 0 in g. For the [m, m]-part,
recall the definition of the bracket. Clearly, [V,V] = 0 = [u(1),u(1)]. Next, for
[H, H]w we have

X,Y]y = —2ryY = —20(X,Y)E, X,V €,
while [p, p], = 0, and it follows from ([7.1]) that [p, plu) is given by
([X, Y]g)u(l) = —RgN(X, Y)u(l) = 4w(X, Y)J, X, Y €p,

so indeed [H,H]|w and [p, plyeu) agree under ¢. Next, [p, ple and [H, H]e are given by
— pr, oRIN and —RT’HX%, respectively, which fit together under v thanks to (7.1). The
[u(1), p]-part is simply given by [J, X]; = JX € p for X € p. Meanwhile for [V, H] we
have

(16, X]g)m = =27 X = —20X,
([£, X]g)e = —R7(£, X),

for X € H, and this agrees with [u(1),p] under ¢ provided R7(¢,-) = 0. o
Since V7 = 0, we have R7(£,-)§¢ = 0. Thus it suffices to compute R7(£, X)Y for
X,Y € X(N). Using earlier identities, we see that

R7(&,X)Y = ViVLY = VRVIY = Vi 4V

= VIVEY - V%(2JY)
=2[JVLY -V (JY)] =0

since V9¥.J = 0. This finishes the proof that g = ¢’, and it follows that (M, g, ) is
locally isometric to G/ K.
After inspecting the known list of Hermitian symmetric spaces, we list the possibilities
where p splits under restriction to € in the following table:
G || SO(n +2) or SO(n,2) | Eg or Eg** | E; or E;%
K SO(n) SO(10) Eg
p R™ ® R"™ R ¢ R e D eg
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Conversely, for any naturally reductive space (G/K,g,7) as above, (2.4 implies that
hol(V™) = ¢, so|(H2)|is indeed satisfied for these spaces. O

7.4 Theorem. Under the assumptions of ((H3)|, if n > 2, one of the following holds:

(a) (M g) is locally isometric to one of the Sasaki manifolds

SU(p + q)/(SU(p) x SU(q)), SO(2k)/SU(k), Sp(k)/SU(k),
SU(p,q)/(SU(p) x SU(q)), ~ SO(k,H)/SU(k),  Sp(k,R)/SU(k),

which are circle bundles over Hermitian symmetric spaces.

(b) bol(VT) = su(n) and (M>*"*1 g) locally fibers over a Kdihler—Einstein manifold
with scalar curvature 8n?.

(c) hol(V™) = sp(n/2)u(1) and (M, g) locally fibers over a hyperkdihler manifold.

Proof. Suppose that H is irreducible under hol(V7). First, we show that it is also irre-
ducible under hol(V¥¥). Indeed, by Theorem|[7.2] hol(V7") C hol(V9¥)+u(1), so if H was
reducible under hol(V9¥), we would have H = H' @ JH', where H' is irreducible under
hol(V9Y). But this is impossible, since as a consequence of the de Rham decomposition
theorem, Riemannian holonomy representations are multiplicity-free.

Now, by the Berger classification of Riemannian holonomy groups, hol(V9¥) can be
either u(n), su(n), sp(n/2), or (N, gy) is locally symmetric.

In the symmetric case, let (N, gy) be locally isometric to G/(K - U(1)). We may
argue as in the proof of Theorem that (M, g,7) is locally the naturally reductive
space G/K, where (G, K) is such that the isotropy representation p = H of ¢ @ u(1)
does not split when restricted to €. The possibilities are precisely the following:

G || SU(p+ q) or SU(p,q) | SO(2k) or SO(k,H) | Sp(k) or Sp(k,R)
K SU(p) x SU(q) SU(k) SU(k)
p CP @c C? A%CF Sym? CF

Moreoever, for each of these spaces G/K, we indeed have hol(V7™) = ¢ by and thus
is satisfied.

Let us now turn to the situation where (N, gy) is not locally symmetric. Since by
assumption, hol(V7) C u(n), but at least one of hol(V7) and hol(V9") contains u(1) by
Theorem [7.2] the case hol(V9V) = su(n) is ruled out.

Assume that hol(V9) = u(n). Then it follows from the hol(V”) C u(n) and Theo-
rem (7.2 that hol(V7) = su(n). Then R € Sym”su(n), which implies that R™(®) = 0.
Together with the fact that the Ricci tensor of a Kahler manifold satisfies

1
Ric™V(X,Y) = 5 tr(R™Y (X, JY) o J),
it follows from (|7.1] m ) that

Ric(X,Y) ZgN RIN(X,JY)Je; e;) = —22 (X, JY)gn(J?ei, e;) = dngn(X,Y)
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where (e;) is an orthonormal basis of TN. Thus (N?", gy) is Einstein with scalar cur-
vature 8n?.

Finally, if we assume that hol(VI¥) = sp(n/2), then (N, gy) is hyperkahler, and it
follows from Theorem [7.2] that hol(V™) = sp(n/2)u(1). O
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