Balanced subsets in root systems
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Balanced and well-balanced subsets of the set of positive roots of compact Lie
algebras arise naturally in problems related to Hermitian and spin geometry.
In this paper we compute the maximal and minimal size of well-balanced
subsets in all simple root systems.
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§1 Introduction

Throughout this article, let R be a (reduced) root system and Rt C R a choice of
positive roots.

1.1 Definition. A subset S C RT is called:

(i) balanced if it has a vanishing signed combination, that is, there exist signs s, = +1
such that Y ,cgsaa = 0, or equivalently if S can be partitioned into two subsets
of vectors having the same sum,

(ii) strongly orthogonal if any two elements o, § € S are strongly orthogonal, that is,
neither o 4+ 8 nor a — 3 is a root,

(iii) well-balanced if S is balanced and R* \ S is strongly orthogonal.

Specifying a balanced subset of R* is equivalent to picking a subset S of the set of all
roots with the property that > cga =0and SN (=S) =0.

Strongly orthogonal sets of roots show up in many representation-theoretic, combi-
natorial, or geometric problems, e.g. [8, [13], 12, 10, 9, T, B [7, 6]. Thus they have been
widely investigated, in particular by Agaoka—Kaneda [2] who classified the maximal such
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subsets in simple root systems. The terminology strongly orthogonal is motivated by the
fact that strongly orthogonal roots are always orthogonal [5, §VI.1.3].

Balanced and well-balanced subsets also turn out to be useful in differential geometry.
Artacho—Semmelmann [4] classified the simple root systems with the property that the
entire set of positive roots is balanced (they call it strongly linearly dependent) and used
this to determine which of the full flag manifolds carry invariant spinors.

In [II] we use well-balanced sets of roots to construct left-invariant almost Hermitian
structures of Gray-Hervella type W, @& W (semi-Kéhler with skew torsion) on compact
Lie groups. Using this construction we classify all complete almost Hermitian mani-
folds carrying a Hermitian connection with parallel, skew-symmetric and closed torsion.
Of particular interest for our construction are those well-balanced subsets S with co-
cardinality |[R* \ S| # 1. This motivates us to study the possible cardinality of such
sets.

In this article we determine the minimal and maximal possible cardinality of well-
balanced subsets of positive root systems. In a reducible root system, well-balanced
subsets are always the union of well-balanced subsets of the factors, so we restrict our
attention to simple root systems.
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§2 Preliminaries

For any [ € N, let (ey,...,¢) denote the standard basis of R!, which is orthonormal
for the standard inner product (-,-). Our realizations of the simple root systems follow
the convention of Bourbaki [5]; we lay them out in Table |1 below.

Next, we record some auxiliary formulas that will be repeatedly used in subsequent
constructions. The reader may easily verify them:

Z (_1)H] (ei +¢5) Z €i, (2.1)

1<i<j<2m
Yoo (D) (ei+ej) = —22622‘7 (2.2)
1<i<j<2m+1 =1
2m
Yo (D)™ (e—ey) = (=), (2.3)
1<i<5j<2m =1
S () —e) =0, (2.4
1<i<j<2m+1

We will also need the following technical definition.



Dynkin type Positive roots RT
An € — €5 1S’L<]§n+1
e; 1<:<n
B, € — € . .
1<i<y3<n
€; —|—€j
€; €; . .
1<i<yij<n
Cn €; +€j
2¢e; 1<i<n
D, @G 1<i<j<n
€; +€j
et 1<i<j<5
E6 €; +€j
%(68 —er—eg+ 20 (—1)"Wey) S v(i) even
—e; + €, 1<i<j<6or(ij)=(7,8)
| D 62‘—|—€j 1§Z<]§6
sles —er + 30, (=1)"We;) §_ v(i) odd
et 1<i<j<8
Eg €; +€j
sles + 2, (=1)"Ve;) i_1 V(i) even
€; 1<:<4
F, @G 1<i<j<4
€; +€j
%(61 +teytegtey)
Go a1, o, a1 + o, 200 + ao, 3o + ao, 3aq + 200

Table 1: Simple root systems in the convention of [5]. For G, it is most convenient to
express the roots in a basis of simple roots aq, as.



2.1 Definition. For any vector v € R, its support is the set

I,:={ie{l,...,1}|(e;,v) #0}.

§3 Balanced subsets of maximal cardinality

The name “well-balanced” is motivated by the following observation.
3.1 Lemma. A balanced subset of R* of maximal cardinality is always well-balanced.

Proof. Suppose that S C R" is balanced, but not well-balanced. Then there exist
B1, P2 € R\ S such that either 81 4+ 3 or 81 — s, is a positive root. Let v € R be
this root, and let s : S — {£1} be a choice of signs such that > ,cq sax = 0.

If v ¢ S, we can construct a balanced subset S’ := S U {1, 52,7} by extending s
with suitable signs, namely sg, = sg, =1 and s, = =1 if v = 81 + (2, and sz, = 1 and
Sg, = 8y = —Lif v =p1 = fa.

If however v € S, we can again construct a balanced subset S’ := (S'\ {v}) U {51, 52}
by choosing sg, = sg, = s, if 7 = 31 + B2, and sp, = —sp, = 5, if 7= 31 — [a.

In any case, we have found a balanced subset S” C R with |S’| > |S|, so S is not of
maximal cardinality. O

We now proceed to the main theorem of this section. Note that the cases where R™
itself is balanced were discussed in [4]; we include them for the sake of completeness.

3.2 Theorem. The minimal cocardinality of a balanced (thus well-balanced) subset of a
simple root system is given in the following table.

n An Bn Cn Dn EG E7 Eg F4 G2
4k 0 2k 010
dk+11|2k+1|2k+1] 1 0
skre| o J2kwr| 12|00
dk+3 || 2k+2 | 2k+2| O 2

Proof. We deal with each type of simple root system separately.

Case A,. If n is even, it follows from that R* itself is balanced. Let us now
assume that n = 2m + 1 is odd, and let S C R' be a balanced subset. For each
coordinate ¢ = 1,...,2m + 2 and each root « € R", the inner product (e;, &) can be
either 0 or £1. Therefore, in order for S to be balanced, there must be an even number
of a € S with (e;, @) odd. Since there are exactly 2m + 1 many elements o € R™ with
(e;, ) odd, it follows that for each i, at least one such element must lie outside of S.
Now every o € R has support of cardinality |I,| = 2, so there must be at least m + 1
many positive roots outside of S.

Conversely, (2.3)) states that

Y. (FD)(ei—ej) = —(e1—ea) = (e3 —ea) — ... — (€ami1 — Comea).
1<i<j<2m+2



The roots e; — e, €3 — €4, .. ., €11 — €amie appear with the same sign on both sides of
the equation, so their complement is a balanced subset of cocardinality m + 1,

S (=)™ (e — ) = 0.

1<i<j<2m+2

Case B,. Leti=1,...,n. Again, (e;,«) can be either 0 or +1 for any o € R". For
each i, there are 2n — 1 elements o« € R* with (e;, @) odd. So again, if S C R" is
balanced, at least one such element must lie outside of S for each i. Every a € R*
satisfies |I,| <2, so0 |[RT\ S| > [n/2].

To construct a balanced set of this cocardinality, we distinguish two cases. For n = 2m

even, it follows from (2.1 and (2.3) that

2m
Yo (D) ((eiteg)Hei—ep))+Y e = —(e1—ea) —(ez—ea) —...— (€am—1—€am),
1<i<j<2m i=1
and the roots e; — 9,3 — €4, ..., €9,,_1 — €2, appear with the same sign on both sides.

Thus their complement is a balanced subset of cocardinality m = [n/2],

DG ORI P SR GV CRNES SR

1<i<j<2m 1<i<j<2m i=1
(4,4)#(2k—1,2k)

If n =2m + 1 is odd, we note that

2m+1

oo (D)™ ((ei+e5) — (e —€5) + ; e;

1<i<j<2m+1

=(e1—ex)+ (e3—eq) + ...+ (e2m—1 — €2m) + €2mi1

by (2.2) and ([2.4)), and the roots e; — ey, €3 — €y, ..., €21 — €2, and €911 appear with
the same sign on both sides. Thus their complement is a balanced subset of cocardinality

m+1=[n/2:

Z (—1)i+j(€i + ej) + Z (—1)i+j+1(6i — 6]') + z:n: e, = 0.

1<i<j<2m+1 1<i<j<2m+1
(4,9)#(2k—1,2k)

Case C,. Given any signed combination of RT, no matter what the signs of e; +¢; and
e; — e; are, the sum of these two terms in the signed combination is of the form +2e;, for
k =1 or j. By grouping the pairs e; + ¢; and e; — e;, we obtain n(n — 1)/2 terms of the
form 42e;, in any signed combination of these roots. Together with the remaining roots
2eq,...2e, € R*, any signed combination of R™ can be written as a sum of n(n + 1)/2
terms of the form +2e;, which cannot all cancel out if n(n +1)/2 is odd, i.e. if n = 1,2
mod 4. In this case, any balanced subset must have cocardinality at least 1.



We turn to constructing the optimal balanced subsets. For n = 2m even, one may

verify with (2.2) and (2.4]) that

2m—1
Yo CU)M (et eg) +(ei—eg)) + Y (=1)2¢
1<i<j<2m—1 i=1
m—1
+ Z €2i—1 — €am) + (€2i—1 + €am)) + Z ((e2i — eam) — (€2i + €2m))
=1

2e9,,, M even,

= (L4 (=17 eam = {O m odd

is a signed combination of R\ {2ey,,}. This gives a balanced subset of cocardinality 1
if n =2 mod 4, while adding in —2e,,, shows that R" is balanced if n =0 mod 4.
If n =2m+ 1is odd, (2.1)) and (2.3)) imply that similarly,

2m
Yo (FD)T (e )+ (e —e) + D (1) 2
1<i<j<2m =1
+ Z €9 — €am+1) + (€2i + €amy1)) + Z ((e2i—1 — €am+1) — (€2i—1 + €2my1))
=1

0, m even,

2€9m4+1, m odd

— (14 (=)™ eamar = {

is a signed combination of R* \ {2es,,,1}, showing that there exists a balanced subset of
cocardinality 1 if n =1 mod 4, and (after adding in —2es,, 1) that R* is itself balanced
it n =3 mod 4.

Case D,,. As in the previous case, given any signed combination of R*, we may group
the pairs e; +e; and e; — e; to obtain a sum of n(n —1)/2 terms of the form +2ey,, which
cannot all cancel out if n(n — 1)/2 is odd, i.e. if n = 2,3 mod 4. However, for each
i =1,...,n, the inner product (e;, o) can again only be 0 or 1, and there are 2(n — 1)
many « € R with (e;,a) odd. Thus, if S C R" is balanced, an even number of such
elements must lie outside S. In particular it follows that |[RT\ S| > 2 if n = 2,3 mod 4.

The optimal balanced subsets are swiftly constructed. With 7, one can check
that

x 1(—1>i+j<<ez- S ek e) 4 3 (e ean) + e+ )
321 = ean) = e + ean)) = (1= (1) B.)
P 2m<—1>"+j<<ei ) e )+ Sl(encs = o) + (e + eanen)
3D e = anen) (e eamen)) = (L= (-1 e (3.2)



This shows that R™ is balanced if n = 0,1 mod 4. For n = 2 mod 4, we may remove
the terms eg,, 1 + €9, and —(eg,—1 — €2y,) from the left hand side of to obtain the
balanced subset R\ {ea,,_1 & €9, } of cocardinality 2. Similarly, if n =3 mod 4, we see
that R\ {ea,, £ €211} is a balanced subset of cocardinality 2 by removing es,, + €211
and —(egy, — €9m11) from (3.2)).

Case Eg. In order to show that R is balanced, we split it into three disjoint subsets,
each of which is balanced itself. First, the roots of the form +e; + e; are (up to sign)
also the positive roots of D5, which we have just shown to be a balanced set. Second,
for any v : {1,...,4} — {0,1}, denote
4
gy = %(68 —e; —egEtes+ Z(—l)”(i)ei)
i=1

and consider the 16-element subsets

Sy = {Ozﬂ, (1) € {0, 1}, Z:V(Z) even},

S_ = {oz_,y

of RT. The map a4, — a4, is a fixed-point-free involution on Sy, splitting S into
8 pairs with

(i) € {0,1}, ;IJ(Z) odd}

Oy, + oy, = €3 — €7 — €5 L e5.

By choosing + signs on 4 of these pairs, and — on the 4 remaining ones, we find a signed
combination of Sy that vanishes.

Case E;. Let p= %Zae g+ denote the half-sum of positive roots. We record [5]

2p = (0,2,4,6,8,10, —17,17).

First, the vector v := % 8 e; has inner product 0 or &1 with each o € R*. Thus, for

any choice of signs s : R™ — {+1},

(v, > saa) =(v,2p) =1 mod 2,

a€ERT

and in particular Rt cannot be balanced.

Since in our case, all roots have squared length 2, we have («, 8) € Z for all o, 5 € R™
B, §VI.1.1]. In fact, by [5, §VI.1.3, Prop. 8|, (o, 8) € {—2,—1,0,1,2}, with £2 only
occurring if @ = +3. Moreover, by [5, §VI.1.10, Prop. 29|, (3,2p) = |B]? if § is a simple
root, which implies that (3, p) € Z for any 5 € R*. Thus

(B, > sqa) =2(8,p) =0 mod 2.

aceRt



If there existed a; € RT such that R\ {ay} is balanced, then by the above (3, a;) =0
mod 2 for all # € RT. This means that «; L [ for all 5 € RT\{«;}, which is impossible.

Next, assume that R*\ {a1, as} is balanced, with oy # as. Then the above argument
shows that

(B,01) = (B,a2) mod 2 (3.3)

for all § € R™. This amounts to saying that any 8 € R™ is equal or perpendicular to o
if and only if it is equal or perpendicular to as. In particular, by setting 8 = a4 in ,
we find (o, a2) =0 mod 2, hence a; L ap. Now we need to distinguish a few cases.

Suppose that one of the two roots, say «q, is —e; + es. Then oy L as implies that
ay = *e; + e; for some indices 1 < i < j < 6. Now for any 1 < k < 6 with £ # 1, j,
the positive root e; + e;, is perpendicular to a; but not to as. So by , this case is
impossible.

Taking now 8 = —e7 + eg in (3.3), we see that either (8, 1) = (3, @) = 0 and both
a1, oy are of the form +e; +¢e;, 1 <1< j <6, or (B,1) = (,a2) = 1 and both ag, s

are of the form )

a, = 2(—er +es+ > (—=1)"Ye))
i=1
for some v : {1,...,6} — {0,1} with >, v(i) odd.

In the first case, let a; = %e; +¢;. Then it follows from applied to £ of the same
type that ay = Fe; +¢;. But then (3.3) with 8 = «, fails for every v, since «, is always
orthogonal to exactly one of aq, .

In the second case, write oy = o, and @y = .. Then v # 1 — p, since

(ay,0n_py) =—1%#0.

Thus there exist 1 < ¢ < j < 6 such that p(i) = v(i) and u(j) # v(j). But then
for 8 = e; + e; gives a contradiction, since 3 is orthogonal to exactly one of a;, .

In conclusion, R*\ {a1, az} cannot be balanced, and any balanced subset of Rt must
have cocardinality at least 3.

We can construct a balanced subset with this cocardinality. Like before, we split R™
into several parts. First, the map a, — a;_, is again a fixed-point-free involution on

the set .
S = {Oé,, (i) € {0,1}, > v(i) odd}.
i=1
This splits S’ into 32 pairs with «, + a1, = —e; + eg, and as before we see that S’ is
balanced.

Second, the roots +e;+e;, 1 <i < j <6, are (up to sign) the positive roots of D¢, and
we have already shown that this root system has a balanced subset S” of cocardinality
2. Excluding the last remaining positive root —e; + eg, we finally obtain a balanced
subset S :=S"US” C RT with |[R*\ S| = 3.



Case Eg. Similar to the case Eg, we split Rt into three disjoint balanced subsets.
The roots +e; + e; are (up to sign) the positive roots of Dg, which we have seen to be
balanced. We then define

6
ay, = %(eg +e;+ Z(—l)”(’)ei)

=1

for any v : {1,...,6} — {0,1}, and the 64-element subsets

Sy = {Ozﬂ, (1) € {0, 1}, Z:V(Z) even},

S_ = {oz_,y

The analogous argument as in the case Eg shows that the S are balanced.

(i) € {0,1}, ;V(Z) odd}.

Case F4. An explicit signed combination showing that R* is balanced is exhibited in
the proof of [4, Thm. 6] (their convention for the root system coincides with ours in this
particular case).

Case Gy. R™ is balanced since
a1+ (061 + 062) - (20&1 + OéQ) + oo + (3041 + Oég) — (30(1 + 2042) =0.
]

3.3 Remark. One may also ask about balanced subsets of R* which are maximal under
inclusion. They do not necessarily have the same cardinality.

For example, in a root system of type Cs, start with the balanced subset R* \ {2e5}.
In the proof of Theorem we have constructed a vanishing signed combination of
R\ {2e5} containing the two terms —(e; — e5) + (e1 + e5). Replacing them by 2e5, we
obtain a vanishing signed combination of R\ {e; +e5,e; —e5}. This is maximal among
balanced sets: indeed, note that (es,a) € {—2,—1,0,1,2} for any o € RT, and there
are 8 elements o € R™ with (e5, ) = £1. Thus for any choice of signs,

(es, > Sy =1 mod 2,
acRT\{e1+es5}

and the same holds for Rt \ {e; — e5}.
A classification of the maximal balanced subsets of the sets of positive roots of simple
root systems seems out of reach for now.



§4 Well-balanced subsets of minimal cardinality

A balanced subset of R™ can be very small: of course, the empty set is balanced,
and (except for rank 1) one can also always find balanced subsets of cardinality 3. It
more interesting to ask about the smallest possible cardinality of a well-balanced subset.
Since strongly orthogonal roots are in particular orthogonal, a crude upper bound on
the cocardinality of a well-balanced subset of RT is the rank of R. An improvement over
this are the sharp upper bounds on the cardinality of strongly orthogonal subsets in [2]
Thm. 3.1, Thm. 5.1]. We will use these facts in the proof of the following result.

4.1 Theorem. The maximal cocardinality of a well-balanced subset of a simple root
system is given in the following table.

n An Bn Cn Dn E6 E7 Eg F4 Gg

4k 0 2k 4k 4k
4k +1 (| 2k+1|2kE+1 |4k +1 4k
4k + 2 0 2k +1 |4k +1 | 4k + 2
Ak +3 || 2k +2 | 2k +2 | 4k +2 | 4k + 2

Proof. Again, we proceed case by case.

Case A,,. Two distinct roots of A,, are strongly orthogonal if and only if their supports
are disjoint, and every « € R has |I,| = 2. This immediately implies that the maximal
cardinality of a strongly orthogonal subset is |(n + 1)/2], cf. [2]. For n odd, this is
exactly the cocardinality of the well-balanced subset constructed in Theorem [3.2]

Now let n = 2m be even. For each i =1,...,2m + 1 and o € R*, the inner product
(e, ) can take values 0 or +1, and there are exactly 2m many a € R™ with (e;, a)
odd. Thus, if S C R" is a well-balanced subset, an even number of such roots must lie
outside S. But for each ¢, a strongly orthogonal subset contains at most one element «
with (e;, @) # 0, since any two such roots are not strongly orthogonal. Thus the only
possibility is that no such element lies outside S for each i, hence S = R*. And indeed,

by (2.4), RT is well-balanced.

Case B,. Again, for each i = 1,...,n and o« € R*, the inner product (e;, ) can
take values 0 or 1, and there are exactly 2n + 1 many o € R" such that (e;, ) is
odd. Therefore, if S is a balanced subset of R*, then for each i the number of roots
a € Rt \ S such that (e;, ) # 0 is odd.

On the other hand, for each i, the maximal cardinality of a strongly orthogonal set of
positive roots whose support contains 7 is 2. Consequently, if S C R* is well-balanced,
then for every i there is exactly one root a € R \ S such that (e;,a) # 0. Since
moreover e; and e; are not strongly orthogonal for i # j, it follows that R*\ .S contains
at most one root of this form, and all others have a support of cardinality 2. This
implies that |[RT \ S| = [n/2]. This is exactly the cocardinality of the well-balanced
subset constructed in Theorem [3.21

10



Case C,,. First, the cocardinality of a well-balanced subset S C R* is bounded by the
rank, |[RT™\ S| < n. If n = 0,1 mod 4, this bound is attained: the positive roots of
the subsystem D,, C C,, form a balanced set by Theorem [3.2] and the remaining roots
2eq, ..., 2e, are strongly orthogonal.

Now consider n = 2,3 mod 4. One quickly verifies that two distinct roots of C,, are
strongly orthogonal if and only if their supports are disjoint. If S C R* is well-balanced,
its complement can only have |R™ \ S| = n if each root & € RT\ S has |I,| = 1, i.e. if
R*\ S = {2e1,...,2¢,}. But this would mean that the positive roots of D,, are a
balanced set, contradicting Theorem [3.2]

However, there exists a well-balanced set of cocardinality n — 1. The proof of Theo-
rem , case D,,, shows that R™\{e,_1 + €,,€,_1 — €n,2¢1,...,2¢e,} is balanced. Since
(én—1+e€n) — (en_1 — €n) = 2e,, we may add these three roots to the previous balanced
set and obtain the well-balanced subset R™\{2ey,...,2e, 1} of cocardinality n — 1.

Case D,. [2] tells us that a strongly orthogonal subset of R can have cardinality at
most 2|n/2]. This is the cardinality of the strongly orthogonal subset P := {e; +e5, €1 —
€g, €3 + €4,e3 — €4, ...}. We will show that RT \ P is balanced.

First, if n = 2m is even, we have by and (2.4)
Yoo DT ei—e)Heite)) = D (=D ((ei—e5) + (e +ey))

1<i<j<2m—1 1<i<j<2m—1
(17.7)75(2]67172k)

m—1
=+ Z ((e2i—1 + €2;) + (e2i—1 — €2i))
i=1
2m—2 )
= -2 Z (—1)162‘,
i=1
and consequently
2m—2
Y. (CDT((ei—ey) +(eitey)) + Do (—1)'((ei + e2m) + (e — ean)) =0
1<i<j<2m—1 -1

(4,5)#(2k—1,2k)

is a vanishing signed combination of R™ \ P. For n = 2m + 1 odd, (2.1)) and (2.3) show
that
Yo )T ((ei—eg) Fleite)) = > (1) (e —e) + (e +¢y))
1<i<j<2m 1<i<j<2m

(4,7)#(2k—1,2k)

+ Z((em‘fl + e2;) + (e2i—1 — €3;))
i—1
so we find that
2m
o (D) ((ei —ej) + (ei+e)) + D (=1)((ei + eamyr) — (&5 — €znp1)) =0
1<i<j<2m—1 P

(4,7)#(2k—1,2k)

11



is again a vanishing signed combination of Rt \ P. In total, there is always a well-
balanced set of cocardinality 2[n/2].

Case Eg. By [2], a strongly orthogonal subset of RT has cardinality at most 4. Indeed,
by the previous case, there is a well-balanced subset of the positive roots of D5 with
cocardinality 4. The remaining roots of Eg form a balanced set, as shown in the proof
of Theorem [3.2, and the sum or difference of two roots of the form =+e; 4 e; is never
of the form a4 ,. Thus, taking the union of the two balanced subsets, we obtain a
well-balanced subset of Rt with cocardinality 4.

Case E;. The positive roots of E; split into the positive roots (up to sign) of Dg, the
root —ey + eg, and the balanced set S’ (see proof of Theorem . We have seen that Dg
has a well-balanced set of positive roots of cocardinality 6. Taking the union with S’,
we find a well-balanced subset of R™ with cocardinality 7, since the sum or difference of
two +e; + €, 1 < 1,7 <6, can neither be —e7 4 eg nor in 5"

Case Eg. Similarly, R splits into the positive roots (up to sign) of Dg and the two
balanced sets Sy. Since Dg has a well-balanced subset of cocardinality 8, the union with
S, US_ gives a well-balanced subset of R of cocardinality 8.

Case F4. The four roots e; €9, €3 £ €4 are clearly strongly orthogonal. We show that
R\ {e1 £ eq,e3 £ €4} is a balanced subset. First, as in case D,,, we note that

Yo (=D ((es—ej) + (e +ej)) =0
1<i<j<4
(i,5)#(2k—1,2k)

We partition the set {3(e; £ ey + €3+ eq)} C RT into four subsets, according to the
number of — signs appearing:

(e1+ex+es+eq)}
(1 —ea+es+eq), 5(e1+ex—es+eq),
( )
( )

(e1 —ex+e3—ey),

(61 + €2 + e3 — 64)},

e1+ey—e3—ey (e1 —ex—es+eq)t,

[t N et W autn Wil auten
N N[ >
N[ D=

NI NI N N

= }-

Then one quickly verifies that > ,cs 05,08, @ — Doaes, @ = €1 + €2 + e3 + 4. In total,

€1 — €y — €3 — €4

4

> (1) ((es—ej)+(ei+e)) =D e+ > a—> a=0.

1§i<j§4 =1 OLGS()US1US(3 a€Sy

Case Gy. An explicit signed combination is
a1 — (Oél + CYQ) — (3&1 + 052) -+ (3041 + 2@2) =0.

The remaining two roots oy and 2aq + ao are strongly orthogonal. O]
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4.2 Remark. By comparing the tables in Theorems [4.1] and [3.2] we see that if R is of
type A,, or B,, all well-balanced subsets have the same size. In particular the converse
of Lemma [3.1] is true only for these root systems.
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