
MAGNETIC KILLING TENSORS AND FIRST INTEGRALS OF THE

MAGNETIC FLOW

ANDREI MOROIANU AND GABRIELA P. OVANDO

Abstract. In this work we introduce a new family of symmetric tensors generalizing Killing
tensors, that we call magnetic Killing tensors. We make use of them to construct first
integrals for the magnetic flow associated to a given magnetic field. We apply the results
to prove integrability of some invariant magnetic flows (either exact or non-exact) on some
2-step nilmanifolds: the Kodaira-Thurston manifold and Heisenberg nilmanifolds of higher
dimensions.
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1. Introduction

From the mechanical perspective, the motion of a charged particle experiencing the action
of a force is described by an equation on a Riemannian manifold (M, g) of the form:

∇γ′γ′ = qFγ′,

where q represents the charge, ∇ is the Levi-Civita connection of g, F is a skew-symmetric
(1, 1)-tensor such that the corresponding 2-form ωF := g(F ·, ·) is closed, and γ is a curve on
M calledmagnetic geodesic, or magnetic trajectory. This notion stems from electromagnetism
theory.

A particular case occurs whenever the force is trivial. In this case the solution curves are
geodesics. The corresponding flow can be studied on the tangent bundle TM (or, equivalently,
on the cotangent bundle T∗M). Solutions to the equation above are related to integral curves
of a Hamiltonian field defined on TM . First integrals of the geodesic flow are functions f
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defined on TM which are constant along geodesics, in the sense that t 7→ f(γ′(t)) is constant
for every geodesic γ. The first integrals of the geodesic flow which are polynomial in the
momenta give rise to Killing tensors on M , and have been intensively studied both in the
mathematics and physics literature.

In the present work we focus on the integrability of magnetic flows. There are different tools
to deal with the integrability question. For instance, in [8], Dragović, Gajić and Jovanović
prove complete integrability of the magnetic flow on spheres Sn−1 for a constant homogeneous
magnetic field in Rn if n ≤ 6 and conjecture the integrability for every n. For n = 5, 6 the
first integrals are polynomials of degree at most three. Furthermore, in [9] the authors
provide a Lax representation of the equations of motion and prove complete integrability of
those systems for any n. The integrability is provided via first integrals of degree one and
two. In [3], Bolsinov, Konaev and Matveev prove integrability of the magnetic flow on the
sphere with a constant 2-form by reducing the study to the so-called degenerate Neumann
system, which is known to be integrable by means of first integrals linear and quadratic in
momenta. Other explicit integrable examples with quadratic in momenta first integrals can
be constructed using the Maupertuis’ principle, see [1]. In 2019, Agapov and Valyuzhenich
discussed polynomial integrals of magnetic flows on the 2-torus at several energy levels [2].

On the other side, it is known that the integrability of the geodesic flow imposes obstruc-
tions on the topology of the supporting compact manifold. In fact, Taimanov [14] showed
topological obstructions for real-analytic manifolds supporting real-analytic first integrals of
the geodesic flow. This does not avoid however the existence of smoothly integrable geodesic
flows on compact spaces that do not satisfy the above obstructions, see for instance the work
of Butler [4]. In particular, most first integrals in loc. cit. are constructed from Killing vector
fields. A main question that motivates this work is the following:

Can one define in an analogous way first integrals of a magnetic flow on TM by means of
tensor fields on M?

First integrals play a fundamental role in the integrability question. In the case of magnetic
flows, integrability is more complicated than in the geodesic flow situation. Actually this
depends on the energy level and this is related to the fact that a constant reparametrization
of a magnetic geodesic is not a solution of the corresponding magnetic equation. The nature
of the Lorentz force F plays a role in the integrability question. On the other hand, in view
of the topological obstructions to have real-analytic integrability, it is expected that such
obstructions could occur for some magnetic flows. Indeed a natural question is:

For which kind of magnetic fields is there such obstruction, and which other features could
affect the integrability of a given magnetic flow?

Furthermore, one suspects a relationship with the critical value of Mañé that makes evident
different dynamical behaviors for exact 2-forms.

In the present paper we obtain the characterization of symmetric tensors on a Riemannian
manifold (M, g) which give rise to first integrals of the magnetic flow associated to a magnetic
field. These tensors are called magnetic Killing tensors, and generalize symmetric Killing
tensors to the magnetic setting. However, in contrast to Killing tensors, whose components
in any fixed degree are still Killing, magnetic Killing tensors are in general sums of symmetric
tensors of different degrees, whose components in any fixed degree are no longer magnetic
Killing tensors.
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We then illustrate the general theory by the study of the magnetic flow on Lie groups
equipped with a left-invariant metric. We consider left-invariant magnetic fields and construct
first integrals of the magnetic flow associated to magnetic Killing tensors. In this way we
obtain several examples of compact Riemannian manifolds with non-trivial force F whose
corresponding magnetic flows are completely integrable.

Explicitly, we prove the complete integrability of magnetic flows on Kodaira-Thurston
manifolds at all energy levels whenever the Lorentz force is invariant and has rank two (and
therefore does not correspond to a symplectic structure). Indeed, we start by constructing
the first integrals on T(H3 × R), which descend to compact quotients by lattices of H3 × R.
The first integrals that we construct are polynomial in the momenta on the simply connected
Lie group, but those descending to the compact quotients are analytical only if the invariant
Lorentz force is not exact, or at low energy levels when the Lorenz force is exact.

For trivial extensions of Heisenberg groups H2n+1 endowed with a left-invariant metric and
left-invariant magnetic fields, we construct examples of Liouville integrable magnetic flows.
The Lorentz forces we consider correspond to skew symmetric derivations acting trivially
on the center. As above, we start by working at the Lie group level, and then we induce
corresponding first integrals on quotients by some lattices of H2n+1 × Rk.

In all cases, the first integrals at the Lie group level are linear or quadratic in the momenta.
Whenever we induce them to the quotient spaces, we lose the polynomial property. However,
the theory exposed here seems to allow the construction of polynomial first integrals of higher
degrees. To this end it would be interesting to find magnetic Killing tensors of higher degree
which are indecomposable in the sense of [6] or [7, Definition 2.3], that is, which are not
polynomial expressions in the metric tensor and the magnetic Killing vector fields.

2. Magnetic Killing tensors

The aim of this section is to introduce magnetic Killing tensors, which enable the con-
struction of first integrals for the magnetic flow on a Riemannian manifold (M, g) for a given
magnetic field. Later this will specified on 2-step nilpotent Lie groups and induced compact
quotients.

We start with the formalism introduced in [11] for symmetric tensors. For the convenience
of the reader, we recall here the standard definitions and formulas which are relevant in the
sequel.

Let (M, g) denote a Riemannian manifold of dimension n and let TM denote the tangent
bundle. Elements of the l-fold symmetric tensor product of TM , denoted by Syml TM ⊂
TM⊗l , are linear combinations of symmetrized tensor products

v1 · . . . · vl :=
∑

σ∈Sl

vσ(1) ⊗ . . .⊗ vσ(l),

where v1, . . . , vl are tangent vectors in TM .
Let {ei} denote a local orthonormal frame of TM . Using the metric g, we identify TM

with T∗M and thus Sym2T∗M ≃ Sym2TM . The scalar product g induces a scalar product,
also denoted by g, on SympTM defined by

g(v1 · . . . · vl, w1 · . . . · wl) :=
∑
σ∈Sl

g(v1, wσ(1)) · . . . · g(vl, wσ(l)).
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Using this scalar product, every section K of SympTM can be identified with a polynomial
map of degree l on TM , defined by the formula K(v1, . . . , vl) = g(K, v1 · . . . · vl). The
metric adjoint of the bundle homomorphism v· : Syml TM → Syml+1TM , K → v ·K is the
contraction map v⌟ : Syml+1TM → Syml TM , K → v⌟K defined by

(v ⌟K)(v1, . . . , vl) := K(v, v1, . . . , vl).

Let ∇ denote the Levi-Civita connection for the metric g and let Γ(Syml TM) denote the
set of sections of Syml TM . Consider the differential operators

ds : Γ(Syml TM) → Γ(Syml+1TM), K →
∑

ei · ∇eiK,

δ : Γ(Syml+1TM) → Γ(Syml TM), K → −
∑

ei⌟∇eiK,

where ds the (symmetric) differential and δ, the formal adjoint of ds, is the divergence oper-
ator.

The operator ds coincides with the usual diferential on functions (seen as elements of
Γ(Sym0TM)), and acts as a derivation on symmetric products. In particular

ds(fK) = df ·K + fdsK.

for every differentiable map f :M → R and section K of Syml TM .
As usual, we denote by χ(M) = Γ(Sym1TM) the differentiable sections of TM , that is

the vector fields on M .

Lemma 2.1. For every K ∈ Γ(Syml TM) and for every X ∈ χ(M), the following relation
holds:

(dsK)(X, . . . ,X︸ ︷︷ ︸
l+1

) = (l + 1)(∇XK)(X, . . . ,X︸ ︷︷ ︸
l

).

Proof. As above let {ei} denote a orthonormal local frame. For every X ∈ χ(M), by applying
the definition one gets

(dsK)(X, . . . ,X︸ ︷︷ ︸
l+1

) =
∑
i

(ei · ∇eiK)(X, . . . ,X︸ ︷︷ ︸
l+1

)

= (l + 1)
∑
i

g(ei, X)∇eiK(X, . . . ,X)

= (l + 1)(∇XK)(X, . . . ,X︸ ︷︷ ︸
l

).

□

Let ϕ : TM → R be a differentiable function on the tangent bundle. If the restriction of
ϕ to the tangent space TpM is a homogeneous polynomial of degree l for every p ∈M , then

it determines a section Kϕ of Syml TM via the formula

(1) Kϕ(v, . . . , v) := l!ϕ(v), ∀v ∈ TM.

Conversely, every section K of Syml TM determines a function ϕK : TM → R whose
restriction to each tangent space is a homogeneous polynomial of degree l, by the formula

(2) ϕ(v) :=
1

l!
K(v, . . . , v), ∀v ∈ TM.
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Lemma 2.2. The map K −→ ϕK in (2) is an injective homomorphism of algebras.

Proof. Follows directly from [5, Lemma 5.1]. □

Example 2.3. Let g ∈ Γ(Sym2TM) be the Riemannian metric on M . Then ϕg(v) =
1
2v⌟v⌟g = ∥v∥2.

Definition 2.4. A Lorentz force on (M, g) is a skew-symmetric endomorphism F of TM
such that associated the 2-form

ωF (X,Y ) := g(FX, Y ) for all X,Y ∈ TM

is closed. The 2-form ωF is called a magnetic field.

Notice that there is a one-to-one correspondence between Lorentz forces and magnetic
fields.

The Lorentz force F can be extended to the algebra of symmetric tensors as a C∞(M)-
linear derivation F∗. For every l ≥ 1 and Kl ∈ Γ(Syml TM), one has

(F∗Kl)(v, . . . , v) = −lKl(Fv, v, . . . , v) for all v ∈ χ(M).

Fix a Lorentz force on the Riemannian manifold (M, g). A differential curve γ : (−ε, ε) →
M is called a magnetic trajectory or magnetic geodesic whenever

(3) ∇γ′γ′ = Fγ′,

where we denote by γ′ := γ′(t) for simplicity.

Definition 2.5. A differentiable function Ψ : TM → R is called a first integral of the
magnetic flow for the Lorentz force F if Ψ(γ′) is constant for every magnetic trajectory γ.

Example 2.6. The function ϕg of Example 2.3 is a first integral of the magnetic flow for
every Lorentz force F . Indeed, for every magnetic geodesic γ, one has

d

dt
ϕg(γ

′) =
1

2

d

dt
g(γ′, γ′) = g(∇γ′γ′, γ′) = g(Fγ′, γ′) = 0.

This first integral ϕg is usually called the energy function and is denoted by E.

Proposition 2.7. Let F denote a Lorentz force on (M, g) and for i = 0, . . . , l let Ki ∈
Γ(SymiTM) be symmetric tensors with associated functions ϕi(v) := 1

i!Ki(v, . . . , v) as in

(2). Then ϕ :=
l∑

i=0

ϕi is a first integral of the magnetic flow if and only if

(4) dsKi = F∗Ki+1 for all i = 0, . . . , l,

with the convention Kl+1 ≡ 0.
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Proof. Let γ be a magnetic trajectory for F . By applying properties and Lemma 2.1, one
has

γ′(ϕ(γ′)) =

l∑
i=0

γ′(ϕi(γ
′))

=

l∑
i=0

1

i!
γ′(Ki(γ

′, . . . , γ′))

=
l∑

i=0

1

i!
(∇γ′Ki)(γ

′, . . . , γ′) +
l∑

i=1

1

(i− 1)!
Ki(Fγ

′, γ′, . . . , γ′)

=
l∑

i=0

1

(i+ 1)!
dsKi(γ

′, . . . , γ′︸ ︷︷ ︸
i+1

)−
l∑

i=1

1

i!
(F∗Ki)(γ

′, . . . , γ′︸ ︷︷ ︸
i

)

=

l∑
i=0

1

(i+ 1)!
dsKi(γ

′, . . . , γ′︸ ︷︷ ︸
i+1

)−
l−1∑
i=0

1

(i+ 1)!
(F∗Ki+1)(γ

′, . . . , γ′︸ ︷︷ ︸
i+1

)

=

l∑
i=0

1

(i+ 1)!
(dsKi − F∗Ki+1) (γ

′, . . . , γ′︸ ︷︷ ︸
i+1

).

So, ϕ is a first integral of the magnetic flow if and only if the system (4) holds. □

Definition 2.8. A symmetric tensor K =
∑l

i=0Ki with Ki ∈ Γ(SymiTM) satisfying the
system (4) is called a magnetic Killing tensor.

By the above proposition, magnetic Killing tensors correspond to first integrals of the
magnetic flow which are polynomial in the momenta.

Remark 2.9. Assume ϕ as above has the form ϕ = ϕ1 + ϕ0 is a first integral for F , so that
ϕ1 =: ξ is a vector field on M and ϕ0 =: f is a function on M . From the proposition above, ϕ
is a first integral of the magnetic flow if and only if dsξ ≡ 0, df = F (ξ)♭. Here F (ξ)♭ ∈ T∗M

is the metric dual of F (ξ), defined by F (ξ)♭(X) = g(F (ξ), X) for every X ∈ TM .
By Lemma 2.1, dsξ = 0 is equivalent to, g(∇Xξ,X) = 0 for every X, i.e to the fact that ξ

is a Killing vector field on M .

Definition 2.10. A magnetic Killing vector field on M for the Lorentz force F is a tensor
ξF = ξ + f where ξ ∈ χ(M) is a Killing vector field and f :M → R satisfies df = F (ξ)♭.

By Proposition 2.7 (applied to l = 1), every magnetic Killing vector field is a first integral
of the magnetic flow with Lorenz force F .

Remark 2.11. The existence of magnetic Killing vector fields is not guaranteed by the
existence of Killing vector fields. We shall see examples of this in the next sections.

3. The magnetic flow on Lie groups

Let N denote a Lie group with Lie algebra n. Thus, n is the Lie algebra of left-invariant
vector fields, that is, satisfying Lh∗(v) = v ◦ Lh, where Lh : N → N denotes the translation
on the left by h ∈ N . The Lie algebra can be identified with n ≃ TeN , where e is the identity
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element of N . For every p ∈ N , any vector in TpN can be written as pv := Lp∗(v) for some
v ∈ n ≃ TeN .

Besides left-translations, other diffeomorphisms of N are given by right-translations and
conjugation maps, Rh, Ih : N → N respectively

Rh(p) = ph Ih(p) = hph−1, ∀p ∈ N.

The corresponding differentials at e are denoted by Rh∗ : n → ThN and Ad(h) : n → n. The
latter, called the adjoint map, is a Lie algebra isomorphism.

Analogously to left-invariant vector fields, one has right-invariant vector fields which satisfy
Rh∗(v) = v◦Rh for all h ∈ N , and which are also determined by their value at e ∈ N . In terms
of left-invariant vector fields, every right-invariant vector field defined by some v ∈ TeN ≃ n
can be written

(5) v̄p = p(Ad(p−1)v), ∀p ∈ N.

One has the relation Ad(expX) = ead(X) where ad(X) : n → n denotes the derivation
given by ad(X)(Y ) = [X,Y ] for X,Y ∈ n.

Recall that the Lie bracket of differentiable vector fields X,Y is defined in terms of the
associated flows φX , φY by

[X,Y ]p =
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

φX
−t ◦ φY

s ◦ φX
t (p).

To every X ∈ n we associate the “horizontal” and “vertical” lifts X̃,X∗ which are vector
fields on TN defined respectively by the flows ψX

t and φX
t , given by

ψX
t (pV ) := p exp(tX)V for X̃, and φX

t (pV ) := p(V + tX) for X∗,

for every p ∈ N and V ∈ n. These vector fields satisfy

(6) π∗X̃ = X, X∗
V = Xπ(V ), π∗(X

∗) = 0,

and the following Lie bracket relations:

(7) [X̃, Ỹ ]pV = [̃X,Y ]pV [X̃, Y ∗]pV = 0 [X∗, Y ∗]pV = 0.

Indeed,

[X̃, Ỹ ]pV =
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

Iexp(tX)(exp(sX)V )

=
d

dt

∣∣∣∣
t=0

pAd(exp(tX))(Y )V =
d

dt

∣∣∣∣
t=0

p exp(t ad(X)(Y ))V

= [̃X,Y ]pV ;

[X̃, Y ∗]pV =
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

ψX
−t ◦ φY

s ◦ ψX
t (pV )

=
d

dt

∣∣∣∣
t=0

p exp(tX) exp(−tX)(sY + V ) =
d

dt

∣∣∣∣
t=0

p(V + sY )

= 0.
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Analogously one obtains [X∗, Y ∗]pV = 0 for every p ∈ N,V ∈ n.

Clearly every vector U ∈ T(TN) at pV decomposes uniquely as a direct sum X̃ + Y ∗. In
fact, by denoting π : TN → N , one has

π∗(UpV ) = pX for X ∈ n.

Take Y ∗
pV = UpV − X̃pV , so we have

TpV (TN) = n⊕ kerπ∗,

where we identify n ≃ TpN = π∗TpV (TN).

Definition 3.1. A symmetric tensor on the Lie group N is said left-invariant if it is invariant
by translations on the left by elements h ∈ N : Kp = (Lp)∗Ke for every p ∈ N .

In particular a left-invariant metric on N is a Riemannian metric on N for which transla-
tions on the left of the form Lh by elements h ∈ N are isometries.

Fix such metric ⟨ , ⟩, whose values are determined by its value at the Lie algebra n ≃ TeN
also denoted by ⟨ , ⟩.

The tautological 1-form on TN is given by

(8) ηpV (X̃) = ⟨X,V ⟩, ηpV (X
∗) = 0, ∀p ∈ N, ∀X,V ∈ n.

By (7) we easily get for every p ∈ N and X,Y, V ∈ n:

(9) dηpV (X̃, Ỹ ) = −⟨V, [X,Y ]⟩, dηpV (X
∗, Y ∗) = 0, dηpV (X̃, Y

∗) = −⟨X,Y ⟩.
The 2-form Ω := −dη is thus a symplectic form on TN .
A Lorentz force F is called left-invariant if it is invariant by translations on the left. From

now on, we work with left-invariant Lorentz forces.
To study the magnetic flow we consider the symplectic form defined by

ΩF := Ω + π∗ωF .

By (9) one has

ΩF (X̃, Ỹ ) = ⟨V, [X,Y ]⟩+ ωF (X,Y )

ΩF (X̃, Y ∗) = ⟨X,Y ⟩
ΩF (X∗, Y ∗) = 0.

Definition 3.2. The Hamiltonian vector field Xϕ in T(TN) associated to a differentiable

function ϕ : TN → R is defined by Xϕ⌟ΩF = dϕ, or, equivalently, by

(10) ΩF (Xϕ, U) = U(ϕ) ∀U ∈ χ(TN)

The Poisson bracket of functions ϕ1, ϕ2 : TN → R is the function {ϕ1, ϕ2}F : TN → R
defined by

{ϕ1, ϕ2}F (pV ) := ΩF (Xϕ1 , Xϕ2) ∀p ∈ N, ∀V ∈ n.

If F = 0, we simply denote the Poisson bracket of ϕ1, ϕ2 by {ϕ1, ϕ2}.
The Poisson bracket is a Lie bracket on C∞(TN) and it also satisfies the Leibniz’s rule:
{ϕ1, ϕ2ϕ3}F = ϕ3{ϕ1, ϕ2}F + ϕ2{ϕ1, ϕ3}F .

Lemma 3.3. Let K ∈ Γ(Syml TN) be a left-invariant symmetric tensor and let ϕ(V ) :=
1
l!K(V, . . . , V ) be the corresponding function on TN as in Lemma 2.2. Then for every X ∈ n
one has
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• X̃(ϕ) = 0;
• X∗(ϕ)(pV ) = ϕX⌟K = 1

(l−1)!K(X,V, . . . , V ) for all l ≥ 1, and X∗(ϕ)(pV ) = 0 for

l = 0.

Proof. By using the definitions we get

X̃(ϕ)(pV ) =
d

dt

∣∣∣∣
t=0

ϕ(p exp(tX)V ) =
1

l!

d

dt

∣∣∣∣
t=0

Kp exp(tX)K(p exp(tX)V, . . . , p exp(tX)V )

=
1

l!
KeK(V, . . . , V ),

X∗(ϕ)(pV ) =
d

dt

∣∣∣∣
t=0

ϕ(p(V + tX)) =
1

l!

d

dt

∣∣∣∣
t=0

KeK(V + tX, . . . , V + tX)

=

{ 1
(l−1)!K(X,V, . . . , V ) l ≥ 1

0 l = 0

□

Let {ei} denote an orthonormal basis on n, and consider the associated vertical and hor-
izontal vector fields e∗i , ẽi on TN . These vector fields form a basis of TpV (TN) for every
p ∈ N and V ∈ n.

For a left-invariant symmetric tensorK ∈ Γ(Symk+1TN) with associated function ϕ = ϕK
as in (2), we decompose

(Xϕ)pV =
∑

αi(pV ) e∗i + βi(pV ) ẽi,

for some smooth functions αi and βi on TN . Lemma 3.3 implies that for every j one has

0 = ẽj(ϕ) = ΩF (Xϕ, ẽj) = −αj(pV ) +
∑

βi(pV )
(
⟨V, [ei, ej ]⟩+ ωF (ei, ej)

)
,

1

k!
K(ej , V, . . . , V ) = e∗j (ϕ) = ΩF (Xϕ,e∗j

) = βj(pV ).

These relations give the expression of (Xϕ) with respect to the above basis of T(TN) at
every point pV ∈ TN (with p ∈ N and V ∈ n):

(Xϕ)pV =
∑
j

1

k!
K(ej , V, . . . , V ) ẽj +

∑
i,j

(
1

k!
K(ei, V, . . . , V ))(⟨V, [ei, ej ] + ωF (ei, ej)) e

∗
j .

By using these formulas and the properties of ΩF given above one obtains the following:

Corollary 3.4. Let K ∈ Γ(Symk+1TN), L ∈ Γ(Syml+1TN) be left-invariant symmetric
tensors. Then the Poisson bracket of the associated functions ϕK , ϕL satisfies

{ϕL, ϕK}F (pV ) = ΩF (XϕK
, XϕL

)

=
∑
i,j

1

k!

1

l!
L(ej , V, . . . , V )K(ei, V . . . , V )(⟨V, [ei, ej ] + ωF (ei, ej)).

With the same assumptions, the formula above can be read in the following way:

{ϕL, ϕK}F =
∑

ϕej⌟L · ϕei⌟K(⟨V, [ei, ej ] + ωF (ei, ej))

= ϕ{L,K}F ,
(11)
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where by definition

{L,K}F :=
∑
i,j

(ei⌟L) · (ej⌟K)(⟨V, [ei, ej ]⟩+ ωF (ei, ej)).

For f ∈ C∞(N), consider ϕf = f ◦ π. Then

X∗(ϕf ) = 0 X̃(ϕf ) = p expX(f ◦ π).

We now compute the Hamiltonian vector field for ϕf . As before write

Xϕf
=
∑
i

αi e
∗
i + βi ẽi,

and compute

0 = e∗j (ϕf ) = ΩF (XF
ϕf
, e∗j ) =

∑
i

βiδij = βj

(pej)(f) = ẽj(ϕf )(pV ) = ΩF (Xϕf
, ẽj) = −αj(pV ).

Thus, the Hamiltonian vector field corresponding to ϕf is given by

(Xϕf
)pV = −

∑
i

(pei)(f) e
∗
i ,

where (pei)(f) =
d
dt

∣∣
t=0

f(p exp(tei)). This, together with Lemma 3.3, implies that for K ∈
Γ(Symk TN) left-invariant and f ∈ C∞(N) as above, one has

{ϕK , ϕf}F = Xϕf
(ϕK) = −

∑
i

ϕei⌟KL
∗
p(df)(ei).

Moreover, by the properties of the Poisson bracket, it follows

{ϕK , ϕgL}F = {ϕK , ϕg}FϕL + ϕg{ϕK , ϕL}F .

For any ξ ∈ n we will denote by ξ̄ the right-invariant vector field whose value at e is ξ.
In other words, ξ̄(p) = Rp∗(ξ), where Rp denotes the translation on the right by p ∈ N .

The flow of ξ̄ is given by φξ̄
t (p) = Rp(exp(tξ)), i.e. φξ̄

t is the left translation by exp(tξ).
Since translations on the left by elements of the Lie group are isometries of (N, ⟨ , ⟩), any
right-invariant vector field is a Killing vector field.

Note that exp(tξ)p = pp−1 exp(tξ)p, so that d
dt

∣∣
t=0

exp(tξ)p = d
dt

∣∣
t=0

LpAd(p
−1) exp(tξ),

which shows that the value at p of the right-invariant vector field ξ̄determined by ξ is equal
to the value at p of the left-invariant vector field determined by Ad(p−1)ξ. This was already
noticed in (5).

The following result proves the existence of magnetic Killing vector fields induced by right-
invariant vector fields, using 2.7.

Corollary 3.5. Every right-invariant vector field ξ̄ on the simply connected Lie group N
determines a magnetic first integral of the magnetic flow associated to any left-invariant
Lorentz force F .
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Proof. Since ξ̄ is Killing, it holds dsξ̄ = 0. By Proposition 2.7 applied for l = 1, we need to
show that there exists f such that df = F (ξ̄)♭.

Note that d(F (ξ̄)♭) = d(ξ̄⌟ωF ) = Lξ̄(ω
F ) − ξ̄⌟dωF = 0. Indeed, the last term vanishes

since ωF is closed, and the first term vanishes since ωF is left-invariant, and the flow of ξ̄
consists of left translations. Therefore, since N is simply connected and every closed form is
exact, there exists a function f such that df = F (ξ̄)♭. □

Later in Proposition 4.1 we shall give the explicit expression of the function f on 2-step-
nilpotent Lie groups.

A magnetic Killing vector field as in the corollary above will be denoted by ξF = ξ̄+ f . It
is uniquely determined by ξ up to a constant.

Lemma 3.6. Let ξ̄ denote a right-invariant (Killing) vector field on the manifold N induced
by ξ ∈ n, with flow denoted by φt (recall that φt(p) = exp(tξ)p for every p ∈ N). Then the
flow of the Hamiltonian vector field Xϕξ̄

on TM is (φt)∗.

Proof. Let Y denote the vector field on TN whose flow is given by Φt := (φt)∗. Since
π ◦ Φt = φt ◦ π∗, we have π∗Y = ξ̄. In particular, this implies that

(12) η(Y ) = ϕξ̄.

For every X ∈ n, consider the vector fields X∗ and X̃ on TN defined in Equation (6). Let
η the 1-form given in Equation (8). We claim that:

(13) η([Y, U ]) = Y (η(U)) = 0 for U = X∗ or X̃.

Indeed,

• if U = X∗, then π∗(U) = 0 and π∗(Y ) = ξ̄, which implies π∗[Y,U ] = 0. Therefore
η([Y, U ]) = 0 and on the other hand, since η(U) = 0, we get Y (η(U)) = 0.

• If U = X̃, one has π∗(U) = X (or more precisely the left-invariant vector field defined
by X) and so, ηpV (U) = ⟨X,V ⟩ for every p ∈ N and V ∈ n. For every t ∈ R we can
write Φt(pV ) = (φt)∗(pV ) = φt(p)V . Thus

Y (η(U))(pV ) =
d

dt

∣∣∣∣
t=0

ηΦt(pV )(U) =
d

dt

∣∣∣∣
t=0

⟨X,V ⟩ = 0,

and ηpV ([Y, U ]) = ⟨V, π∗[Y, U ]⟩ = ⟨V, [ξ̄, X]⟩ = 0, since the right-invariant vector field
ξ̄ commutes with the left-invariant vector field X.

Then, using the fact that the expression η([Y,U ])− Y (η(U)) = −(LY η)(U) is tensorial in
U , we get

(14) η([Y, U ]) = Y (η(U)) for every U ∈ T(TN).

From this, together with (12) and (14), we obtain for every vector field U ∈ χ(TN):

Ω(Y,U) = −dηV (Y, U) = −Y (η(U)) + U(η(Y )) + η([Y, U ])

= U(η(Y )) = U(ϕξ̄)

= Ω(Xϕξ̄
, U).

Since Ω is non-degenerate, this proves that Y = Xϕξ̄
. □
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As an immediate consequence, we remark that the Hamiltonian vector field Xϕξ̄
satisfies

π∗(Xϕξ̄
) = ξ̄.

In the following lemma we establish the relation of Xϕξ̄
with the Hamiltonian vector field

associated with the Lorentz force F .

Lemma 3.7. Let F denote a Lorentz force on N . Let XF
H and XH denote the Hamiltonian

vector fields of H : TN → R, defined with respect to the symplectic forms ΩF and Ω on TN .
Then

XF
ϕ
ξF

= Xϕξ̄
,

for every right-invariant vector field ξ̄, where ξF = ξ̄ + f was defined in (2.10).

Proof. Let ΩF denote the twisted symplectic form on TN . Then, using df = (F ξ̄)♭ we
compute for every U ∈ T(TN):

ΩF (XF
ϕ
ξF
, U) = U(ϕξF ) = U(ϕξ̄ + ϕf )

= Ω(Xϕξ̄
, U) + U(π∗f) = Ω(Xϕξ̄

, U) + ⟨F (ξ̄), π∗U⟩

= Ω(Xϕξ̄
, U) + ωF (π∗Xϕξ̄

, π∗U)

= Ω(Xϕξ̄
, U) + π∗ωF (Xϕξ̄

, U) = ΩF (Xϕξ̄
, U).

Since ΩF is non-degenerate, the conclusion follows. □

Proposition 3.8. Let ξF denote a magnetic Killing vector field (Definition 2.10) and let
K ∈ Γ(Symk TN) be a symmetric tensor. Then

{ϕξF , ϕK}F = −ϕLξ̄K .

Proof. For every V ∈ T(TN) we compute:

{ϕξF , ϕK}F (V ) = ΩV (X
F
ϕ
ξF
, XF

ϕK
) = −XF

ϕ
ξF
(ϕK)(V )

= −Xϕξ̄
(ϕK)(V ) = − d

dt

∣∣∣∣
t=0

ϕK((φt)∗V )

= − 1

k!

d

dt

∣∣∣∣
t=0

(φ∗
tK)(V, . . . , V ) = − 1

k!
(Lξ̄K)(V, . . . , V )

= −ϕLξ̄K(V ).

□

We end up this section with the following useful criterion:

Theorem 3.9. Let ξF1 , ξ
F
2 denote magnetic Killing vector fields on N , written by Definition

2.10 as ξFi = ξ̄i + fi, with ξ̄i right-invariant determined by ξi ∈ n, and dfi = (F ξ̄i)
♭ = ξ̄i⌟ωF

for i = 1, 2. Then

{ϕξF1 , ϕξF2 }
F = 0 ⇐⇒ [ξ1, ξ2] = 0 and ωF (ξ1, ξ2) = 0.

Proof. Using the fact that d(ξ̄i⌟ωF ) = Lξ̄i
ωF = 0, we get:

d(ωF (ξ̄1, ξ̄2)) = d(ξ̄2⌟ (ξ̄1⌟ωF )) = Lξ̄2
(ξ̄1⌟ωF )− ξ̄2⌟ d(ξ̄1⌟ω

F )

= (Lξ̄2
ξ̄1)⌟ω

F = [ξ1, ξ2]⌟ωF
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(note that [ξ̄2, ξ̄1] = [ξ1, ξ2]). Therefore, if [ξ1, ξ2] = 0, then ωF (ξ̄1, ξ̄2) is constant. On the
other hand, by Proposition 3.8 we have:

{ϕξF1 , ϕξF2 }
F = ϕLξ̄2

ξF1
= ϕ[ξ̄2,ξ̄1](V ) + ϕξ̄2(f1) = ϕ

[ξ1,ξ2]
+ ϕωF (ξ̄1,ξ̄2)

,

which proves the assertion. □

4. Examples of Liouville Integrable systems on 2-step nilmanifolds

The goal of this section is to show examples of Liouville integrable magnetic flows on
compact manifolds of the form Λ\N , where N is a 2-step nilpotent Lie group and Λ denotes
a cocompact lattice in N . In this framework, any left-invariant metric on N descends to
a Riemannian metric on Λ\N since Λ acts by isometries. Examples will be the Kodaira-
Thurston manifold in dimension 4 and Heisenberg nilmanifolds of any dimension.

We start by studying the integrability of the magnetic flow at the Lie group level. In
order to construct first integrals on the Lie group we make use of the functions associated
to symmetric tensors studied in the previous sections, which later will be adapted for the
quotient spaces.

Recall that a Lie group is 2-step nilpotent if its Lie algebra is 2-step nilpotent, that is,
[U, [V,W ]] = 0 for all U, V,W ∈ n.

If N is simply connected and 2-step nilpotent, the exponential map is a diffeomorphism
exp : n → N , and the Baker–Campbell–Hausdorff formula reads

(15) exp(X) exp(Y ) = exp(X + Y +
1

2
[X,Y ]), ∀X,Y ∈ n.

Let ⟨ , ⟩ be a left-invariant metric on N , determined at the Lie algebra level by a scalar
product on n. We denote by z the center of n and consider the orthogonal decomposition:

(16) n = v⊕ z, where v = z⊥.

Furthermore, we consider the skew-symmetric maps j(Z) : v → v given by

⟨j(Z)U,W ⟩ := ⟨Z, [U,W ]⟩ ∀U,W ∈ v.

Since n is 2-step nilpotent, the maps {j(Z)}Z∈z, encode the Lie algebra structure of n and
the geometrical information of (N, ⟨ , ⟩) see [10].

Let F be a left-invariant Lorentz force on the 2-step nilpotent Lie group (N, ⟨ , ⟩) and let
ξ̄ denote a right-invariant vector field on N (hence Killing) induced by some vector ξ ∈ n. In

the next paragraphs we shall compute the function f : N → R such that df = (F ξ̄)♭.
For any X ∈ n, let fX : N → R denote the function given by

(17) fX(exp(W )) = ⟨X,W ⟩, ∀W ∈ n.

We compute below the differential of fX at p = exp(W ) ∈ N . For every Y ∈ n we have by
(15):

dfX(pY ) =
d

dt

∣∣∣∣
t=0

fX(exp(W ) exp(tY )) =
d

dt

∣∣∣∣
t=0

⟨X,W + tY +
1

2
t[W,Y ]⟩

= ⟨X,Y ⟩+ 1

2
⟨X, [W,Y ]⟩

= ⟨pX, pY ⟩ − 1

2
⟨X, z⟩⟨j(z)Y,W ⟩,
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which implies that p−1(dfX)p = X − 1
2⟨X, z⟩

∑
fj(z)vivi, where vi is any orthonormal basis of

v.
The following proposition is related to Corollary 3.5 for the 2-step nilpotent situation.

Proposition 4.1. Let (N, ⟨ , ⟩) denote a 2-step nilpotent Lie group equipped with a left-
invariant metric and let F denote a left-invariant Lorentz force. The following relation holds:

d

(
fF (ξ) −

1

2

∑
fvifvj ⟨F [vi, ξ], vj⟩

)
= F (ξ̄p)

♭.

Proof. For p = exp(W ) ∈ N we have ξ̄p = pAd(p−1)(ξ) = p(ξ − [W, ξ]) and so, F (ξ̄p) =
p (F (ξ)− F [W, ξ]).

Consider the 1-form σ := d
(
fF (ξ) − 1

2

∑
i fvifvj ⟨F [vi, ξ], vj⟩

)
. From the computations

above and using the fact that ωF is closed, we obtain:

p−1σp = F (ξ)− 1

2
⟨F (ξ), z⟩

∑
i

fj(z)vivi −
1

2

∑
i,j

vifvj ⟨F [vi, ξ], vj⟩ −
1

2

∑
i

fviF [vi, ξ]

= F (ξ)− 1

2
⟨F (ξ), z⟩

∑
i

fj(z)vivi −
1

2

∑
i,j

vifvj (⟨F [vj , ξ], vi⟩+ ⟨F [vi, vj ], ξ⟩)

−1

2

∑
i

fviF [vi, ξ]

= F (ξ)− 1

2
⟨F (ξ), z⟩

∑
i

fj(z)vivi −
∑
i

fviF [vi, ξ]−
1

2

∑
i,j

vifvj ⟨F (z), ξ⟩⟨j(z)vi, vj⟩

= F (ξ)−
∑
i

fviF [vi, ξ].

□

Example 4.2. The Heisenberg Lie group of dimension 3 can be identified with R3 together
with the product given by

(x1, x2, x3)(y1, y2, y3) = (x1 + y1, x2 + y2, x3 + y3 +
1

2
(x1y2 − x2y1)).

Usual computations show that a basis of left-invariant vector fields at p = (x, y, z) is given
by

e1(p) = ∂x −
1

2
y∂z, e2(p) = ∂y +

1

2
x∂z, e3(p) = ∂z,

where we denote ∂u = ∂
∂u . These vector fields obey the only non-trivial Lie bracket relation

[e1, e2] = e3. This Lie algebra is usually denoted by h3. Take the metric that makes of
{e1, e2, e3} an orthonormal basis. Then z = span{e3}, while v = z⊥ = span{e1, e2}. The set
{j(Z)}Z∈z as above is generated by J : j(e3) whose matrix in the basis {e1, e2} is(

0 −1
1 0

)
.

Let n := h3 ⊕ Re4 denote the trivial extension of h3. This is also a 2-step nilpotent Lie
algebra with Lie group underlying R4 and multiplication given by

(x1, x2, x3, x4)(y1, y2, y3, y4) = (x1 + y1, x2 + y2, x3 + y3 +
1

2
(x1y2 − x2y1), x4 + y4).
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We extend the metric of h3 to n in such way that e4 ⊥ h3 and ⟨e4, e4⟩ = 1. In this case the
Lie algebra decomposes as orthogonal direct sum

n = v⊕ C(n)⊕ a,

where v as above, C(n) = span{e3} is the commutator of the Lie algebra and a = span{e4}.
In this case j(e3) = J and j(e4) = 0.

We shall now study the Liouville integrability of the magnetic flow. In general one searches
for analytical first integrals but this could be not possible (see for instance [14] for geodesic
fields).

Definition 4.3. The magnetic flow on a Riemannian manifold (M, ⟨ , ⟩) of dimension n for
the Lorentz force F , is completely integrable or Liouville integrable if there exists a family of
n− 1 first integrals Ψj : TM → R, j = 1, . . . , n− 1 such that

• {Ψi,Ψj} = 0 for all i, j and
• The gradients of {E,Ψ1, . . . ,Ψn−1} are linearly independent on a dense subset of TM .

As an application of the framework developed above, we will now prove complete integra-
bility of the magnetic flow on some 2-step nilpotent Lie groups equipped with a left-invariant
metric and a left-invariant Lorentz force.

Proposition 4.4. Let n denote a 2-step nilpotent Lie algebra of dimension 4 equipped with a
scalar product. If the Lorentz force F is left-invariant and has rank 2, then the corresponding
magnetic flow on the simply connected Lie group N is completely integrable.

Proof. By Theorem 3.9 it suffices to find three right-invariant vector fields ξ̄1, ξ̄2, ξ̄3 on N ,
corresponding to linearly independent vectors ξ1, ξ2, ξ3 ∈ n, such that

(18) [ξi, ξj ] = 0, and ωF (ξi, ξj) = 0, ∀i, j.
In view of the decomposition (16) for the Lie algebra n, we have z = C(n) ⊕ a, with

j : C(n) → v injective ⇒ dim v ≥ 2. If dimC(n) = 2, then dim(v) ≤ 2 and j is not injective.
Thus, dimC(n) = 1, dim v = 2 and dim a = 1.

There is a orthonormal basis, {e1, e2, e3, e4} of n such that v = span{e1, e2}, C(n) =
span{e3}, and a = span{e4}. Thus, we have [e1, e2] = λe3 for some λ ̸= 0.

Since the magnetic field is closed, then ωF (e3, e4) = 0. By using a rotation in v, (that is,
by application of an isometry, see [13]), we may assume that ωF (e2, e4) = 0. In this case, ωF

has the form

(19) ωF = ae13 + be23 + ce14 + ρe12.

Here we denote by ers the 2-form er ∧ es, where {ei} is the dual basis of {ei} on n.
The assumption that F has rank 2 is equivalent to ωF ∧ ωF = 0, that is bc = 0. We

distinguish the following two cases:

• If c = 0 and b ̸= 0, we consider the vectors ξ1 := be1 − ae2, ξ2 := e3, ξ3 := e4.
• If b = 0, we consider the vectors ξ1 := e2, ξ2 := e3, ξ3 := e4.

It is not hard to check that they satisfy the required conditions in Equation (18) in each
case. □

We shall now prove the complete integrability of the magnetic flow for a family of Lorentz
forces on some extensions to higher dimensions of the Heisenberg Lie group of Example 4.2.
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Example 4.5. The Heisenberg Lie group of dimension 2n+1 has the underlying differentiable
structure of R2n × R together with the product given by

(v1, z1)(v2, z2) = (v1 + v2, z1 + z2 −
1

2
vt1Jv2), ∀v1, v2 ∈ R2n, ∀z1, z2 ∈ R,

where J is the standard complex structure in R2n defined by J(e2i−1) = e2i and J(e2i) =
−e2i−1. For v = (x1, . . . , x2n), a basis of left-invariant vector fields is given by

e2i−1(p) = ∂2i−1 −
1

2
x2i∂z e2i(p) = ∂2i +

1

2
x2i−1∂z e2n+1 = ∂z, for i = 1, . . . , n.

They satisfy the non-trivial Lie bracket relations

[e2i−1, e2i] = e2n+1, for i = 1, . . . , n.

We denote the corresponding Lie algebra by h2n+1. Choose the metric that makes the basis
above an orthonormal basis. Note that we have C(h2n+1) = Re2n+1, and the maps j(Z) are
spanned by j(e2n+1) := J : v → v for v = C(h2n+1)

⊥ = R2n.
In particular a skew-symmetric derivation D on h2n+1 may satisfy JD = DJ . In fact,

since D[U, V ] = [DU, V ] + [U,DV ] we derive that for any Z ∈ z it holds DZ = 0 and this
implies that Dv ⊆ v and [DU, V ] + [U,DV ] = 0 for all U, V ∈ v. In particular one has
⟨DU, [V,W ]⟩ = 0 for all U, V,W ∈ v.

Remark 4.6. Skew-symmetric derivations of h2n+1 give rise to Lorentz forces of type I,
according to the terminology of [12], while a magnetic field on a 2-step nilpotent Lie algebra
of dimension 4 is sum of a magnetic field of type I and type II. Magnetic fields of type II do
not exist in Heisenberg Lie algebras h2n+1 with n ≤ 2, see [12].

Proposition 4.7. Let n = h2n+1⊕Rk denote a trivial extension of the Heisenberg Lie algebra
of dimension 2n+ 1 equipped with a product metric such that h2n+1 ⊥ Rk. Let F be a skew-
symmetric derivation of n such that F |Rk ≡ 0. Then the corresponding magnetic flow is
completely integrable on the associated simply connected Lie group.

Proof. Since F is a skew-symmetric derivation on h2n+1, it vanishes on the center Re2n+1 and
it satisfies JF = FJ on the subspace v ⊂ h2n+1. Consequently, there exists an orthonormal
basis v1, . . . , v2n of v such that

(20) J =

n∑
i=1

v2i−1 ∧ v2i, F =

n∑
i=1

ηiv2i−1 ∧ v2i, for i = 1, . . . , n.

Note that ηi ∈ R are not all zero. Let Z1, . . . , Zk denote a orthonormal basis of left- (and
right-)invariant vector fields on Rk.

Let v̄j denote as before the right-invariant vector field defined by vj . We denote v2n+1 :=
e2n+1. By Corollary 3.5 and Theorem 3.9, {ϕvF1 , ϕvF3 , . . . , ϕvF2n+1

} is a family of n + 1 com-

muting first integrals of the magnetic flow.
Let Si denote the left-invariant symmetric tensor on N whose value at the identity is

Si = v22i−1 + v22i for i = 1, . . . , n. Denote by ϕSi the corresponding function on TN .
Assertion. The set of functions on TN , {ϕvF1 , ϕvF3 , . . . , ϕvF2n+1

, ϕZ1 , . . . , ϕZk
, ϕS1 , . . . , ϕSn}

gives a family of first integrals in involution for the Poisson bracket associated to the Lorentz
force F .

This follows from Theorem 3.9 and Proposition 3.8. □
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5. Complete integrability on compact spaces

Let Λ denote a cocompact lattice on a 2-step nilpotent Lie group N , that is, Λ is a discrete
subgroup of N such that M := Γ\N is a compact space.

Elements of Λ\N are denoted by p̄ and represent the class {γp , γ ∈ Γ}.
Since the metric on N is invariant by translations on the left by elements of N , it descends

to Γ\N in such a way that π : N → Γ\N is a local isometry.
In this way we also define the corresponding Lorentz force F on the quotient space M and

consider the corresponding magnetic flow on M . The aim now is to construct first integrals
for this magnetic flow on Γ\N .

Let γ ∈ Γ, that we write as γ = exp(λ). We compute γ∗(fX) for X ∈ n, where fX was
defined in (17):

γ∗(fX)(exp(W )) = fX(exp(λ) exp(W )) = ⟨X,λ+W +
1

2
[λ,W ]⟩

= ⟨X,λ⟩+ fX(exp(W )) +
1

2

∑
k

⟨X, zk⟩fj(zk)λ(exp(W )),

where {zk} is an orthonormal basis of the center z of n. Consequently, we get

(21) γ∗fX = fX + ⟨X,λ⟩+ 1

2

∑
i

⟨X, zi⟩fj(zi)λ.

Consider now some ξ ∈ n and the magnetic Killing vector field ξF = ξ̄ + f given by
Corollary 3.5. By Proposition 4.1, the associated first integral is given by

(22) ϕξF (pV ) = ⟨pV, ξp⟩+ fF (ξ)(p)−
1

2

∑
fvi(p)fvj (p)⟨F [vi, ξ], vj⟩,

where {vi} is an orthonormal basis of v. To compute γ∗ϕξ, set γ = exp(λ) as above. By
using (21) we obtain:

ϕξF (γpV ) = ⟨γpV, ξγp⟩+ fF (ξ)(γp)−
1

2

∑
i,j

fvi(γp)fvj (γp)⟨F [vi, ξ], vj⟩

= ⟨pV, γ−1ξγp⟩+ (fF (ξ)(p) + ⟨F (ξ), λ⟩+ 1

2

∑
k

⟨F (ξ), zk⟩fj(zk)λ(p))

−1

2

∑
i,j

(fvi(p) + ⟨vi, λ⟩)(fvj (p) + ⟨vj , λ⟩)⟨F [vi, ξ], vj⟩.
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Recall that we have Ad(γ−1)ξ = ξ− [λ, ξ]. Thus, using the fact that ωF is closed, together
with the computation above gives:

ϕξF (γpV ) = IξF (pV )− ⟨pV, [λ, ξ]p⟩+ ⟨F (ξ), λ⟩+ 1

2

∑
k

⟨F (ξ), zk⟩fj(zk)λ(p)

−1

2

∑
i

fvi(p)⟨F [vi, ξ], λ⟩+
∑
j

fvj (p)⟨F [λ, ξ], vj⟩+ ⟨F [λ, ξ], λ⟩


= IξF (pV )− ⟨pV, [λ, ξ]p⟩+ ⟨F (ξ), λ⟩+ 1

2

∑
i,k

⟨F (ξ), zk⟩fvi(p)⟨zk, [λ, vi]⟩

−1

2

(
2
∑
i

fvi(p)(⟨F [λ, ξ], vi⟩+ ⟨F [λ, vi], ξ⟩) + ⟨F [λ, ξ], λ⟩

)

= ϕξF (pV )− I[λ,ξ]F (pV ) + ⟨F (ξ), λ⟩ − 1

2
⟨F [λ, ξ], λ⟩

= ϕ(ξ−[λ,ξ])F (pV ) + ⟨F (ξ), λ⟩ − 1

2
⟨F [λ, ξ], λ⟩.

Notice that the expression ⟨F (ξ), λ⟩ − 1
2⟨F [λ, ξ], λ⟩ is a constant function.

Therefore for every ξ ∈ n and γ ∈ Γ, the pull-back of the associated first integral of the
magnetic flow by the left action of γ on TN , is given by

(23) γ∗ϕξF = ϕ(ξ−[λ,ξ])F + ⟨F (ξ)− 1

2
F [λ, ξ], λ⟩.

The aim now is to adapt the first integrals of Proposition 4.4 to a compact quotient Γ\N .

5.1. Magnetic flows on 4-dimensional nilmanifolds. Consider the group N = H3 × R
endowed with a left-invariant metric g and a left-invariant force F of rank 2 with correspond-
ing closed 2-form ωF . For every co-compact lattice Γ ⊂ N , we consider the compact manifold
MΓ := Γ\N , with the induced Riemannian metric and closed 2-form, also denoted by g and
ωF .

There exists an orthonormal basis {e1, e2, e3, e4} of n whose only non-trivial commutator
relation is [e1, e2] = e3. The Lie algebra of n can be identified with R4 via this basis.
For every non-zero real numbers x1, . . . , x4 we will consider the lattice Λ of n spanned by
{x1e1, . . . , x4e4}. Let Γ := exp(Λ) be the image by the exponential map of the lattice Λ. The
set Γ is clearly discrete, and by (15), it is a subgroup of N if and only if

(24)
x1x2
2x3

∈ Z.

Thus Γ a co-compact lattice of N if and only if (24) holds. Note that in this case, MΓ is
diffeomorphic to the Kodaira-Thurston manifold KT4.

We will adapt the first integrals of the magnetic flow on N given by Proposition 4.4 (with
ωF given by (19)), in order to obtain first integrals of the corresponding magnetic flow on
Γ\N with the induced force for some specific choices of Γ. For this, we need to construct
first integrals on N invariant by Γ.

We introduce the simpler notation Ij := ϕejF for the first integrals (22) associated to the
right-invariant vector fields determined by ej for j = 1, 2, 3, 4.
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Let γ = exp(λ) be any element of N , acting on N by left translation. Using (19) and (23)
one gets

(25)

γ∗I1 = ϕ(e1−[λ,e1])F + ⟨F (e1)− 1
2F [λ, e1], λ⟩

γ∗I2 = ϕ(e2−[λ,e2])F + ⟨F (e2)− 1
2F [λ, e2], λ⟩

γ∗I3 = ϕeF3
+ ⟨F (e3), λ⟩ = I3 − ⟨ae1 + be2, λ⟩

γ∗I4 = ϕeF4
+ ⟨F (e4), λ⟩ = I4 − c⟨e1, λ⟩.

We consider two cases, as in the proof of Proposition 4.4, according to whether b = 0 or
c = 0 and b ̸= 0.

• Case b = 0. In this case, the commuting first integrals of the magnetic flow on N
constructed in Proposition 4.4 are I2, I3, I4. The system (25) implies that if λ = λ1e1 +
λ2e2 + λ3e3 + λ4e4, then

γ∗I2 = I2 − λ1I3 + ⟨(−ρ)e1 +
aλ1
2
e1, λ⟩ = I2 − λ1I3 − ρλ1 +

λ21
2
a

γ∗I3 = I3 − aλ1

γ∗I4 = I4 − cλ1

(26)

We define

(27) Λ := SpanZ(2e1, e2, e3, e4),

which satisfies (24), whence Γ := exp(Λ) is a lattice ofN . Using (26) it is then straightforward
to check that the functions fi : TM → R defined by

• f2 :=

{
I2 − 1

2a(I
2
3 + ρ)2 if a ̸= 0

e−1/(I3+ρ)2 sin
(

πI2
I3+ρ

)
if a = 0

• f3 :=

{
sin(πa I3) if a ̸= 0
I3 if a = 0

• f4 :=

{
sin(πc I4) if c ̸= 0
I4 if c = 0

are Γ-invariant, functionally independent and thus define first integrals in involution of the
magnetic flow on MΓ.

Note that f3 and f4 are always analytical, and f2 is analytical whenever a ̸= 0. If a = 0,
then F (e3) = 0, hence by (22), I3(pV ) = ⟨pV, e3p⟩ = ⟨V, e3⟩, for every p ∈ N and V ∈ n,
thus showing that f2 is analytical at every energy level E < |ρ|. At energy levels E ≥ |ρ|, f2
is only differentiable.

• Case c = 0, b ̸= 0. In this case, the first integrals of the magnetic flow on N constructed
in Proposition 4.4 are bI1 − aI2, I3 and I4.

For every λ = λ1e1 + λ2e2 + λ3e3 + λ4e4 ∈ n, we denote by γ := exp(λ). Then (25) shows
that the pull-backs of the above first integrals of the magnetic flow on N by the left action
of γ are given by

γ∗(bI1 − aI2) = bI1 − aI2 + (I3 + ρ)(aλ1 + bλ2)−
1

2
(aλ1 + bλ2)

2

γ∗I3 = I3 − (aλ1 + bλ2)

γ∗I4 = I4

(28)
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We consider the following lattice Λ of n:

(29) Λ =

{
SpanZ(2e1,

1
be2,

1
be3, e4) if a = 0

SpanZ(
2
ae1,

1
be2,

1
abe3, e4) if a ̸= 0.

By (24), Γ := exp(Λ) is a lattice in N , and by (28), the functions gi : TM → R defined by

• g2 := bI1 − aI2 +
1
2(I3 + ρ)2

• g3 := sin(2πI3)
• g4 := I4.

are easily seen to be Γ-invariant, and thus define commuting analytical first integrals of the
magnetic flow on MΓ. Note that in the case where a = b = c = 0 the magnetic 2-form
ωF = ρe1 ∧ e2 is an exact 2-form on the quotient space. Summarizing the above discussion,
we have proved the following result.

Theorem 5.1. Let ωF = ae13 + be23 + ce14 + ρe12 be any invariant closed 2-form on n :=
h3 ⊕ R, and assume that ωF has rank 2 (so that bc = 0). Consider the lattice Γ = exp(Λ) of
N := H3 × R. Then consider the magnetic flow on Γ\N

(1) For Λ given by (27) if b = 0, the magnetic flow is completely integrable by analytical
first integrals f2, f3, f4 either if a ̸= 0 or if a = 0 at any energy level E < |ρ|. If a = 0,
one has complete integrability by differentiable (but not all analytical) first integrals
at energy levels E ≥ |ρ|.

(2) For Λ given by (29) if c = 0 and b ̸= 0, the magnetic flow is completely integrable by
analytical first integrals g2, g3, g4 at any energy level.

In particular, this is true for the magnetic field represented by the exact 2-form ρ de3.

5.2. Magnetic flows on Heisenberg nilmanifolds of any dimension. In this section we
shall prove integrability of magnetic fields on compact nilmanifolds associated to the simply
connected 2-step nilpotent Lie group N := H2n+1 × Rk.

With the notation from Proposition 4.7, the set

{ϕvF1 , ϕvF3 , . . . , ϕvF2n+1
, ϕZ1 , . . . , ϕZk

, ϕS1 , . . . , ϕSn}

is a family of first integrals in involution for the Poisson bracket associated to the Lorentz
force F given by (20). Since the tensors Zi and Sj are left-invariant, the corresponding first
integrals are automatically Γ-invariant. It remains to study ϕvF2j−1

for j = 1, . . . , n + 1. We

introduce the notation Ij := ϕvF2j−1
. By (23), we get for every γ := exp(

∑2n+1
i=1 λivi):

γ∗Ij = Ij + λ2j(In+1 + ηj), for j ≤ n,

γ∗In+1 = In+1.

We define

fj := e−1/(I2n+1+ηj)
2
sin

(
πIj

I2n+1 + ηj

)
, for 1 ≤ j ≤ n,

fn+1 := In+1.

Since F (e2n+1) = 0, (22) gives I2n+1(pV ) = ⟨V, e2n+1⟩ for every p ∈ N and V ∈ n. Therefore,
fj is analytical at every energy level E < |ηj |, and only differentiable at energy levels E ≥ |ηj |.



MAGNETIC KILLING TENSORS 21

By taking the lattice Λ := 2Z2n+1 ⊕Zk ⊂ h2n+1 ⊕Rk, we obtain by (15) that Γ := exp(Λ)
is a lattice in N and fj are Γ-invariant for 1 ≤ j ≤ n+ 1.

The set of first integrals {f1, . . . , fn+1, ϕZ1 , . . . , ϕZk
, ϕS1 , . . . , ϕSn} projects to a family of

first integrals in involution for the Poisson bracket associated to the Lorentz force F given
by (20) on the compact manifold M := Γ\N .

Theorem 5.2. The magnetic flow for the invariant Lorentz force F on TM with M = Γ\N ,
N as above, is completely integrable with analytical first integrals at every energy level E <
min(|η1|, . . . , |ηn|) and with differentiable (but not all analytical) first integrals at energy levels
E ≥ min(|η1|, . . . , |ηn|).
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