SEMI-INTEGRABLE ALMOST HYPERHERMITIAN STRUCTURES

GIOVANNI GENTILI AND ANDREI MOROIANU

ABSTRACT. In this work, we introduce a family of almost hyperhermitian structures
that we call semi-integrable. We subdivide them into four disjoint classes and show that
each class is non-empty. Finally, we construct semi-integrable almost hyperhermitian
structures on all reductive Lie algebras of compact type and dimension 4n, with n > 2.

1. INTRODUCTION

An almost hypercompler structure on a smooth manifold of real dimension 4n is a
reduction of the structure group of the tangent bundle to GL(n, H), where H denote the
quaternions. It can be equivalently interpreted as a 2-dimensional sphere H of almost
complex structures. The structure group reduction is often described by means of a triple
(1, J, K) of almost complex structures satisfying the usual identities of quaternionic units:
IJK = —Id. Such a point of view may, however, be restrictive, as it suggests that the
triple (I, J, K) has a preferential role, whereas this is in general not the case.

When all the almost complex structures of the sphere are integrable one simply drops
the term almost and refers to H as a hypercomplex structure. Note that this does not entail
the full integrability of H as a GL(n, H)-structure, which would mean that the manifold
is locally isomorphic to H". Indeed, as Obata showed in [23], integrability is encoded
by the vanishing of the curvature of the unique torsion-free connection that preserves H.
Integrable GL(n, H)-structures were studied by Sommese [27].

Boyer [7] proved that in real dimension 4 there are only three classes of manifolds
carrying hyperhermitian structures, up to conformal equivalence: tori, K3 surfaces and
certain Hopf surfaces. Hyperhermitian 4-manifolds were also considered by Gauduchon—
Tod [14] in their study of non-trivial triholomorphic Killing vector fields.

Hypercomplex geometry has been investigated at length especially in relation to com-
patible hyperhermitian metrics. Let (H, g) be an almost hyperhermitian structure. Each
pair (L, g), where L € H, lies in one of the classes in the Gray-Hervella classification
of almost Hermitian structures [15]. A refinement for almost hyperhermitian structures
was later provided by Martin-Cabrera—Swann [19], but they focused on the choice of a
generating triple (I, J, K') for H, showing how the Gray—Hervella classes of (I,g), (/. g)
condition that of (K, g). On the one hand we aim to study this problem by removing the
dependence on a chosen generating triple and instead investigate how the Gray—Hervella
classes of two arbitrary almost complex structures in H influences those of the remaining
ones. On the other hand, for the purposes of the present paper, we shall only take into
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account two Gray-Hervella classes: W3 & W,, which corresponds to integrability of the
almost complex structure, and W; & W, & W, corresponding to semi-Kahler structures,
i.e. those whose associated fundamental form is coclosed.

For what concerns integrability, we recall the result of Obata [23] that if two orthogonal
almost complex structures 7, J in an almost hypercomplex structure H are integrable, then
their composition is integrable as well. Yano and Ako [31] generalised Obata’s result by
showing that, in fact, every element of H is integrable. In Theorem 3.1 we drop the
assumption of orthogonality of I and J and prove that whenever two non-proportional
almost complex structures in H are integrable, every element of H is integrable as well.

We next focus on the case when H contains an integrable complex structure and a
semi-Ké&hler one (possibly coinciding). The main object of investigation of our paper is
thus the following class of structures:

Definition 1.1. An almost hyperhermitian structure (H,g) is called semi-integrable if
there exist I, L € H, such that I is integrable and (L, g) is semi-Kéhler, i.e. dw; = 0,
where wy, is the associated fundamental 2-form.

First of all, in Theorem 4.3 we show that semi-integrable almost hyperhermitian struc-
tures can be divided into four disjoint classes:

e Type 1: Every almost complex structure in H is integrable and semi-Kahler.

e Type 2: Up to a sign there is a unique integrable complex structure in H and every
almost complex structure in H is semi-Kéahler.

e Type 3: Up to a sign there is a unique integrable complex structure and the
semi-Kahler almost complex structures in H are exactly the ones orthogonal to it.

e Type 4: Up to a sign there are a unique integrable complex structure and a unique
semi-Kéhler almost complex structure in H (not necessarily distinct) and they are
not orthogonal to each other.

We will provide examples of semi-integrable structures for each type, showing that these
classes are not empty.

A class of hyperhermitian structures (H,g) of independent interest consists of those
equipped with a connection with skew-symmetric torsion that preserves H and g, often
called the Bismut connection [5]. We recall that the condition of having skew-symmetric
torsion can be interpreted in the context of the Gray—Hervella classification as the van-
ishing of the component along W,. These structures give rise to the so-called hyperkdhler
manifolds with torsion (HKT), introduced by Howe-Papadopoulos [16]. Because they
represent a relaxation of hyperkahler structures and because of their significance within
the context of supersymmetric sigma models, they have attracted considerable attention
in recent years (see, e.g., [1, 3, 4, 9, 10, 13, 17, 24, 20, 30] and references therein). When-
ever the torsion 3-form of the Bismut connection is closed, these structures are called
strong HKT and were studied in several papers (see, e.g., [4, 9, 10, 20, 30]). In par-
ticular, with the further assumption of having parallel Bismut torsion, building on the
works [2, 8], Brienza—Fino—Grantcharov—Verbitsky [10] proved that any simply connected
compact strong HKT manifold with parallel Bismut torsion splits as the product of a
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compact hyperkahler manifold and a compact Lie group with a bi-invariant metric. Such
a result can be regarded as a particular case of the more general description provided by
Moroianu—Schwahn [22] of geometries of a Riemannian connection with parallel, skew-
symmetric and closed torsion.

More precisely from the analysis of Moroianu-Schwahn it follows that an almost hyper-
hermitian structure preserved by a metric connection with parallel, skew-symmetric and
closed torsion on a complete simply connected almost hyperhermitian manifold (M, H, g)
is the product of a complete hyperkdhler manifold and a reductive Lie group (G, Hg, gc)
of compact type endowed with a bi-invariant metric. Furthermore, the torsion form is
non-trivial only on the group part, where it coincides with a multiple of the canonical
3-form. Since this splitting is preserved by each almost complex structure belonging to
H, it follows that the hyperkéahler factor plays no role in the semi-integrability of (H, g),
namely, (H, ¢) is semi-integrable if and only if (Hg, g¢) is semi-integrable. In addition, Hg
is completely determined by its restriction on the Lie algebra g of G, by left-translation.

Motivated by this discussion, we will carry out our investigation on reductive Lie al-
gebras of compact type equipped with an adg-invariant metric. First, we show that any
semi-integrable almost hyperhermitian structure on such Lie algebras is of type 3, unless
the Lie algebra is abelian (Proposition 5.3). Conversely, we prove in Theorem 5.7 that a
reductive Lie algebra g of compact type and dimension 4n, equipped with an adg-invariant
metric g admits a semi-integrable almost hyperhermitian structure (H, g) if and only if
g #su(2) x R,

Let us also mention that left-invariant hypercomplex structures on compact Lie groups
were also constructed by Spindel-Sevrin-Troost—Van Proeyen [28], and their construction
was later formalised and extended to certain homogeneous spaces by Joyce [18]. However,
these hypercomplex structures are not semi-integrable with respect to any metric, because
otherwise such metric would be balanced, which is excluded by the recent work of Fino—
Grantcharov—Mainenti [12, Theorem 4.6].
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2. PRELIMINARIES

2.1. Riemannian geometry. Let (M, g) be a Riemannian manifold. Throughout the
manuscript we will tacitly raise and lower indices of tensors by means of the metric g. In
particular we shall often identify a 2-form nn € A2M with a skew-symmetric endomorphism,
still denoted 7, as follows:

g(X),Y)=n(X,Y), X, YeTM.

As a special case, when J is an almost Hermitian structure on (M, g), we are identifying
the fundamental 2-form

wJ(X>Y) :g<JX7Y)a X, Y eTM,
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with the almost complex structure J itself. In the same way, a 3-form 7 € A3M may be
identified with a skew-symmetric tensor of type (2,1) via

r(X,Y,2)=g(rxY,Z), X,Y,Z€TM.

We will denote with  the codifferential, i.e. the formal adjoint of the exterior differential
d with respect to g. Given a local orthonormal frame (e;) on M, we recall the well-known

formula
0= — Z eiJVei ;

where V is the Levi-Civita connection of g.

2.2. Almost hypercomplex structures. Let M be a smooth manifold of dimension
4n. An almost hypercomplex structure on M is a reduction of the structure group of
M to GL(n,H) C GL(4n,R). Such a structure is defined by a triple (/,.J, K) of almost
complex structures satisfying

(1) IJ=-JI=K.

This triple is not unique, but the 2-dimensional sphere of almost complex structures on
M,
H:= {al +bJ +cK | (a,b,c) € 5?}

is uniquely determined by the almost hypercomplex structure. A set {I,J,K} C H
satisfying (1) will be called a basis of H. Note that SO(3) acts simply transitively on the
set of bases of H.

We will henceforth use the notation (M, H) to denote an almost hypercomplex manifold.

We say that two elements [, I, € H are orthogonal if tr(/;/5) = 0. For every identifi-
cation of H with S? by means of a basis, the orthogonal of the almost complex structure
al + bJ + cK corresponding to a point (a,b,c) € S? is the great circle in the sphere S?
orthogonal to the vector (a,b,c) € R3.

In Section 3 we will study almost hypercomplex structures H containing at least two
(integrable) complex structures P,Q € H with P # +@. We will show that in this case
every element in H is integrable, thus extending results by Obata [23] and by Yano and
Ako [31].

2.3. Almost hyperhermitian structures. Recall the following:

Definition 2.1. An almost hyperhermitian structure on a manifold M is an almost hy-
percomplex structure H together with a Riemannian metric g which is almost Hermitian
with respect to every almost complex structure L € H.

If (H, g) is an almost hyperhermitian structure, each almost complex structure L € H
has some Gray-Hervella type with respect to g. In particular, L is integrable if (L, g) is of
type W5 @ W, (this condition actually does not depend on g), and (L, g) is semi-K&hler
if it is of type W), & W, @ Wj, or, equivalently, if dwy = 0.

We now make the following:
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Definition 2.2. An almost hyperhermitian structure (H,g) is called semi-integrable if
there exist I, L € H, such that [ is integrable and (L, g) is semi-Kahler, i.e. dwy = 0.

In the last sections of the paper we will focus on semi-integrable almost hyperhermitian
structures. We will show that they can be divided into 4 disjoint classes, and construct
examples of such structures in each class.

3. THE INTEGRABILITY OF ALMOST HYPERCOMPLEX STRUCTURES

Let H:= {al +bJ 4+ cK | (a,b,c) € S?} be an almost hypercomplex structure on M. It
was proved by Obata [23] that whenever two mutually orthogonal elements, e.g. I,J € H
are integrable, then so is their composition K := I.J. More generally, Yano and Ako [31]
showed that the integrability of I and J forces any almost complex structure in H to be
integrable.

However, from the result of Yano and Ako, it does not follow that the integrability of
two (not necessarily orthogonal) almost complex structures in H implies the integrability
of all the others. Since we are not aware of a reference proving such a fact, we present a
proof below.

Theorem 3.1. Let H be an almost hypercomplex structure. If two almost complex struc-
tures P # +@Q in H are integrable, then all elements of H are integrable.

Proof. Let g be a Riemannian metric compatible with H, with Levi-Civita connection
denoted V. Recall (see e.g. [21, Lemma 11.4]) that an almost complex structure L
compatible with g is integrable if and only if Er(X) = 0 for every X € T'M, where

(2) EL(X) = LVXL—VL)(L.

Let (I, J, K) be a basis of H and X € T'M. We aim to show that E7(X) anti-commutes
with I, J, and K for any L € H. Tt will then immediately follow that E7(X) = 0. Indeed,
for any endomorphism A that anti-commutes with I, J, and K we have

AK = AlJ=—-T1AJ=1JA=KA=-AK,

so A=0.
We denote by End™ (T'M) the set of g-skew-symmetric endomorphisms of TM. If A, B

are endomorphisms of TM, we say that A = B mod End™ (TM) if A — B is skew-
symmetric with respect to g.

Note that I, J, K, and E(X) all belong to End™ (T'M), and two endomorphisms A, B €
End™ (T'M) anti-commute if and only if AB =0 mod End™ (T'M).

Without loss of generality we may assume P = [ and Q = al + bJ for some (a,b) €
ST\ {(£1,0)}.

We shall first prove that J is integrable. Let X be any tangent vector. Since evidently
we have F;(X)J + JE;(X) = 0, we need to prove IE;(X) = 0 mod End™ (T'M) and
KE;(X)=0 mod End (T'M).
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Since they will be used multiple times, we prove here the following equivalences
mod End™ (T'M). First, using that £;(X) = 0 we obtain

IVixJ=IVix(KI)=IV;xKI+IKVx] = IV xKI+IKIVxI = IV xKI+KVxI,
and since IVx K1 is skew-symmetric, we obtain

(3) IVixJ=KVxI modEnd (TM).

If we replace X with JX in (3) we also deduce

(4) IVgxJ =KV xI modEnd (TM).

From the integrability of I and ) we deduce the identity

0= Eq(X)
= (al +bJ)Vx(al +bJ) = Varspnx(al +bJ)
=d’E;(X) +ab(IVxJ + JVxI —VixJ —VxI) + bV E;(X)
=ab(INxJ + JVxI —VixJ —VxI)+VE;(X).

Thanks to (3) we have

[E;(X) = —%(—VXJ + KV I — IV xJ — IV x1)

IVixJ — KVxI) mod End™ (TM)

a
7
0 mod End™ (T'M),

and similarly, using (4) we obtain

KE;(X) = —%(JVXJ —IVx] — KVxJ — KV x1)

(KVixJ+ KV xI) mod End™ (TM)

(KV]XJ+ [VK)(J) mod End_(TM)

IE;(IX) mod End™ (T'M)
mod End™ (T'M),

S el

where the last equality follows from the previous computation. This shows that £;(X) = 0
and thus J is integrable.

With the same technique we now show that the complex structure R = ¢l 4 dJ is
integrable for all (c,d) € S'. Clearly

ER(X) = Cd([VXJ+ JVX[—V])(J— VJXI)
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and thus, thanks to (3) and (4), we compute
IER(X)=cd(—=VxJ + KNxI — IV xJ — IV ;xI)
=cd(KVxI —1VxJ) mod End (T'M)
=0 mod End™ (TM)
JER(X) =cd(—KVxJ —=VxI—JVxJ—JV;xI)
cd(—KVxJ —JV;xI) mod End™ (TM)
cd(KJV yxJ — Vyx(JI) + (VyxJ)I) mod End™ (TM)
0 mod End™ (T'M)
KER(X)=cd(JVxJ —IVxI — KV;xJ — KV ;xI)
= cd(—KV;xJ — KV,xI) mod End™ (TM)
=cd(KJVjxJ —IVkgxJ) mod End™ (TM)
=0 mod End (T'M).
By symmetry, to conclude the proof, it is enough to show that K is integrable.
IE(X)=—-JVxK — IVgxK
= (VxJ)K + IVkgx(JI) mod End™ (T M)
—J(VyxJ)K + KVgxI mod End™ (T'M)
(VyxJ)JK + JV;xI mod End™ (T'M)
= (VyxJ) I +Vx(JI)— (V;xJ)I mod End™ (T'M)
=0 mod End™ (T'M)
JE(X)=IVxK — JVgxK
= —(VxI)K — JVkgx(IJ) mod End™ (TM)
= [(Vix])K + KVixJ mod End™ (T M)
= —(VixDIK — KJV jiexJ mod End™ (T M)
=—IV;xJ+1IV;xJ mod End (T'M)
=0 mod End™ (T'M)
and since, obviously, K Ex(X) =0 mod End™ (T'M), we are done. O

4. SEMI-INTEGRABLE ALMOST HYPERHERMITIAN STRUCTURES

Recall that the Lee form of an almost Hermitian structure (7, g) is defined by 0; := 61,
where as already mentioned, we identify the skew-symmetric endomorphism I with the
corresponding 2-form w;. We begin this section with the following observation regarding
the Lee forms of an almost hyperhermitian structure. It can also be deduced from [11],
but we prefer to provide a direct proof here for convenience of the reader.

Lemma 4.1. Let (H,g) be an almost hyperhermitian structure such that I € H is inte-
grable. Then the Lee forms of (L, g) coincide for every L € H orthogonal to I.
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Proof. Let e; be a local orthonormal frame. Fix a J € H orthogonal to I and set K := 1J.
We have

0K = _Zei—'v€iK = —ZeiJ(VeiI)J— ZGHI(VQJ) = _ZeiJ(vei])J+15J~

We claim that the first summand in the right hand side term vanishes. Recall that I is
integrable if and only if the tensor E; defined in (2) vanishes. Furthermore 0 = V(I?) =
(VI)I + IVI and thus

> eia(VeD)J =Y Teis(Vie I)J ==Y Teia(VeD)IJ == eia(Ve, ) IJI
== eV I)J,

7

where in the first equality we simply replaced the basis (e;) with (Ie;). Hence the claim
is proved. We thus have 0 K = I§J, whence

(5) KK = KI5J = J§J .

Now, if L € H is orthogonal to I, it is of the form L = aJ + bK with a® + b?> = 1. Then,
using (5) we deduce

0 = (aJ +bK)§(aJ +bK) = a®J6J + ab(JSK + K§J) + b’ KSK = (a®> + b*)0; =0,
concluding the proof. O

From Lemma 4.1 we obtain immediately the following.

Corollary 4.2. Let (H, g) be a semi-integrable structure and consider I, L € H such that I
is integrable and (L, g) is semi-kdhler. If L is orthogonal to I, then (L', g) is semi-Kdhler
for all L' € H orthogonal to I.

We will now focus on the set of semi-integrable almost hyperhermitian structures (H, g),
and show that it can be divided into 4 distinct classes, depending on how many almost
complex structures in H are integrable, and how many are semi-Kahler with respect to g.

Theorem 4.3. Every semi-integrable almost hyperhermitian structure (H,g) belongs to
only one of the following (disjoint) classes:

e Type 1: Every almost complex structure in H is integrable and semi-Kahler.

o Type 2: Up to a sign there is a unique integrable complex structure in H and every
almost complex structure in H is semi-Kahler.

e Type 3: Up to a sign there is a unique integrable complex structure and the semi-
Kahler almost complex structures in H are exactly the ones orthogonal to it.

o Type 4: Up to a sign there are a unique integrable complex structure and a unique
semi-Kdhler almost complex structure in H (not necessarily distinct) and they are
not orthogonal to each other.

Proof. Let I, L € H be almost complex structures such that I is integrable and (L, g) is
semi-Kahler. Let us also fix J € H orthogonal to I and denote by K :=1J.
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Suppose first that there is another integrable complex structure I’ # +1 in H. Then
Theorem 3.1 tells us that every complex structure in H is integrable. We need to show that
in this case a semi-integrable structure is of type 1. Using the SO(3) action on H, we can
now assume without loss of generality that L = J. By Corollary 4.2, we deduce that for
every a,b with a?+b? = 1, the structure (a.J +bK, g) is semi-Kéhler. Another application
of Corollary 4.2 with the roles of I and J replaced by aJ + bK and bJ — aK implies that
for every x,y with 2 + 3*> = 1, the almost Hermitian structure (xI + y(bJ — aK), g) is
semi-Kéhler. Since every element of H can be written in this form, we obtain that (H, g)
is of type 1.

If (H, g) is not of type 1, then £ are the only integrable complex structures in H.

Suppose first that L is not orthogonal to I. Using the action of SO(3) on H we may
suppose that L = al + bJ with a®> +b*> = 1, and a # 0. Let L' € H be any almost
complex structure such that (L', g) is semi-Kéhler. We write L' = o'l + b'J + ¢ K with
(a')?+ (')? + (¢)* = 1. Then we compute
(6) 0=0L=adl +bdJ,
which implies 01 = —Z&].

If 0J = 0, we obtain 6/ = 0 and 6K = 0, thanks to Lemma 4.1. By linearity we get
0Ly = 0 for every Lo € H, so (H, g) is of type 2.

Assume from now on that 0. # 0. From (5) and (6) we deduce

b
0=0L'=d0I+V5J+ K = —d=06J+bd6J - 15J.
a

As 6J and IéJ are linearly independent and non-zero, we conclude that ¢ = 0 and
b =ad g which forces L' to be proportional to L. Therefore in this case the semi-integrable
structure is of type 4.

The only remaining case is when L is orthogonal to I, and there exists no semi-Kahler
structure in H which is not orthogonal to I. Then by Corollary 4.2, for every almost
complex structure L' € H orthogonal to I, (L', g) is semi-Kéhler, so the structure is of
type 3. [

We can summarize the different classes of semi-integrable almost hyperhermitian struc-
tures with the following table:

| Integrable | Semi-Kéhler

Type 1| H~S? H~ 52
Type 2 | {+1} ~ S° H~ S?
Type 3 | {1} ~ S° It~ 8t

Type 4 | {£I} ~ SO | {£L} ~S° L YT

In this table, each entry in the middle column represents the set of integrable elements
in H, and each entry in the right column represents the set of semi-Kahler elements in H.

We will now construct examples of semi-integrable almost hyperhermitian structures.
The first remark is that in dimension 4 there is no such structure of type 2. This fact
follows from [14, Proposition 2]. We provide a proof for the readers’ convenience:
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Lemma 4.4. If (H,g) is an almost hyperhermitian structure such that every L € H is
semi-Kdhler and there exists I € H which is integrable, then every L € H is integrable.

Proof. If M has dimension 4, any semi-Kahler Hermitian structure is Kahler. Thus [ is
parallel with respect to the Levi-Civita connection V of g. Let I, J, K denote a basis
of H. The corresponding 2-forms w;, w; and wgx form an orthogonal basis of the space
AZ (M) of self-dual forms, which is preserved by V. Moreover they have constant length

V2 and VI = 0. This shows that there exists a 1-form « such that Vyw; = a(X)wg

for every X € T'M. Since wy is coclosed by assumption, we get 0 = dw; = —K(«), so
a = 0, whence J is V-parallel. This shows that (H, g) is hyperkéhler, thus proving our
claim. 0

We will now construct examples of semi-integrable almost hyperhermitian structures
on R* of the remaining types. Since every hyperkahler structure (e.g. the flat one on
R* ~ H) is in particular semi-integrable of type 1, we just need to construct examples of
type 3 and 4.

Example 4.5. Consider the flat hyperkihler structure (I, Jy, Ko, go) on R*, with corre-
sponding fundamental 2-forms

wi, = dri Adxo+drsNdry, wy, = driANdrs—draNdy, Wi, = driNdrs+droNdrs .
For every non-constant function f € C*°(R?), we define
(7) I:=1I, J :=cos fJy+ sin f Ky, K := —sin fJy + cos fKj .

We claim that (I, J, K, go) is a semi-integrable almost hyperhermitian structure on R* of
type 4. Since [ is Kahler, it suffices, by Theorem 4.3, to prove that .J is non-integrable
and not semi-Kahler. Indeed,

dwy =sin fJo(Vf) — cos fKo(V f) = =K (V)

is not identically O since f is non-constant. Moreover, for every X € T'M we have
VxJ = X(f)K, so the tensor E;(X) defined in (2) is equal to

Ey(X) = JVxJ — VyxJ = X(f)I — (JX)()K .

Again, since f is non-constant, F;(X) cannot vanish for every X, so J is not integrable
by [21, Lemma 11.4].

Example 4.6. Consider again the hypercomplex structure (I,.J, K) on R* defined by a
function f asin (7). We claim that for f := z; and g = e"2gy (where gy is the standard
Euclidean metric), the almost hypercomplex structure (I, .J, K, g) is semi-integrable of
type 3. Notice first that [ is integrable, but (7, g) is not semi-Kéhler since dw; = droAw; #
0. Moreover, for every almost Hermitian structure (L, go), denoting by wy, = g(L-,-) and
w} = go(L-,-) the fundamental forms, we have that w9, and wy, are closed, so

dw9 = —sinxidz; A wgo + cos x1dxy A w(}(o
= sinxidxy A dxy A\ dxy + cosxidry A dre A dzg,
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and thus
dwy = d(e™w]) = e (dw] + dzs AwY) = e (dw + coszidas A w, + sinades A wi,)
e”2(dwS + cos w1dxy A dxy A ds 4 sinzydag A day Aday) = 0.

This shows that (J,¢) is non-integrable and semi-Kéhler, (I,g) is integrable and not
semi-Kéhler, whence (I, J, K, g) is semi-integrable of type 3.

We will now consider the higher dimensional cases n > 8. Since the product of a semi-
integrable almost hyperhermitian structure with a hyperkahler 4-manifold is again semi-
integrable of the same type, in order to show that the 4 classes in Theorem 4.3 are non-
empty for all n > 8, we just need to construct a semi-integrable almost hyperhermitian
structure of type 2 in dimension 8.

Example 4.7. Let (M, g) = (R, go) be the flat Euclidean space. Take any function f
depending only on the first 4 coordinates, and define the almost hyperhermitian structure
(I,J,K) on (M, g) whose fundamental 2-forms are

wr = dx; ANdry + dxs N\ dry + drs A\ dreg + dry A dxg,

wy = dry Ndzrs — dwg A dry + cos f(drs A dxy — dxg A dxg)
+sin f(dzs A dxg + dzg A dxz),

wg = dry Ndxy+ dzg Adxs — sin f(dxs A dey — dxg A dzg)
+ cos f(dzs N dxg + dxg A dxy) .

Clearly I is integrable (since (I, g) is Kéhler), and by the computations in Example 4.5
it is easy to check that J is not integrable. Moreover, (1, g) is semi-Kéhler (again since it
is Kéahler), and

L)
owy = —Z ‘_lvaaij

8 .
_ 0 [Ocosf sin f
= ; 8$i_l ( a:m (dflf5 A dﬂf? dl‘ﬁ A\ de’s) + oL (dflf5 N dﬂfg + dilf@ N d237))

(2

= 0,
by the choice of f.

5. SEMI-INTEGRABLE STRUCTURES ON REDUCTIVE LIE ALGEBRAS

Throughout this section, by reductive Lie group of compact type we mean a Lie group
whose universal cover is a direct product of a compact Lie group and a Euclidean factor
R¥. Also, a reductive Lie algebra of compact type is simply the Lie algebra of a reductive
Lie group of compact type.

In [22, Thm. 5.1] the following result was obtained:
Theorem 5.1. Let (M, g) be a complete simply connected Riemannian manifold of di-

mension n > 8, equipped with a connection V™ with closed and parallel skew-symmetric
torsion T. If V™ preserves a hypercomplez structure H compatible with g, then (M, g) splits
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isometrically as a product of a complete hyperkihler manifold (N, gn) and a reductive Lie
group G of compact type, equipped with a bi-invariant metric gg. Fvery almost complex
structure in H preserves the two factors of this decomposition. Moreover, the torsion form
T vanishes on N and its restriction to G is equal to :t%a € O3G, where o denotes the
canonical 3-form of G, defined by o(X,Y,Z) = gc([X, Y], Z).

Note that the connections V7 are flat for 7 = :i:%a. Their parallel vector fields are
exactly the left-invariant vector fields on G for 7 = —%O’ and the right-invariant vector
fields for 7 = %a. In addition, we may assume without loss of generality that 7 = —%a.
Indeed, applying the automorphism x + x~! left-invariant and right-invariant vector
fields are interchanged. Therefore, an almost hyperhermitian structure compatible with
g and preserved by a connection with parallel, skew-symmetric, and closed torsion on
(M, g) = (N,gn) % (G, gg) is determined by the choice of three almost complex structures
on the Lie algebra g of GG, compatible with gs and satisfying the quaternionic relations
(1), and by the choice of a hyperkéhler triple on N. Such a structure is semi-integrable if

and only if its restriction to G is semi-integrable.

Summarising, in view of Theorem 5.1, in order to understand semi-integrable almost
hyperhermitian structures preserved by a connection with parallel, skew-symmetric, and
closed torsion on simply connected complete manifolds, we only need to understand left-
invariant semi-integrable almost hyperhermitian structures compatible with a bi-invariant
metric on simply connected reductive Lie groups of compact type. These, in turn are
determined by their restriction to the Lie algebra. We thus make the following definition:

Definition 5.2. Let (g, g) be a reductive Lie algebra of compact type endowed with an
adg-invariant metric g. An almost hyperhermitian structure H C End (g, ¢) is called
semi-integrable if there exist I, L € H with I integrable and wy, := g(L-,-) co-closed.

By the above discussion, semi-integrable almost hyperhermitian structures on (g, g) are
in one to one correspondence with left-invariant semi-integrable almost hyperhermitian
structures on the simply connected Lie group G with Lie algebra g, endowed with the
bi-invariant metric determined by g.

Let g be a reductive Lie algebra of compact type. We begin by collecting here some
well known facts about roots spaces, in order to fix notations and terminology. Let t C g
be a Cartan subalgebra for g and R C t* the corresponding root system. We denote with
g% = g ® C the complexification of g and let g, denote the root space of g& with respect
to aroot @ € R. Let RT C R be a system of positive roots for g, namely a subset of R
such that Rt U(—R%) = R, Rt N(—=R*") =0, Spang(R*) = t© and if o, 3 € RT are such
that o + 38 € R, then a + 5 € R™.

Recall that a Cartan-Weyl basis for g© with respect to RT is a choice of generators
FEio € gio and elements H, € € for all &« € R* such that

B(EauE—a) =1, [EouE—a] = Hom
B(T,H,) = a(T), VT et, T,E.] = o(T)E., VT €t

where B(X,Y) = tr(ady ady) is the Cartan-Killing form of g°.
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When the dimension of g is even (and thus also its rank r), the choice of a system
of positive roots and of a complex structure on t determines a left-invariant integrable
complex structure I on g defined by decreeing the vectors E, and E_, to be of type
(1,0) and (0, 1) respectively. This fact was first observed by Samelson [26] and Wang [29]
independently. Conversely, Pittie [25] proved that any left-invariant integrable complex
structure I arises in this way, namely [ singles out a Cartan subalgebra t such that I|;
is a complex structure on t and it also induces an associated system of positive roots R*
with respect to t.

Let G be the simply connected Lie group with Lie algebra g. Any bi-invariant metric on
G is determined by an Adg-invariant scalar product gg on g, and a left-invariant almost
hyperhermitian structure H on (G, g¢) is determined by its restriction to g, also denoted
by H. We choose a gg-orthonormal basis {e;} of g, and extend it by left-invariance to M.
Then Ve; = %[ei, e;], where V is the Levi-Civita connection of gg. For every L € H we
may compute the codifferential of wy, as follows:

1 1
(8) owr, = — Z e;aVe,wr = —5 ZeiJ(adei)*wL =-3 Z[ei, Le;|,

where (ad,, ). denotes the extension of ad,, to the tensor algebra of g as derivation. Assume
now that I € H is integrable. Then, once we fix a Cartan-Weyl basis (E,)acr+ for g and
a basis (T}) for the (1,0)-part of the Cartan subalgebra t induced by I as before, the Lee
form of (L, g) can be written as

r/2
(9) 0, = Low, = —Re | > L[Es,LE.)+ > LT, LTy |
a€ERT k=1

where 7 is the rank of g, which is even.

We now observe that on (non-abelian) reductive Lie algebras of compact type, among
the classes of semi-integrable almost hyperhermitian structures introduced in Theorem
4.3 the only ones that can occur are those of type 3.

Proposition 5.3. A semi-integrable almost hyperhermitian structure (H, gc) on a non-
abelian reductive Lie algebra g of compact type is necessarily of type 3.

Proof. Let I € H be integrable and L € H be semi-Kéhler. By transitivity of the SO(3)-
action on bases of H, there exists a basis (I, .J, K) such that L = al + bJ, for some
constants a, b such that a®? 4+ 0> = 1. As L is semi-Kahler, we have

(10) 0= 5wL = CL(SW] + b(SWJ .

But now, using (9) we deduce

/2
dw; = —Re| > [BaIE]+ ) [T, ITi] | =Re <\/—_12[EQ,EQ]>

a€R*
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because [Ty, Ti] = 0 as t is abelian. On the other hand

dwy = —Re Z[EQ,JEQ]_’_ZT/{,‘;JTR 6@96

a€ERT k=1 BER

Indeed, for every o € R and k =1,...,r/2 we can write

JEy=Fo+8., JTi=F+S, FaoFic @ os, SaSeet,
BERT
and thus
(Eay JEo] = [Ba, Fol + [Eay Sal € @ 05, [Te, JTi = [Tk, Fx] € €D 95,
BERT BERT

because [t,g5] C gg. Hence, both summands on the right-hand side of (10) vanish.
Suppose by contradiction that a # 0. Then we must have dw; = 0, i.e. > pr Ho = 0,
which is impossible since G is not abelian. Thus a = 0 and L = +J, concluding that the
semi-integrable almost hyperhermitian structure can only be of type 3. 0J

The remaining part of the paper is devoted to show that, except for su(2) &R, we can
always find semi-integrable almost hyperhermitian structures on any reductive Lie algebra
of compact type of dimension 4n. Before proceeding, we make the following definition:

Definition 5.4. A pair of positive roots (a, ) € RT x R* is called sum-free if the sum
a + [ is not a root. In particular, if («, 5) is sum-free, then [E,, Es] = 0.

As the Lie algebra of a reductive Lie group decomposes into a direct sum of its centre
and its simple ideals, we first focus on proving the existence of a certain involution on
compact simple Lie groups.

Lemma 5.5. Let G be a compact simple Lie group of rank r, and R*(G) a system of
positive roots. Then there exists a decomposition

R*(G) = Ry (G) [ Ry (G)

0 4f dim(G)—r=0 mod 4
Ri (@) = ’
1By (G)] {1 if dim(G) —r=2 mod 4,

and an involution without fived points f: R (G) — R{ (G) such that (o, f(c)) is sum-free
for all « € Rf (G).

with

Proof. Note that dim(G) — r = 2|R*(G)|. Therefore we will go through the list of all
compact simple Lie groups discussing them according to the parity of |[R*(G)|. In each
case, we will define the value of f: Rf (G) — R (GQ) using the following notation

a+— [

to mean f(«) = and f(f5) =

We recall here the simple root systems following the conventions of Bourbaki [6]:
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Dynkin type

Positive roots RT

A, e —¢€; 1<i1<jyj<n+1
e; 1< <n
B, A _
Q+% 1<i<j<n
(& €;
€; —€j . .
1<i<3<n
Cn Gi—f—@j - )=
2e; 1<i<n
D, Ql% 1<i<j<n
(& €;
—€i+€j 1§Z<]§5
E@ Gi—f—@j
%(eg —e7 —eg+ Z?Zl(—l)”(i)e,;) Z?Zl v(i) even
—e;+¢€j 1<i<j<6or(ij)=(7,8)
E7 €Z'+6j 1§Z<j§6
Hes —er+ 30, (—1)"0e;) >y v(i) odd
et e 1<i<j<8
Eg €i+ej o )=
Hes+ 20, (=1)"0ey) >y V(i) even
F, A 1<i<j<4
€i+€j
%(61 j:€2:|:63:t€4)
Go ay, Qo, a1 + Qo, 201 + g, 3aq + an, 3aq + 20

TABLE 1. Simple root systems in the convention of [6]. For G, we express
the roots in a basis of simple roots aq, as.

15

Case 1. |RT(G)| =0 mod 2. In this case we set Ry (G) = 0 hence we only need to
define an involution f of RT(G) such that for each each element o € R*(G), the pair
(c, f(a)) is sum-free.

e Case A, with n=0,3 mod 4. We set

€2i—1 — €5 < €2, — €,

€4i—3 — €42 S €451 — €4,

where k = |

&

1<2i<j<n+1,
1<i<k,



16

GIOVANNI GENTILI AND ANDREI MOROIANU

e Case B,,. We define
e; — €ap > €, 1 <1< 2n,
€ —e; < e; t+ej, 1<i<y<2n,

and pair the remaining roots e; + €9y, . .. €2,_1 + €2y, €9, arbitrarily.

e Case C,,. We define
€; — ey > 2¢;, 1 <1< 2n,
€ —€j e +e_1, 1<i1<j<2n,

and pair the remaining roots e; + eg,e9 + €3. .. €9,_1 + €9,, 265, arbitrarily.
e Case D,,. We set

€ —ej e +ej, 1<i<j<n.
e Case E4. We define the pairing
e +ej < —e; +ej, 1<i<y <5,
and pair the remaining roots 1(es —e7 — es + > v, (—1)"?e;) arbitrarily.
e Case Eg. We set
e +ej < —e; + ey, 1 <1<y <8,

7 7
(68 + E (—1)”(2)61») — 3 (eg — (=1)"We; — (=1)"Pe, + E (—1>V(Z)€Z'> :
i=1 =3

e Case F,. We define
e; — egp > €;, 1 <1< 2n,
€i—€jH€i+€j, 1§i<j<2n,

| —

1 1
5(61 + ey £+ €3 + 64) — 5(61 + ey £ €3 + (—64)),

and pair the remaining roots e; + ey, €5 + €4, €3 + €4, 4 arbitrarily.
e Case Gy. There are exactly 4 possibilities. The first is
ayp < 3a1 + g,
Qg < 201 + g,
a1 + ag — 301 + 20
The second possibility is
ay < 3a1 + 20,
Qo > 201 + a9,
a1+ as +— 3a; + as.
The third possibility is
oy < 301 + ag,
Qg < a1 + Qg
201 + ag — 31 + 209 .
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The fourth possibility is
oy < 3a1 + 20,
Qg < a1 + Qo
2001 + g — 31 + .

Case 2. |R"| =1 mod 2. In this case we first define the involution f on all but one
positive root v and we set Rj (G) = {~}.

e Case A, with n =1,2 mod 4. We define the pairing

€9i—1 — €j &> €2 — €j , l<2i<ji<n+1,
€4i—3 — €4i—2 < €4i—1 — €44, 1<i<k,
where k := [”T_l], and the remaining root is v = e4x11 — €4pr2-
e Case B,,.1. We define the pairing
€; — €opy1 > €, 1<i1<2n+1,
€ —ej<—e tej, 1<i<yij<2n+1,
choose v to be any of the roots e; + egpy1,...€2,-1 + €2n11, €2,41 and pair the

remaining ones arbitrarily.
e Case Cy,11. We set
€; — €ony1 S 2¢;, 1<i<2n+1,
€ —ej < e +ej_1, 1<i<j<2n+1,
choose v to be any of the roots e; 4+ es, €9 + €3. .. €9, + €211, 269,41 and pair the

remaining ones arbitrarily.
e Case E;. We define the pairing

€i+€j(—)—€i—|—€j, 1§Z<]§6,
1 0 1 0
5 <68 —er + ;(—1)V(2)6$> <— 5 <68 — €7 — (—1)'/(1)61 — (—]_)V(2)62 —+ ;(—l)y(l)61> ,
and the remaining root is v = —e7 + esg. O

We can now extend Lemma 5.5 to the general case of reductive Lie groups of compact
type.

Lemma 5.6. Let G be a reductive Lie group of compact type, dimension 4n, and rank r,
and RT(G) a system of positive roots. Then there exists a decomposition

R*(G) = Ry (G) ]I R/ (G)
with
0 ifr=0 mod4
R (@] = ’
|7 (G)) {1 ifr=2 mod 4,

and an involution without fized points f: Rf (G) — R (G) such that the pair (o, f(«)) is
sum-free for all o« € R (G).
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Proof. The Lie algebra g of G decomposes as

=30 Dg D - Dys,

where 3(g) is the centre of g and g; is the Lie algebra of a compact simple Lie group G;
forall 7 =1,...,s. Therefore

RY(G) = ]_[ RY(G)).

For all i = 1,...,s there exists a decomposition RT(G;) = R (G;) ][] R (G;) and an
involution f;: RY(G;) — R*(G;) with the properties stated in Lemma 5.5. Let J be the
set of indices in {1,...,s} such that |R¢ (G;)| = 1. Pick any jo, € J and define

0 if |[7|=0 mod 2
RI(G):=<" '
0(C) {R{(Gjo), if |[7]=1 mod 2,

and of course

R{(G) == R"(G)\ R (G).
We claim that R (G) satisfies the requirements of the lemma. Indeed, since dim(G) = 4n
we have that r is a multiple of 4 if and only if the number of roots of G is a multiple of 4.
This, in turn, is equivalent to |R™(G)| being even. Finally, |R™(G)| has the same parity
of |J| concluding the proof of the claim.

Now, let
7 J, if |7]=0 mod 2,
YT\ o), if|JI=1 mod?2.

and choose any involution f of J such that f(I) # [ for all | € J. Denote 4, the root in
R{(G). Finally, we define the involution f: R{(G) — Ry (G) by setting f|p+q,) = fi,
foralli=1,...,s, and f(y) = Vi, for any [ € J. The fact that for every a € R} (G)

the pair (o, f(«)) is sum-free follows from Lemma 5.5 and the fact that for i # j the pair
(74, 77;) is sum-free, since v; and ~; belong to different simple summands. O

We are ready to prove the existence of semi-integrable almost hyperhermitian struc-
tures.

Theorem 5.7. Let g be a reductive Lie algebra of compact type and dimension 4n,
equipped with an adg-invariant metric go. Then there exists a semi-integrable almost
hyperhermitian structure (H, go) on g if and only if g # su(2) x R.

Proof. 1t is known that g = su(2) x R cannot admit any semi-Ké&hler structure, see [22,
Theorem 4.4]. Therefore we assume g # su(2) x R.

The choice of a Cartan subalgebra t and a system of positive roots RT(G) on g de-
termines a (not necessarily unique) complex structure I on g. Let g© = g'° @ g% be
the splitting of the complexified Lie algebra with respect to I. The elements in g'° are
generated by t'Y and the positive root spaces. Any almost hyperhermitian structure H
containing [ is completely determined by an almost Hermitian structure J anti-commuting
with I, or, equivalently, satisfying Jg'? = g%
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Suppose for the moment that g # su(3); we will treat the case of su(3) separately. Let
RT(G) = RS (G) ][] R{ (G) be a decomposition of the positive roots as in Lemma 5.6 and
f: R{(G) — R (G) an associated involution without fixed points. We define J by setting

JEa = E*f(a) y JEia = —Ef(a) 5 fOr all « E RT(G) 9

and
JE, =T, JT:=-E,, v € RS (GQ),

where T € t40 is such that v(T) = 0 and go(T,T) = go(E,, E,). Note that, since
we assumed g # su(3), the Cartan subalgebra t has dimension strictly bigger than 2,
and thus there always exists such a T'. Finally, J is extended to the remainder of the
Cartan subalgebra arbitrarily in such a way that it is compatible with the metric gg and
JE0 =01,

Evidently J?> = —Id and IJ = —JI, so I and J define an almost hyperhermitian
structure H on (g, g) which extends to a left-invariant almost hyperhermitian structure
on GG. Being defined in such a way, it is straightforward to check that each term in the
sum (9) applied to L = J vanishes, thereby showing that (H, g) forms a semi-integrable
almost hyperhermitian structure.

To conclude the proof we only need to show the result for g = su(3). We consider the
Cartan subalgebra t of diagonal matrices. Since the bi-invariant metric on g is unique, up

to rescaling, we may assume that it is (-,-) = —B. Set ¢; € t* to be the linear form
ti 0 O "
(0o )=t
€; ( 0 02 t3) 7

for 1 = 1,2,3. A system of positive roots for g with respect to t is then given by
Q1 = €1 — €, Qg = €1 — €3, Q3 = €2 —€3.

Let E;; € g® C = sl(3,C) be the matrix with 1 in the (4, j) entry and 0 elsewhere. It
is straightforward to check that Ej; € ge,—;. It is well known that the Cartan-Killing
form of g and g® C is B(X,Y) = 6tr(XY'). To see this, simply observe that tr(XY) is
bi-invariant and so it must be a constant multiple of B, by Schur’s Lemma. The right
constant can now be found by evaluation on two arbitrary elements X,Y. We therefore
compute B(E;;, E;;) = 6. Now, the normalized matrices

1 1 1

qu - %E127 Eaz - %Eli% Ea3 - %

form a Cartan-Weyl basis of g ® C and satisfy the commutation relations

1
V6
Let T € t'° be an element such that (T,T) = 1, where we extended (-,-) to g ® C
bilinearly. Set

Ess

[Eau Eaz] =0, [EquEOé:s] = EOézv [Eoczv Eoc:s] =0.

JT:aT+ZbiEaia JEaj :CjT+ZdjiEai> a,bi,cj,djiE(C,
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for the generic endomorphism J that anticommutes with 7. We observe that

B R G S0 -
Eo, = WG (Ei2 — En) WG (\/_1E12 + \/_1E21)7

where each of the summands between braces on the right-hand side lies in su(3). Thus

_ 1 1
(Bay, Boy) = 24<E12 By, Ery — Eo1) + —<V —1FE12 + V—1E5,V—1Ej5 + V—1FE5)
1 1

:_itr(<E12_E21>)__tr((\/_E12+\/_E21)):§+§:1.

Similarly, one sees that (E,, E,) = 1. Therefore, in order for the metric to be compatible
with J we must have
b = (Ey,, JT) = —(JE,,,T) = ¢,

djz = <Eoz¢7 JE ]> <Eoz]a JEO(,> - d’L]7
L= (T,T) = (JT,JT) = |a* + > _ |bif?,

1= (B, Eo,) = (JEqo,, JEo,) = |c;|* + Y _ |dy|*.

J

Using these identities, the condition J? = —Id is then easily seen to be equivalent to

CL:O, Zlekl:O, —bb +Zdl] il — ZJ7 i,j,k:1,2,3.
l

Finally to impose that J is semi-Kéhler, by (9 ), we must have

_ _ _ 2 _
0= [Ea, JE,| +[T,JT] =2 Z oy (T)b; By, — %dlng ,

i

which holds if and only if

_ 1 -
b1 = 0, bg = 0, a2(T)b2 - %dlg =0.

Summing up, the almost complex structures I, J, IJ form a basis of an almost hypercom-
plex structure H that, together with (-, ), is semi-integrable if and only if

JT' = bQEa27 JEal = _d13Ea37 JEaz - _b2T7 JEag - d13Ea17
_ 1 -
|b2|2 = 1, |d13|2 = 1, OéQ(T)bg — %dlgg = 0 .

Note that these equations can be solved if and only if
1
11 (1) = —.
(11) |2 (7)) 7

To show that (11) is satisfied we write

with s,¢ € C. Since T € t"°, we have
0= (T,T) =6(s* +1* + (s +1)%) = 12(s* + t* + st)
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so s/t must be a primitive third root of unity €. On the other hand,

L= (T, T) = 6(]s|* + [t|* + s + t|*) = 6(Jet|” + [¢]* + |t +¢[*)) = 18¢/*,

where we also used that

_ 1 241
Ete=e+-= =-1.
5 €
From this, we conclude
1
()P = |25+ 1> = |2et + 1 =3¢ =

which shows that (11) is satisfied and thus g admits a semi-integrable hyperhermitian
structure, concluding the proof. OJ
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