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ABSTRACT. We obtain a rigidity result for compact three-dimensional Heterotic soli-
tons with parallel non-trivial torsion. We show that they are either hyperbolic three-
manifolds or compact quotients of the Heisenberg group equipped with a left-invariant
metric. In particular, the latter arise both as solitons with completely skew-symmetric
torsion as well as with non-vanishing twistorial component. As a corollary, we obtain
the universal bound —24 for the scalar curvature of Heterotic solitons with parallel
skew-symmetric torsion, which prevents it from being arbitrarily large.

1. INTRODUCTION

The Heterotic soliton system is a system of differential equations, depending on a
positive real parameter x, that originates in Heterotic string theory [1, 2, 14] and was
proposed in [11, 12] as a natural gauge-theoretic differential system in Riemannian geom-
etry with torsion. The Heterotic soliton system, which we present in detail in Definition
3.1 below, couples a Riemannian metric g to a closed 1-form ¢, a 3-form H, and a metric
connection D with (not necessarily skew-symmetric) torsion. The connection D appears
in the system through a natural quadratic term in its curvature tensor, which is one of the
main novelties of the system. The Heterotic soliton system includes, as notable particular
cases, the celebrated Hull-Strominger system [5, 8, 15, 18] and the Heterotic G [3, 4] and
Spin(7) [3, 9] systems with trivial gauge bundle. In fact, the Heterotic soliton system
can be understood as the system of integrability conditions associated with these spinorial
differential systems [7]. However, solutions to the Heterotic soliton system can be remark-
ably more general, as proven in [12], where the first examples of non-supersymmetric,
not locally supersymmetric, Heterotic compactification backgrounds were constructed in
four dimensions. Alternatively, the Heterotic soliton system can be considered as a cor-
rected generalized Ricci soliton system [6, 13] via the inclusion of the quadratic curvature
term prescribed by Heterotic string theory. As illustrated and explained in [19, 20, 21],
the generalized Ricci soliton system promises to have important applications in the ge-
ometrization and classification of compact complex surfaces, which would be interesting
to understand in the context of the Heterotic soliton system. The primary objective of
this article is to classify the three-dimensional compact solutions of the Heterotic soliton
system with non-trivial, parallel, but not necessarily skew-symmetric, torsion. Our classi-
fication results can be summarized in terms of the following rigidity result. If (g, ¢, H, D)
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is a Heterotic soliton with non-trivial parallel torsion on a compact three-manifold M (cf.
Definition 3.1 below), then (M, g) is a Riemannian manifold of the following type:

e A compact quotient of the three-dimensional Heisenberg group equipped with a left-
invariant metric.

e An Einstein manifold of strictly negative curvature (i.e. up to homothety, a compact
quotient of the hyperbolic space H?).

The reader is referred to Theorems 5.8 and 6.6 for more details. The proof involves
Bochner-type identities together with repeated use of the maximum-minimum principle
and a detailed analysis of the higher curvature terms involved in the Heterotic soliton
system, which require extensive manipulations. As a corollary to this classification, we
obtain the following normalized universal bound for three-dimensional compact Heterotic
solitons of hyperbolic type.

Corollary 1.1. Let (g, 9, H, D) be a Heterotic soliton with non-trivial parallel torsion on
a compact three-manifold M. If (M, g) is hyperbolic then:

—24 < ks, < 0.

Here k is a positive real constant (typically called the Regge slope in the physics literature
[16]), which from our point of view becomes a parameter of the system. Hence, the scalar
curvature of a hyperbolic Heterotic soliton with parallel torsion is bounded in k= units.
Interestingly enough, this bound does not depend on the underlying compact hyperbolic
three-manifold M. It would be interesting to understand if the allowed interval (—24,0)
for ks, is preserved in the case of hyperbolic Heterotic solitons of not necessarily parallel
torsion, and more generally when taking into account further higher order corrections
consistently [10].

Note that compact quotients of the Heisenberg group occur as solutions of the Heterotic
soliton system with both a connection D with fully skew-symmetric torsion and a con-
nection D with non-zero twistorial component. In the former case, such a Heterotic
soliton has a scalar curvature satisfying 2xs, = —1, while in the latter, it can be chosen
arbitrarily. Hence, the previous corollary can be refined as follows.

Corollary 1.2. Let (g,, H, D) be a Heterotic soliton with connection D having non-
trivial skew-symmetric torsion. Then:

—24 < ks, < 0.

The bound —24 can be saturated by a Heterotic soliton of vanishing torsion on an Einstein
manifold of scalar curvature xs, = —24. Understanding the physical reasons for the
occurrence of the bound —24 is beyond the scope of this paper and is left for experts in

the field.

Note that in this article, we only consider Heterotic solitons with parallel non-trivial tor-
sion. The case of vanishing torsion is, surprisingly enough, remarkably more complicated
and will be considered in a forthcoming publication.

2. PRELIMINARIES

Let M be an oriented d-dimensional manifold M equipped with a Riemannian metric g.
We denote by (-, ), the determinant inner product induced by g on the exterior algebra
bundle of M (which differs by a factor % from the tensor scalar product on A*M), and
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by |- |, its associated norm. For every metric connection D on (M, g), we will denote by
RP its curvature tensor, which in our conventions is defined by the following formula:

RRyZ = DxDyZ — DyDxZ — Dixy|Z (2.1)

for every vector fields X,Y,Z € X(M). We understand the curvature tensor R? of D
as a section of A2M ® A2M, upon identification of skew-symmetric endomorphisms with
2-forms, using the Riemannian metric. In our conventions the norm of R” is explicitly
given by:

d
[RP12:=(RP RP), =5 ) (R, .RE.) Z R (ene) R, (ex.e)

ij=1 i,k =1

DN —

in terms of any local orthonormal frame e;, where R e, = € Le; JRP denotes evaluation

of e; and e; in the first factor A*M of RP and R (e;, e;) denotes evaluation of e; and
e; on the second factor NX*M of R”. When D = VY is the Levi-Civita connection of
(M, g), we set RY := RP. We define a symmetric bilinear form naturally associated to
the curvature tensor of D by:

(RP 0, RP)(X,Y) := (XJRP,YIRP), = Z RE. (e, en)RY. (ejier),  (2:2)

,7,k=1

for every X,Y € X(M). This defines, associated to every metric connection D, a sym-
metric two-form R”o,RP € T(T*M ®T*M), quadratic in the curvature of D that defines
one of the most important terms appearing in the Heterotic soliton system. Furthermore,
associated with the curvature tensor of D, we define the 4-form:

| J
9= 3 > RP(ese;) AR (e e;)

1,j=1

(RP ARP)

obtained by taking the wedge product on the first factor and the norm of the second
factor of RY in A2M @ A?M. Given such a connection D on T'M, for every k,l € N we
denote by:

dp: QF (M) ® Q'(M) — Q" (M) @ QY(M)
the covariant exterior derivative associated to D. Its formal adjoint is denoted by:

dy: QF Y (M) @ QM) — QF (M) ® QM)

and plays a fundamental role in the definition of the Heterotic soliton system. For every
3-form H € Q3(M), we define the symmetric bilinear form:

d
1
(H oy H)(X,Y) := (XoH,Y 3H)y = o > H(Xeje)H(Yeie5), VXY eETM.

ij=1
Similarly, we define:
(Ric? oy Ric?)(X,Y) := (Ric?(X),Ric?(Y)),, VX, YeTM,

where Ric? denotes the Ricci tensor of g. If M is three-dimensional, then the Riemannian
tensor RY of g can be written in terms of its Ricci tensor Ric? as follows:

Ry = 55X AY +Y ARic?(X) + Ric/(Y) A X, VX, YeTM, (2.3)
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where s, is the scalar curvature of g. In particular, using the previous formula, it can be
seen that the contraction RY o, RY, is given by:
R 0, RY = —Ric? o Ric? + s4Ric? + (JRic?|2 — 1s2)g, (2.4)
where we have defined:
Ric? o, Ric?(X,Y) := g(Ric?(X), Ric?(Y)) , VX, YeTM.

In particular, the norm of RY is given by |R9|2 = 1Tr (RY o, RY) = |Ric?|2 — {s2. Given
a three-form H € Q3(M) on M, we denote by:

Vet =v9+1H,

the unique metric connection with completely skew-symmetric torsion H. The Ricci
tensor of such a connection, which appears explicitly in the Heterotic soliton system, will
be denoted by Ric? € I'(T*M @ T*M). A computation gives the following formula for
Ric?H:

. 7I—I o .
Ric*" = Ric! — $H oy H + 36°H , (2.5)
where 07 is the formal adjoint of the exterior derivative.
3. THE HETEROTIC SOLITON SYSTEM

We proceed to introduce the Heterotic soliton system. Our notation and conventions
are explained in the previous section.

Definition 3.1. Let £ > 0 be a non-negative real constant. The Heterotic soliton system
on a manifold M is the following system of partial differential equations:

Ric?" +V9Hp + kRP o, RP =0, dyRP + oo RP =0

o+ o2 — [H|2+ k|RP|2=0 (3.1)
together with the Bianchi identity:
dH + k(RP ARP), =0 (3.2)

for tuples (g, ¢, H, D), where g is a Riemannian metric on M, ¢ € Q'(M) is a closed
1-form, H € Q3(M) is a 3-form, and D is a connection on T'M compatible with g. A
Heterotic soliton is a tuple (g, ¢, H, D) satisfying the Heterotic soliton system.

In the previous definition, and throughout the article, we are identifying, for every given
tuple (g, ¢, H, D), vectors and 1-forms via the Riemannian metric g. Furthermore, as
explained in Section 2, ¢ RP denotes the contraction with ¢ in the first A2M component
of RP € A2M @ N2 M.

Remark 3.2. The Bianchi identity (3.2) is not an identity but an equation that needs to
be solved. The terminology comes from the physics community and is nowadays standard
also in the mathematics community.

Combining the first and third equations in (3.1), we obtain the following equation, which
does not depend on x and is useful for applications:

sg = 30% + 2||2 — LH. (3.3)

The Heterotic soliton system corresponds to the equations of motion of bosonic Heterotic
supergravity with a trivial gauge bundle at first order in the string slope parameter s
[1, 2]. The symmetric part of the first equation in (3.1) is the Finstein equation of the
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system, whereas its skew-symmetric projection is typically referred to as the Mazwell
equation. On the other hand, the second equation in (3.1) is the Yang-Mills equation
for the auxiliary connection D, whereas the third equation in (3.1) is commonly called
the dilaton equation. We will denote the configuration space and solution space of the
Heterotic soliton system by Conf(M) and Sol,(M), respectively. We will refer to the
variable D as the auxiliary connection of the given Heterotic soliton.

Remark 3.3. Note that if M is compact and H = 0, then integrating the dilaton equation
in (3.1) we obtain that ¢ = 0, D is flat and ¢ is Ricci flat. We define such Heterotic
soliton as being trivial.

Equations (3.1) and (3.2) define the Heterotic soliton system in any dimension. In the
following, we will assume that the dimension of M is 3 and M is oriented. This dimen-
sional assumption simplifies the system notably, as the Bianchi identity (3.2) becomes
trivially satisfied, the Riemann tensor is completely determined by the Ricci tensor, and
other natural tensorial identifications hold. In particular, we will denote the elements of
the configuration space (g, ¢, H, D) € Conf(M) simply by (g, ¢, h, D) € Conf(M ), where
h = x,H € C>®(M). This allows us to easily integrate the Maxwell equation of the
system, namely the skew-symmetric part of the Einstein equation, the first equation in
(3.1).

Lemma 3.4. Let (g,¢,b, D) be a non-trivial Heterotic soliton on a compact connected
three-manifold M. Then, there exists a function ¢ € C°(M) such that ¢ = d¢ and
h = ce? for a non-zero constant ¢ € R*. In particular, b is constant if and only if o =0
wdentically on M.

Proof. Let (g,¢,b, D) be a non-trivial three-dimensional Heterotic soliton. Denoting by
v, the Riemannian volume form associated to g, the skew-symmetric part of the first
equation in (3.1) is equivalent to:

0=0H + H(p) = — xgd x5 (hvy) + hry(p) = —*,dh+ b x40,

where we have used Equation (2.5) and ¢9 denotes the codifferential with respect to g.
Hence, the Maxwell equation of the three-dimensional Heterotic system reduces to:

dh="he. (3.4)

By Remark 3.3, setting h = 0 contradicts the non-triviality of (g, p,h, D). Instead, we
prove that b is necessarily nowhere vanishing. To do this, assume that h(m) = 0 for a
given m € M. For every smooth curve:

v I — M, t— Yt
where Z is an interval containing 0 and v(0) = m, the first equation in (3.4) implies:

di(hov) = (V) (9(ho))

which is a linear ordinary differential equation for h o~y: Z — R. Since h(m) = 0, the
existence and uniqueness of solutions to the previous ordinary differential equation imply
that hory, = 0 for all ¢t € Z. Since this holds for every such v: Z — M and M is connected,
we conclude that b vanishes identically, a contradiction. Hence b is nowhere vanishing,
and Equation 3.4 reduces to ¢ = d¢ for a function ¢ € C°°(M). Consequently h = ce?
for a non-zero constant ¢ € R*. U



6 ANDREI MOROIANU, MIGUEL PINO CARMONA, AND C. S. SHAHBAZI

By the previous lemma, in three dimensions, the Maxwell equation is completely solved,
and consequently, the three-dimensional Heterotic soliton system reduces to:

Ric! + V9o — Cg+ kRP o, RP =0,  dpRP 4+ ¢ RP =0, (3.5)
0o+ lpl; = b*+ K |RP[;=0,  dh=hy, (3.6)

for tuples (g, ¢, h, D) € Conf(M). Given (g,p,h, D) € Conf(M), since D is compatible
with g, we can always write:

D=V :=VI+A,

for a unique contorsion tensor A € T(A'M @ A2M). We say that a contorsion tensor
A e T(A'M @ A2M) on (M, g) is parallel if:

VIAA =0, (3.7)

and we will refer to such Heterotic soliton as having parallel torsion. In the following,
we will exclusively consider the system of equations (3.5) and (3.6) for tuples (g, ¢, b, D)
for which the contorsion tensor of D is parallel with respect to D. Given a non-trivial
Heterotic soliton (g, ¢, b, D), a direct inspection of the Heterotic soliton system reveals
that (g, ¢, —h, D) is also a non-trivial Heterotic soliton. On the other hand, by Lemma
3.4 we have that b is nowhere vanishing. Since M is assumed to be connected, we can
assume that b is nowhere vanishing and positive, in which case we have ¢ = dlog(h).
Consequently, we will refer to three-dimensional Heterotic solitons simply as triples of
the form (g, b, D). Furthermore, since D is determined by ¢ and its contorsion tensor A,
we will occasionally refer to (g, b, D) simply by (g, b, A).

4. PARALLEL TORSION ON COMPACT RIEMANNIAN THREE-MANIFOLDS

As a preliminary step to our study of the three-dimensional Heterotic soliton sys-
tem, in this section we consider some basic properties of compact Riemannian three-
manifolds (M, g) equipped with a parallel contorsion tensor. Given a contorsion tensor
A € T(AN'M @ A2M) on (M, g), there exists a unique tensor A € T'(T*M ® T*M) such
that:

Ax =x(A(X)), VXeTM.
We decompose A into its orthogonal irreducible components:
A= %Trg(A)g + O + x,(,

where O is a traceless symmetric tensor and ¢ € Q'(M) is a 1-form. From the general
formulas valid in dimension 3:

(kgO(X) = #g(CAX),  xg =Tdrury
we thus have:
Ax = 3Trg(A) %, X +%,0(X) + (A X, VXeTM,
which in turn implies for every X,Y € X(M):
VY = V4Y + 1T, (A) %y (X AY) +#,(0(X) AY) + (V)X — g(X,Y)(.

Since there is a one-to-one correspondence between A and A on (M, g), in the following we
will denote V94 simply by V94, Similarly, we will refer to three-dimensional Heterotic
solitons (g, h, A) as triples of the form (g,h, A), where A € I'(T*M ® T*M). By the
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previous discussion, the parallelism condition (3.7) for A is equivalent to its irreducible
components being parallel:

VIAC =0, dTr,(4) =0, V*0=0. (4.1)
This observation leads us to the following mutually exclusive possibilities.

Lemma 4.1. Let (M, g) be a compact Riemannian three-manifold equipped with a par-
allel contorsion tensor A € T(A'M @ A2M). Then, one and only one of the following
possibilities occurs:

(1) V94 is locally irreducible, in which case the contorsion tensor A is a constant multiple
of the metric. Equivalently, A is a constant multiple of the volume form of (M,g).

(2) V94 is locally reducible and non-flat, in which case, up to replacing M by a double
cover, there exists a unit norm 1-form & € QY(M) and constants «, 3,7 € R such
that for every X, Y € X(M):

VIY = VY +as, (XAY)+BYUEAX)+7E(X) %, (EAY). (4.2)
(3) V94 is flat.

Proof. (1) Suppose first that V94 is locally irreducible. Then, there are no 1-forms
parallel with respect to V94, whence Equation (4.1) immediately implies ¢ = 0. On the
other hand, since © is parallel, symmetric, and traceless, it follows that it either vanishes
identically, or has at least one simple eigenvalue, say cq, which is constant. In the latter
case, the eigenvectors of this simple eigenvalue cg form a real line bundle preserved by
V94, contradicting the fact that V94 is locally irreducible. Thus © = 0 on M.

(2) Suppose now that V94 is locally reducible and not flat. Then, up to passing to a
double cover if necessary, M admits a unit norm 1-form ¢ satisfying V94¢ = 0. This
1-form is unique modulo sign, since otherwise V94 would be flat, a contradiction. Hence,
pulling back to this double covering we have ( = S & for a real constant § € R, as well
as:

O=7(®E—39)

for a real constant v € R. Therefore, we can write:
A=dg+ B E+7(E®E—39) =ag+ B +7£{®E,
where we have set o := o/ — 3.

(3) Finally, if neither (1) nor (2) hold, then V94 is flat. O

Remark 4.2. In the following, and for simplicity in the exposition, we will implicitly work
on M or any of its double covers at our convenience.

Note that case (2) in the previous lemma reduces the parallelism condition of the torsion
simply to V94¢ = 0. On the other hand, regarding the classification of non-trivial
Heterotic solitons on a compact manifold, case (3) in the previous lemma cannot occur
for their auxiliary connection, as shown in the next result:

Proposition 4.3. A Heterotic soliton with flat auziliary connection on a compact and
oriented three-manifold is trivial.

Proof. If (g, ¢, b, D) has flat auxiliary connection D, then the dilaton equation, namely
the third equation in (3.1), reduces to:

8o+ |pl2 =h?.
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Assume that (g, ¢, b, D) is non-trivial. Then, by Lemma 3.4 we have ¢ = d¢ and h = ce?
for a non-zero constant c. Plugging these expressions into the previous equation gives:

Aje ? +c%e? =0.
Integrating over M gives ¢ = 0, a contradiction. U

Remark 4.4. By the previous proposition, to classify Heterotic solitons with parallel
torsion, we only need to consider the first two cases in Lemma 4.1 for their auxiliary
connection. It is convenient to regroup them and split them as follows:

(A) Heterotic solitons with non-flat and reducible auxiliary connection D whose contor-
sion tensor is parallel and not purely skew symmetric. This is case (2) of Lemma 4.1
supplemented with the condition that 32 + 2 # 0.

(B) Heterotic solitons with purely skew-symmetric parallel torsion, be it irreducible or
not. This covers case (1) in Lemma 4.1, together with the subcase § = v = 0 of (2)
in the same lemma.

In the ensuing sections, we will consider these two cases separately.

5. GENERIC REDUCIBLE PARALLEL TORSION

In this section, we consider three-dimensional Heterotic solitons whose auxiliary con-
nection D has a non-flat but reducible parallel contorsion of not purely skew-symmetric
type, corresponding to case (A) in Remark 4.4. We will refer to such a connection as
having generic reducible parallel torsion. We begin with some preliminary results on the
general structure of compact three-manifolds equipped with such a metric connection
with generic reducible, parallel torsion.

5.1. Riemannian compact three-manifolds with generic reducible parallel tor-
sion. Let (M, g) be a compact Riemannian three-manifold equipped with a metric con-
nection V9 with parallel contorsion as given in Equation (4.2) for constants a, 3,7 € R
satisfying 3% + +? # 0. Setting Y = £ in (4.2), we obtain:
VI = V94 ax, (XA +BE(ENX)=0,
or, equivalently:
VIE=ax E+B(E®E—g), (5.1)

which is thus equivalent to V94 having parallel contorsion. Taking the skew-symmetric
and trace projections of this equation, we obtain:

A€ =2a%, &, 896 =28,

Since M is compact this gives 5 = 0, and consequently the connection V94 simplifies to:

VIAY = VY +as, (XAY)+7E(X) %, (EAY), (5.2)
for all vector fields X, Y € X(M). Therefore, the contorsion of V94 is given by:
A=ag+vE®E. (5.3)

Equation (5.1) now reads

VIE =ax, €. (5.4)
Since 3 = 0 and we are assuming 3 + 72 # 0 to guarantee that the connection D does
not have purely skew-symmetric torsion, it follows that v # 0, a condition that we will
assume for the remainder of this section. We will now show that (5.4) allows one to
compute the full curvature tensor of M in terms of the scalar curvature s,.
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Lemma 5.1. Let (M, g) be a compact Riemannian three-manifold carrying a unit length
vector field € satisfying Equation (5.4). Then:

Ry = =0 (X AY) + (307 — §54) (5§, X AY)g 506, VXY eTM. (5.5)
In particular, the Ricci tensor of g is given by:
Ric? = ( Sg — @ )g + (304 - '%)5 ®E. (5.6)
Proof. Using (5.4) we compute for every vector fields X, Y parallel at a point:
Riys = a(Vx(Ya(xg€) — Vy (X a(x48))
= AA(YLENX)=YI(ENX)) = —a? (X AY).
Using the pair symmetry of RY, this gives:
Rix=—-a%ANX, VXeTM. (5.7)
Let eq, es be local vector fields on M such that &, eq,es is a local orthonormal frame of

TM. From (5.7) we obtain that the 2-form RY ,, is orthogonal to { A ey and & A ez, so

e1,e

RY . = fer A ey for some locally defined function f. Using this equation together with

e1,e

(5.7) we compute s, = 4a® — 2f, whence f = 2a? — 1s,. We thus get:
RY .. = (20 — 3s))er Aes, (5.8)

€1,€2

which together with (5.7) implies (5.5). Finally, (5.6) follows by taking the trace. O

Lemma 5.2. Let (M,g) be a non-flat compact Riemannian three-manifold carrying a
unit length vector field & satisfying Equation (5.4) for some non-zero constant a. If
sy = —2a?, then (M, g) is a compact quotient of the simply-connected Heisenberg group
equipped with a left-invariant metric.

Proof. If s, + 2a? = 0, Equation (5.6) implies that the Ricci tensor of g reads:

202 0 0
Ric/=| 0 —2a®> 0
0 0 —20?
and thus we recover the case considered in [12, Proposition 4.12], which proves that (M, g)
is a quotient of the Heisenberg group Hjz equipped with a left-invariant metric. O

We now compute the curvature tensor of the connection V494 in (5.2).

Lemma 5.3. Let (M, g) be a compact Riemannian three-manifold. Then the curvature
tensor of the connection V94 given in Equation (5.2) reads:

Riy = Ry + (X AY) 4207 (& X AY), %€,

where RY denotes the Riemann tensor of g. In particular LR = 0, where L denotes
the Lie deriwative symbol.

Proof. We work with vector fields X,Y, Z parallel with respect to V9 at a point. We
compute:
VIAVEAZ = VIAVLZ 4, (A(Y) A Z))
= VEVYZ 4+ 55 (A(xg(AX)AY)) A Z) + 5(A(Y) A xg(A(X) A Z))
= VAVYZ + Zoxg A(xg(AX)AY)) =AY )2(AX) N Z).
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Hence, skew-symmetrizing this expression in X and Y, we obtain:
REy = Ry + g Alxg(A(X) AY)) = %y A(g (A(Y) A X)) = A(X) A A(Y).

Substituting A = a g + v¢& ® & into the previous expression gives the desired result. On
the other hand, since ¢ is a Killing vector field and £;A = 0, it follows directly that
LRIA = 0. O

Using the previous proposition, we now compute the quadratic term R94 o R94 that
appears explicitly in the Einstein equation of the Heterotic soliton system.

Lemma 5.4. Let (M, g) be a Riemannian three-manifold carrying a unit length vector
field & satisfying (5.4). If V94 is the metric connection defined in (5.2), then:
R94 0, R9* = (3a® — lsg+2a7)* (g —€®€).
In particular, (R94 o, R9*)(€&) = 0.
Proof. From Lemma 5.3 together with Equation (5.5) we obtain:
RYy = (30 — L5y +207) ()&, X AY) 5, €, VXY €TM. (5.9)
The desired formula then immediately follows from the definition (2.2) of R%40,R%4. O

5.2. Heterotic solitons with generic reducible parallel torsion. Our first goal
is to show that Heterotic solitons (g,h, A) € Sol,(M) with auxiliary connection (5.2)
necessarily have constant dilaton, that is, have ¢ = dlog(h) = 0. Since ¢ is a Killing
vector field and by Lemma 5.3 preserves R4, applying L to the dilaton equation, namely
Equation (3.6), we obtain:

Le(0% + ol = b?) = 0.
Combining this equation with the L¢-derivative of Equation (3.3) yields:
Le(0% +3b%) = 0.

On the other hand, by Lemma 3.4, we have ¢ = dlog(h), which plugged back into the
previous equation gives:

0 = Le(6?dlog(h) + 3b°%) = Ag&(log(h)) +3hE(h),
and thus:

&(log(h))Az&(log(h)) = —3¢&(h)*.
Hence, integrating over M we obtain () = 0, that is, ¢(£§) = 0. In particular, Lo = 0.

Proposition 5.5. Let (g,h, A) € Sol, (M) be a non-trivial compact Heterotic soliton with
AeT(T*"M @ T*M) given by (5.3) for certain constants « € R, v € R*. Then, a # 0
and dh = 0. In particular, ¢ = 0.

Proof. We plug ¢ into the Einstein equation, namely into the first equation of (3.5). By
lemmas 5.1 and 5.4, all terms in the Einstein equation when evaluated on £, are necessarily
proportional to &, except for Vggp. We compute:

Vip=Vi¢=ax, (ENp),

which is clearly orthogonal to . If & = 0, by Lemma 5.1 we have Ric?({) = 0, and
therefore the evaluation of the Einstein equation on £ reduces to h = 0, a contradiction.
Hence, a # 0 and £ A dh = 0. Therefore, by the previous discussion, also £(h) = 0.
Consequently, dh = 0, or, equivalently, ¢ = 0. U
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By Proposition 5.5, plugging ¢ = 0 in Equation (3.3), we obtain that the scalar curvature
of a non-trivial compact Heterotic soliton with generic reducible parallel torsion must be
a negative constant:

Corollary 5.6. Let (g,h, A) € Sol,(M) be a non-trivial compact Heterotic soliton with
parallel contorsion tensor A € T(T*M @T*M) given by (5.3) for certain constants o € R,
v € R*. Then:

Sg = —1h%.
In particular, the scalar curvature is constant.

Lemma 5.7. Let (9., A) € Conf(M) be a triple with A € I'(T*M @ T*M) given by
(5.3) for certain constants o € R, v € R*. If (g,h, A) satisfies the first equation in (3.5)
as well as Equation (3.6), then:

VIARIA =0,

and consequently the Yang-Mills equation, namely the second equation in (3.5), is auto-
matically satisfied.

Proof. We first observe that all the results obtained thus far for Heterotic solitons rely
only on the Einstein and dilaton equations of the Heterotic soliton system, and not on the
Yang-Mills equation being satisfied. Hence, the result follows from V94¢ = 0, ds, = 0,
and the fact that Lemma 5.1 implies that:

Ric? = (38, — a®)g + (3a” — 35,)§ ® &,
which is clearly parallel with respect to V4. Il

Theorem 5.8. Let M be a compact oriented three-manifold. Up to a double cover, M
admits a non-trivial Heterotic soliton (g,b, D) with generic reducible parallel torsion if
and only if (M, g) is the compact quotient of the Heisenberg group equipped with a left-
moariant metric.

Proof. Let (g,h,D) be a Heterotic soliton with generic reducible parallel torsion. By
Proposition 5.5, b is constant and consequently ¢ = 0, from which we readily compute
Ric?# = Ricf — %[ﬁ g upon use of Equation (2.5). Hence, by Lemma 5.4, together with
Equation (5.6), and Corollary 5.6, the Einstein equation, that is, the first equation in the
system (3.1), is equivalent to:

0= (%59 - 042)9 + (3042 - %59)5 ®E+s,9+ “(3042 - %59 + 20‘7)2@ -£®§),

which in turn is equivalent to the system:

{0 — 35, — a® + k(302 — Ls, + 207)? (5.10)

0=3a%— 35, — k(3a® — s, + 2a7)?
As « # 0 by Proposition 5.5, the system (5.10) is further equivalent to:
= —2a?
% S (5.11)
1 = k(Ra+7)

Hence, by Lemma 5.2 (M, g) is a compact quotient of the Heisenberg group equipped
with a left-invariant metric.
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For the converse, assume that (M, g) is the compact quotient of the Heisenberg group
equipped with a left-invariant metric. Modulo a double cover, denote by & the simple
eigenvector of the Ricci tensor of g, which satisfies [11, Proposition 4.14]:

Ric?(§) = —s,¢, VIE = (/=354 %4 €. (5.12)
Define:

b::\/ngj DxY :=V%Y + _%sg*g(X/\Y)+(\/LE—\/—289)5()()*9(5/\3/)-

We claim that (g, b, D) is an Heterotic soliton with non-trivial parallel torsion. The fact
that the torsion of D is parallel follows from the fact that s, is constant and  is parallel:

DfoV’)](fﬂL _%Sg*g(X/\g):Oa

where we have used the second equation in (5.12). Since s, # 0, the connection D is
a connection with generic reducible non-trivial torsion. Since b is constant, the second
equation in the Heterotic soliton system (3.6) is automatically satisfied with ¢ = 0. This,
together with Lemma 5.7, implies that (g, b, D) satisfies the Yang-Mills equation of the
Heterotic soliton system, namely the second equation in (3.5). The dilaton equation,
namely the first equation in (3.6) is satisfied by the choice h = |/—2s,. Finally, the Ein-
stein equation of the system, namely the first equation in (3.5), is satisfied by construction
since we have chosen h and D such that both equations in (5.11) are satisfied. U

Remark 5.9. Note that, in the proof of the previous theorem, we could have chosen the
opposite sign roots when isolating for a and ~, resulting in a different combination of
signs in the definition of D.

6. SKEW-SYMMETRIC PARALLEL TORSION

In this section, we consider three-dimensional Heterotic compact solitons with totally
skew-symmetric parallel torsion, which we assume to be non-zero. This covers point
(B) in Remark 4.4 in the case of non-zero torsion. Note that this case was excluded in
the previous section due to the condition v # 0. As explained in the introduction, the
remaining case of vanishing torsion is considerably more difficult and is therefore left open.
Hence, we consider tuples (g, ¢, h, D) € Conf(M) for which the auxiliary connection has
totally skew-symmetric non-zero parallel torsion and can be thus written as follows:

Dx=V% :=V%+axX, VXeTM

for a constant @ € R*. Hence, we will denote this class of tuples simply by (g,b,a) €
Conf(M). The curvature of V9 follows directly as a particular case of Lemma 5.3:

RYYy =Ry +?XAY, VXYeTM. (6.1)
From this, together with Equation (2.3), we obtain:
R 0, R9™ = —Ric? o4 Ric? + (s, — 20%)Ric? + (|Ric?|? — 354 + 20%)g, (6.2)

which we use in the proof of the following proposition.
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Proposition 6.1. A triple (g,h,«) € Conf(M) satisfies the Heterotic soliton system with
totally skew-symmetric parallel torsion if and only if:

—kRic? o, Ric? + (1 + ks, — 2ka®)Ric?
+ (k|Ric? 2 — 3rs? — 307 + 2ka*) g+ V9dlog(h) =0,
(dysRic?)(X) — 3o #g Ric§(X) + Ry .x +*dlog(h) A X =0,
sy — 306%dlog(h) — 2|dlog(h)|* + sH> =0,

for every X € TM, where Ric) := Ric? — %sgg denotes the traceless Ricci tensor.

Proof. The first equation in the proposition corresponds to the first equation in (3.5),
namely the Einstein equation of the system, after plugging Equation (2.5), Equation
(6.2), and substituting ¢ = dlog(h).

The second equation in the proposition corresponds to the second equation (3.5), namely
the Yang-Mills equation of the system. Using a vector field X and a local orthonormal
frame parallel at a given point, we compute using the Bianchi identity together with
Equation (2.3):

(VIURINX) = =(VERY)e,x = (VI R)e,x = —VERE x T aRE L eonx)
= VIR +a(RE, ) (rge) + a RY(es, g e A X))
= dY'Ric? — 3a *, Ric)(X).

From this, the result follows after using Equation (6.1). The third equation in the state-
ment is Equation (3.3), which is equivalent to the first equation of (3.6). O

Remark 6.2. By subtracting the third equation in Proposition 6.1 from the trace of the
Einstein equation, namely the first equation in Proposition 6.1, we obtain the identity:

26|Ric)|? + 2|dlog()]2 — 2b° + (s, — 6a°)* + 26%d log(h) = 0,
which will be used below.
Our first task is to prove that b is constant. For this, we first need the following lemmata.

Lemma 6.3. Let (g,h,f) € Sol,(M) be a compact non-trivial Heterotic soliton with
completely skew-symmetric parallel torsion. Then, s, # 602 as functions on M.

Proof. Suppose s, = 6a? everywhere on M. Then, Remark 6.2 gives:
2k|Ric§|2 + 2|dlog()|2 — 25% + 6%d log(h) = 0.
Adding to this equation the third equation of Proposition 6.1 multiplied by 4, we obtain:
2k |Ric)|? + 240% — 6|dlog(h)]* — 1067d log(h) = 0.
Evaluating this expression at a maximum of f we obtain o = 0, a contradiction. U

Lemma 6.4. Let (g,h,f) € Sol.(M) be a compact Heterotic soliton with completely skew-
symmetric parallel torsion. Then, Ric}(dh) = 0 and the following equation is satisfied:

%dsg = (%sg — 2042) dlog(h).
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Proof. We project the Yang-Mills equation, namely the second equation in Proposition
6.1, to A'M. In other words, for a local orthonormal frame {e;} parallel at the point where
the computation is done, we take X = e;, contract with e; and sum over ¢, obtaining:

0 =e;u(ej A (€:0V7 Ric?)) + Ric?(dlog(h)) — 2ad log(h)
= —1ds, + Ric/(dlog(h)) — 2a*dlog(h) , (6.3)

-2

where in the last equality we used the contracted Bianchi identity V9*Ric? = —%dsg.
Evaluating the Yang-Mills equation on dlog(h), we obtain:

(dvs Ric?)(d log(h)) = 3 #, (Rich(d log(h)))
We then compute:
(dvsRic?)(dlog(h)) = e; A (dlog(h)oV{ Ric?)
= d(Rie*(dlog(h))) — ; A Rie?(VZ, dlog(h)) = 0,
where we have used Equation (6.3) together with the fact that, by the Einstein equation

in Proposition 6.1, the term Ric?(V¢ dlog(h)) is proportional to a symmetric tensor
evaluated in e;. Hence, we obtain:

Ric)(d log(h)) = 0
upon use of a # 0. Plugging this equation back into (6.3), we obtain the equation in the
statement. U

Proposition 6.5. Let (g,h,a) € Sol, (M) be a compact Heterotic soliton with completely
skew-symmetric parallel torsion. Then, dy = 0 and 2s, = —h?. In particular, the scalar
curvature of g is a strictly negative constant.

Proof. We first observe that the Yang-Mills equation, namely the second equation in
Proposition 6.1, can be written as follows:

(dwsRic?)(X) — 3av % Ric§(X) + dlog(h) A (@*X — £5,X —Ric)(X)) =0,  (6.4)
for every X € TM. Here we have used the identity:
Ry x = —£5¢db A X 4 Ricf(X) Adh + X ARicf(dh),
in combination with Lemma 6.4. We proceed by computing the divergence of the Yang-

Mills equation, written as in Equation (6.4), by using an orthonormal frame e; parallel
at a point. For the first term, we have:

(Vi dvsRic?)(e;) = VY (dvsRic?(e;)) = e; A (R, ., Ric?)(e;)) = 0.
Regarding the second term, we obtain (using again the contacted Bianchi identity):
VY (xgRic)(e;)) = — #, VI Ric) = £ %, ds,.
For the third term, we compute:

V9 (dlog(h) A (a?e; — gsge; — Ricd(e;))) = Ricd(e;) A VI dlog(h) + gds, A dlog(h)

+dlog(h) A V¥*Ric) = 3ds, A dlog(h),
where we have used that:
Ricg(e;) A VY dlog(h) = 0
by virtue of isolating the term V¢ dlog(h) in the Einstein equation (first equation in
Proposition 6.1) evaluated on e;. Hence, all in all, we obtain:

sadsy = 3 %, (ds, A dlog(h)).
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Due to o # 0, this equation is equivalent to ds, = 0. By Lemma 6.4, this implies in turn:
(s —6a*)dlog(h) = 0.

Since, by Lemma 6.3, we have s, # 6o as functions on M, and now both s, and «
are constant functions, it follows that dh = 0 and, consequently, the third equation in
Proposition 6.1 reduces to 2s, = —h?. U

We are now ready to present the final classification results for this section.

Theorem 6.6. Let M be an oriented compact three-manifold. Up to a double cover, M
admits a Heterotic soliton (g, b, ) with non-trivial completely skew-symmetric parallel
torsion if and only if (M, g) is either isometric to a compact quotient of the Heisenberg
group equipped with a left-invariant metric of scalar curvature 2ks, = —1 or isometric to
a compact hyperbolic three-manifold of scalar curvature ks, € (—24,0).

Proof. To prove the only if condition, consider a compact Heterotic soliton (g,bh,«) €
Sol,. (M) with completely skew-symmetric non-zero parallel torsion. By Proposition 6.5, h
and «a are both constant, the scalar curvature is given by s, = —%hz, and by Remark 3.3,
b is non-vanishing. Then, the Einstein equation in Proposition 6.1 becomes an algebraic
equation of second order for the Ricci tensor Ric?, generalizing the type of equation
appearing in [12, Proposition 4.9]. Hence, either g is Einstein or Ric? has two different
constant eigenvalues. If ¢ is Einstein, then the Heterotic soliton system in Proposition
6.1 reduces to:

—sk5y+ (L4 ksy —260°) 55, + (365, — 3k 52 — 3b° +2ka*) =0,

3 329 T 2
which taking into account that 2s, = —h?, simplifies to:
k(h? + 120%)* = 48h°. (6.5)

For any solution of this equation, (M, g) is a compact Einstein manifold of strictly negative
curvature and therefore a compact hyperbolic three-manifold. Furthermore, using that
a # 0, it follows from the previous algebraic equation that xh? € (0,48), whence ks, €
(—24,0).

Suppose now that g is not Einstein but instead has two different constant eigenvalues,
say p1, o € R, with py being the double eigenvalue. Then, denoting by £ a unit vector
field corresponding to the simple eigenvalue (which always exists on M or some double
cover of it), we can write:

Ric? = p1g + (po — 1) ® &, Ric) = (po — 1) (—%g+§®§) .
Using this equation, we first impose the Yang-Mills equation of Proposition 6.1 and then
the Einstein equation. Since « and h are constant, the Yang-Mills equation reduces to:

(A¥'Ric?)(X) — 3a #, Ric)(X) =0, VXe&TM.
We compute:
d¥'Ric? = (j12 — p)(dE @ € + (e: A §) @ VEE),
and thus the Yang-Mills equation becomes:
§(X)dE+g(VIE, X) ey NE —3ax, (—%X—kf(X)f) =0, VXeTM.

For X = ¢ this gives d§ = 2ar %, {. Plugging this back into the previous equation, we
obtain:

WVIEX) e NE+ax, (X —EX)€=0, VXeTM.
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Taking the interior product of this equation with ¢ and using again d§ = 2a x, £ yields:
axg (EAX) = g(VIX)E—g(VEE X)e
= d§(& X)E— g(Vi& &) e — dE(es, X) e
= —V%E+2ax%, (ENX),

implying that V%{ = a %, (§ A X) for every X € TM. In particular, ¢ is Killing. The
Bochner formula gives Ric?(§) = 2a2¢, and therefore:

2ty = 4a® = —2s, = —2(2p1 + pi2) -
In particular, py + e = 0, and hence we can set p := py = —puo. On the other hand, by

Equation (3.3), we have 2s, = —h?, and therefore, we conclude:
h? = 4a2.
Plugging this expression into the Einstein equation of Proposition 6.1, together with:
[ 0
Ric?/ = |0 —p O
0 0 —u
we obtain:
—k 4+ (1 — 4k a®)p + (3kp® — 20%) =0, p=—2a*. (6.6)
The general solution to this equation is:
dka? =1, W= i ,
which implies:
KSg = —% .

Hence, we precisely recover the case considered in [12, Theorem 4.15], which proves that
in this case (M, g) is isometric to the compact quotient of the Heisenberg group equipped
with a left-invariant metric of scalar curvature 2ks, = —1.

To prove the if direction, consider first (M, g) to be a compact hyperbolic three-manifold
of scalar curvature ks, € (—24,0). We set:

h:=+/—2s4, Dx :=V% +ax X,

where we choose a such that equation (6.5) is satisfied for the previous choice of . The
fact that s, € (—24,0) guarantees that a solution a@ € R* exists. Then, (g,h,a) is a
Heterotic soliton. Indeed, the dilaton equation follows directly from the previous choice
of b, since o = 0. The Maxwell equation for D follows directly since dgsRic? = 0 and
Ric§ = 0 as a consequence of g being Einstein. The Einstein equation also follows by
reversing the arguments that lead to Equation (6.5).

Assume now that (M, g) is the compact quotient of the Heisenberg group equipped with
a left-invariant metric g of scalar curvature 2ks, = —1. Modulo a double cover, denote
by £ the simple eigenvector of the Ricci tensor of g, which satisfies [11, Proposition 4.14]:

Ric! = —gg+26®E, VI =glmx, €. (6.7)
where we have used the relation 2ks, = —1. We set:

DxY :=V4Y + 57 % (XAY), VXY eX(M).

We claim that (g, b, D) is an Heterotic soliton with non-trivial parallel skew-symmetric
torsion. The fact that the torsion of D is parallel follows from the fact that x > 0 is

b= 2.
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constant. Hence, b is also constant, and since 2xs, = —1, it follows from the definition
of b that 2s, = —h? and consequently the third equation in Proposition 6.1 is satisfied.
Thanks again to h being constant, the second equation in Proposition 6.1 reduces to:

(@Y Ric?)(X) — 527 #4 (Ricj(X)) =0, VX eTM,

and is satisfied via a direct computation as a consequence of Equation (6.7). Finally, the

first equation in Proposition 6.1 is shown to be satisfied by tracing back the computations
that lead to Equation (6.6). O

In the previous theorem, we have assumed that D has non-vanishing skew-symmetric
torsion, which amounts o # 0. However, if we formally set « = 0 in the previous
theorem, we obtain D = VY and ks, = —24, and a quick computation reveals that:

(g)h: %7vg>7

where g is a hyperbolic metric of scalar curvature ks, = —24, is indeed a Heterotic soliton,
albeit of vanishing torsion. However, this does not mean that all Heterotic solitons with
vanishing torsion are of this form or have h constant. As mentioned earlier, this case is
significantly more difficult and will be considered elsewhere.
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