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VECTOR FIELDS
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ABSTRACT. We prove that on a compact locally conformally Ké&hler manifold, the exis-
tence of a non-trivial parallel vector field with respect to a Gauduchon connection V*, for
t# %, forces the metric to be either Vaisman (for t = —1), globally conformally K&hler
(for t = 1), or Kahler for all other values of t. As a consequence, we characterize compact
Vaisman manifolds in terms of their Bismut holonomy group. Moreover, we show that in

complex dimension two, the existence of a non-trivial V 3-parallel vector field forces the
metric to be globally conformally Ké&hler.

1. INTRODUCTION

A central question in non-K&hler Hermitian geometry, posed by to S.T. Yau [Yau90,
Problem 87], asks whether one can say something nontrivial about a compact Hermitian
manifold of complex dimension n whose holonomy group with respect to some Hermitian
connection is a proper subgroup of U(n).

Two natural Hermitian connections on a Hermitian manifold are the Bismut connection
VP, characterized by the fact that its torsion is totally skew-symmetric, and the Chern
connection V¢, defined by the fact that its (0, 1)-part is equal to the 0 operator.

More generally, a natural family of Hermitian connections for which one might try to
investigate Yau’s question was introduced by Gauduchon in [Gau97]. The Gauduchon
connections {V};cgr form the affine line joining the Bismut connection and the Chern

connection, namely

1-t¢ 1+t
Vie — VP4 ——
3 ¢ T

Thus, V™! = V? and V! = V¢ At t = 0, one recovers the first canonical connection,
obtained by projecting the Levi-Civita connection onto the holomorphic tangent bundle.
The connection V1/3 has torsion of minimal norm within the Gauduchon family and is
therefore called the “minimal Gauduchon connection”. As we shall see, this parameter
corresponds to an exceptional case in our setting. Although all of these connections coincide
with the Levi—Civita connection in the Kéahler case, they are generally distinct in the
non-Kahler setting.

Motivated by Yau’s question, we investigate the existence of nonzero vector fields that
are parallel with respect to a Gauduchon connection on a compact Hermitian manifold.
Indeed, if V is V¢-parallel, then so is JV, and the holonomy group Hol(V?) is contained in
U(n — 1). In this paper, we study this problem in the setting of locally conformally Kéhler
geometry, a type of non-Kéhler Hermitian geometry interesting from the conformal point
of view.

A Hermitian manifold (M?",.J, g) is called locally conformally Kéhler (IcK) if its funda-
mental 2-form w satisfies

Ve (1)

dw=0ANw
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for some closed one-form 6, called the Lee form of w. The vanishing, exactness, and
Levi-Civita parallelism of 6 correspond, respectively, to the Kahler, globally conformally
Kahler, and Vaisman case. The Lee form therefore provides a natural measure of the
failure of an IcK metric to be Kéahler.

In [Morl5, IMMP20] it is proved that a compact lcK manifold admitting a nonzero
Levi-Civita parallel vector field is globally conformally Ké&hler or Vaisman. Consequently, a
compact lcK manifold is Vaisman if and only if its Levi—Civita holonomy group is contained
in SO(2n — 1). It is then natural to investigate if an analogous rigidity result holds when
the Levi—Civita connection is replaced by some Gauduchon connection. A partial result in
this direction was obtained by Andrada and Villacampa in the Bismut case. They prove in
[AV22] that on a compact lcK manifold, the Lee form is Levi-Civita parallel if and only if it
is Bismut parallel. This means that for compact Vaisman manifolds, the Bismut holonomy
group is contained in U(n — 1). We will show that this property actually characterizes
compact Vaisman manifolds by proving the following result.

Theorem 1.1. Let (M?",J,w,0) be a compact lcK manifold. Then the following are
equivalent:

(i) (M, J,w,0) is Vaisman;

(ii) Hol(V®) c U(n —1).

More generally, we show that, for generic values of ¢, the existence of a nonzero V-
parallel vector field forces the IcK metric to be Kéhler, while for special parameters such
as those associated with the Bismut and the Chern connections, a non-Kéahler metric can
occur. Our main result is the following.

Theorem 1.2. Let (M, J,w,0) be a compact lcK manifold of complex dimension n >
2 admitting a nontrivial V'-parallel vector field V, where V! denotes the Gauduchon
connection associated with the parameter t € R. Then the following hold:

(i) If t # £1, %, then 8 =0, so the metric w is Kdahler, and V is parallel with respect
to the Levi-Civita connection.

(i) If t = —1, then the metric w is Vaisman. Moreover, in complex dimension at least
three, V is a linear combination with constant coefficients of the Lee and anti-Lee
vector fields 0% and JO*.

(iii) If t = 1 then the Lee form 0 is exact; in particular, (M, J,w,8) is globally con-
formally Kdhler. Moreover, there exist a complete simply connected Kdahler man-
ifold (N, gn,wn) of real dimension 2n — 2, a smooth real function ¢ : R> — R
(non-constant, if 6 £ 0), and a discrete co-compact group T acting freely and
totally discontinuously on R% x N, preserving the metric ds? + dt? + et gy,
the Hermitian 2-form ds N dt + ety and the vector fields 05 and 0, such
that M is diffeomorphic to (R? x N)/T, and the structure (g,w, ) corresponds to
(ds® + dt? + e gy, ds A dt + e“SDwy, dc) through this diffeomorphism.

(iv) If t = % then V, JV are orthogonal to the Lee vector field 6%. Moreover, in complex
dimension n = 2, the Lee form 0 is exact; in particular, (M, J,w,0) is globally
conformally Kdhler.

The proof of Theorem relies on different arguments depending on the value of t. We
first decompose the Lee form as

0 =aV’+bJV® + 6y,

where b denotes metric duality, and 6 is orthogonal to V? and JV’. In the 1cK setting,
we can express the Gauduchon connections in terms of the Levi-Civita connection and
the Lee form 6. This allows us to compute the exterior derivatives and codifferentials of
V? and JV’. In the generic case t # +1, %, we take contractions and wedge products of

dV?,dJV" and use identities such as d2V? = d2JV” = 0 to obtain new relations. We then
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use compactness and integration arguments to deduce that § = 0. In the Bismut case,
we distinguish between the cases 6y #Z 0 and 6y = 0. We first assume that 6y Z 0 and
note that V and JV are Killing vector fields. By taking Lie derivatives, we produce new
Killing vector fields. Wedge-product arguments then show that this case can occur only in
complex dimension two. When 6y = 0, we prove that a and b are constant. In the Chern
case, we first prove that the Lee vector field is a combination of V' and JV. Once this
is established, we show that the lifts V and JV to the universal cover are parallel with
respect to the Levi—Civita connection of a metric conformal to the lift of g. This yields a
splitting of the universal cover from which we will deduce the exactness of the Lie form 6.

Finally, we treat the case t = % Using integration arguments, we prove that a = b = 0.
In complex dimension two, using suitable commuting vector fields, we identify the universal
cover M with S x R2, where S is a complete connected surface. The existence of a nontrivial
Killing vector field on S with nonempty zero set reduces the possibilities to S = S, R?. In
each case, we deduce that the Lee form 6 is exact.

While in complex dimension two we give a complete picture of the existence of a Vi-
parallel vector field, also providing an example in which the metric is gcK but non-Kahler,
the problem remains open in higher dimensions. However, in Remark we construct
examples in every complex dimension of compact gcK non-Kéhler manifolds admitting a
nontrivial V3-parallel vector field.

We note that the techniques used for the other parameters do not extend to the case
t= % The arguments in the Bismut and Chern cases rely on geometric properties specific
, %, on the other hand, we derive
relations between V' and 6 which can be manipulated to show that § = 0. At ¢t = %, these
relations yield less information, since some terms are multiplied by the factor (¢ — %) and
therefore vanish.

We organize the paper as follows. We start with a preliminary section in which we recall
basic notions of IcK geometry and Gauduchon connections. We also present some of the
consequences of the existence of a nontrivial Vi-parallel vector field on a compact 1cK
manifold, and conclude the section with some remarks on the Bismut connection in the lcK
setting. In the following sections, we study the cases of Theorem one by one, starting
with the generic case t # 41, £, then moving to the Bismut case, and to the Chern one. In

to the corresponding values t = —1 and t = 1. For t # +1

)3
the last section, we treat the exceptional case t = %
Acknowledgments. The second author sincerely thanks Alexandra Otiman for her support,
encouragement, and many valuable discussions and suggestions.

2. PRELIMINARIES

In this section, we collect the preliminary material needed for the proof of Theorem
We begin by recalling the notion of locally conformally Kéhler (1cK) manifolds together
with several identities that will be used throughout the manuscript. We then introduce the
family of Gauduchon connections and study their properties in the IcK setting. Assuming
the existence of a nontrivial vector field parallel with respect to a Gauduchon connection, we
derive several identities involving this vector field, including formulas for its codifferential,
exterior derivative, and other related quantities that will be used repeatedly later. Finally,
we discuss the Bismut connection in the IcK setting. Since the Bismut connection is a
distinguished member of the family of Gauduchon connections, we conclude by establishing
some additional properties that are specific to this case.

2.1. LcK manifolds. A locally conformally Kéhler (1cK) manifold is a connected Hermitian
manifold (M, J, g,w, 0) of complex dimension n > 2, where w := g(J-,-) is the fundamental
2-form associated with the Riemannian metric g, and 0 is a closed 1-form, called the Lee
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form of w, satisfying
dw =0 N w. (2)

If # = 0, then w is K&hler. An IcK metric is called proper if it is not Kéhler. If 8 = dyp
is exact, then the conformally equivalent metric e”%w is Kéhler. In this case, w is called
globally conformally Kdhler (gcK). The 1cK structure is called strict if the Lee form 6 is
not exact. Finally, an lcK manifold (M, J, g,w,0) is called Vaisman if the Lee form 6 is
non-zero and parallel with respect to the Levi-Civita connection VY of g.

We extend the action of J to differential forms by setting
(Ja)(X1,...,Xp) = (=) Fa(JX1,...,JX}p),

where « is a k-form and Xj,..., X} are vector fields. In particular, any (1,1)-form is
J-invariant. Indeed, if 5 is a (p, ¢)-form we have

JB =i9Pg.

Throughout the remainder of this manuscript, we assume that (M, J, g, w, 0) is a compact
lcK manifold, and we denote by V = V¥ the Levi-Civita connection of g.

Given a vector field V, we denote by V” := g(V, -) its metric-dual 1-form. Conversely,
for a 1-form «, we denote by of its metric-dual vector field.
The covariant derivative of J is given by [Morl5]

VXJ:%(XAJGJFJXAO), (3)

where, for a vector field X and a 1-form «, the endomorphism X A « is defined by
(X Aa)(Y) = X"(Y)aF — a(Y)X for any vector field V.
Recall that the codifferential of a 1-form « is given by

2n

sa = =3 (Ve,a)(e), (4)

J=1

where {e; }?’:Ll is a local orthonormal frame. As an immediate consequence of , if fisa
smooth function, then

3(fa) = —af(f) + féa. (5)

Throughout the manuscript, we will use the above identity without further reference.
We next prove that, if {e; }3221 is a local orthonormal frame, then

1 n
—50 4+ (1 —n)|A]* = ZZ;dJG(ej,Jej). (6)
j:
Using , we obtain
2n 2n

S (Ve ) (e) = (n— 1T, > (Ve ) (eg) = —(n — 1)6% (7)

J=1 J=1
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Then @ follows from

2n 2n
> dJb(e;, Tej) =D e;(J0(Je;)) — Jej(J0(e;)) — JO(Ve,Jes — Vie,e;)
j=1 7j=1

2n

ej(H( )) + Jej (H(Jej))

1
—Je(v J)(ej) + IVe,e5) +0((Vie,J)(e5) — Ve, Jej)
B0 o559 1 2(1 - n)jof2.

We conclude this section by recalling that the 2-form d.J# is of type (1,1). Recall that
the operator d° := JdJ ! satisfies
d® = 2i90.
In particular, for any smooth function f, the 2-form dd¢f is of type (1,1). Since € is

closed, it is locally exact. Hence, there exists a smooth local function ¢ such that 8 = dep.
Therefore,

dJO = dJdp = dJdJ 1o = ddp,
which shows that dJ6 is a (1, 1)-form.

2.2. Gauduchon connections in the IcK setting. Let {V}};cr = {V'}:er denote the
family of Gauduchon connections introduced in [Gau97]:

t—1 t+1
g(V&Y,Z) = g(V&Y,Z) - wa(JX, JY,JZ) — %dw(JX,Y, Z). (8)
For any t, the connection V' is Hermitian, that is,
Vig=0, ViJ =0.

In particular, when ¢ = —1, one recovers the Bismut connection V° (see Section . The
connection VY is called the first canonical connection; it is obtained by projecting the
Levi—Civita connection onto the holomorphic tangent bundle. For ¢t = 1, the connection
V! coincides with the Chern connection, namely the unique Hermitian connection on the
holomorphic tangent bundle that is compatible with the d-operator.

In the IcK setting, formula is equivalent to

t t—1
VL Z =V1{7 - F0UY)IZ + ——=0(J2)TY

(9)
t—1 t+1 t+1
+—w(, Z)Jo" — Lo( Z)Y + %g(y AL

The torsion of V! is therefore given by
1—-3t

TYY,Z) = (0(JY)JZ —0(JZ)JY) + %W(Y, Z)J6"

—%(9(2)}/ —0(Y)2).

2.3. The Bismut connection in the 1cK setting. The Bismut connection V° of g is the
unique Hermitian connection whose torsion 3-form is totally skew-symmetric. It coincides
with the Gauduchon connection corresponding to the parameter t = —1. Hence, by @D,
for any vector fields X,Y on M, the Bismut connection can be written as

(10)

V&Y =VxY + %<G(JX)JY —0(JY)JIX — g(JX, Y)Jeﬁ). (11)
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The torsion 3-form of the Bismut connection is given by [AV22, Lemma 3.1]
T'=T=-Jorw.

The next lemma shows that, in the IcK setting, the torsion 3-form is coclosed. As a
consequence, the Bismut—Ricci form is J-invariant.

Lemma 2.1. On a lcK manifold, the torsion 3-form of the Bismut connection is coclosed.

Proof. We first establish the identity
O Nwn2
(n—2)!"

Consequently, §7° = — * d * (JO A w) = 0 since df = 0 and dw = 0 Aw. Let {ej}]zﬁl be a
local orthonormal frame. Then, for any 3-form [, we have

*(JH/\w) = — (12)

ﬁ/\*(JG/\w) = (ﬂ,J&/\w)Wn—T

n

1 n w
=3 Zl Ly: (e, Jej)ﬁ
]:

wnfl
= N —=
oorh (n—1)!

n—1 n—1

= Lot (ﬁ/\ (:_ 1)'> +5/\nguh

9 A w2
=8Nl - 2=
o (-5 ar)
which proves ((12]). O

Let R? be the curvature tensor of V2. The Bismut-Ricci tensor Ric? and the Bismut-Ricci
form p® of the Bismut connection V? are defined, respectively, by

2n 2n
. 1
Rle(X, Y) = z; Rb(eiv Xa Ya ei)v pb(Xa Y) = 5 z; Rb(X7 Y) €4, Jei)a
1= 1=
where {e;}2", is a local orthonormal frame and X,Y are vector fields.

Combining Lemma [2.1] with the following identities, which hold on every Hermitian
manifold for any pair of vector fields X, Y [[P01, Corollary 3.2],

Ric’(X,Y) — Ric’(Y, X) = —0T°(X,Y),
Ric’(JX,JY) — Ric’ (Y, X) = (n — 1)( — Vix0(JY) + V50(X)), (13)
PP(JX,JY) = p"(X,Y) = 0T(JX,Y) — (n — 1)(V&O(Y) — VL0(X)),
we obtain the following proposition.

Proposition 2.2. Let (M, J,g,w,0) be a lcK manifold. Then the following statements
hold:

(1) the Bismut-Ricci tensor Ric® is symmetric;

(2) the Bismut-Ricci form p® is J-invariant; equivalently, it is a (1,1)-form.
Moreover, the Bismut—Ricci tensor Ric® is J-invariant if and only if the Lee form 6 is
holomorphic.

Proof. By Lemma we have 67% = 0. It follows from the first equation in that Ric
is symmetric. A direct computation using shows that on an IcK manifold we have

Vo = vo.
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Moreover, since 6 is closed, V@ is symmetric. We can therefore rewrite the last two

equations in as
Ric’(JX,JY) — Ric’(X,Y) = (n — 1)(=V x0(JY) + Vx0(Y)), 14
PP(IX,JY) = p"(X,Y) = 0.

By [MMOI18|, Lemma 3], the Lee form 6 is holomorphic if and only if V6 is J-invariant.
The result now follows immediately from . O

Finally, we recall that, on an lcK manifold, the Lee form is Levi—Civita parallel if and
only if it is Bismut parallel:

Theorem 2.3 ([AV22, Theorem 3.6]). An IcK manifold is Vaisman if and only if V’0 = 0.

3. GAUDUCHON CONNECTIONS WITH PARALLEL VECTOR FIELDS

In this section, we fix a parameter ¢ € R and assume that M admits a nontrivial vector
field V' which is parallel with respect to the corresponding Gauduchon connection. We es-
tablish here some results that will be used in what follows to prove Theorem[I.2]case by case.

Since every Gauduchon connection is Hermitian, we have
V'V =VIJV =0.

Moreover, since V¢ is metric and V is non-trivial, we may assume from now on that V has
unit length.

We decompose the Lee vector field 6% into its components along (V, .JV') and its orthogonal
component:

0F =aV +bJV +06), (15)

where
a:=0(V), b:=0(JV),

and 98 is orthogonal to both V and JV.
Since V is V'-parallel, its Levi-Civita covariant derivative can be written explicitly as

t t—1 t—1
VIV = SOIY)IV = ——bJY — Tvb(JY)Joti

16)
t+1 t4+1_, (
—aY — — V(Y6
+ 1 1 V2(Y)

Consequently, the Lie derivatives of the metric g along V and JV are given by

t+1

Lvg="1"(2a9—0-V" ~ 10 JV"),
(17)
t+1

Livg= (2bg —0- TV’ +J0- V"),

4

where, for two 1-forms «, 8, we set
a-f=af+ R a.

Recall that, for a 1-form «, its exterior derivative is given by

2n
da = Zeg A Ve, a,
Jj=1
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where {e; }327:‘1 is a local orthonormal frame. Using , we compute the exterior derivatives
of V* and JV:

1-3t t—1 t+1
avh — TJ@/\JV"— b+ + oAV, (18)

t t—1 t+1
agv = 173 g Ay aw + + ONJV . (19)

4 2 4
Applying d once again and using the identity d? = 0, we obtain
1—3t t—1/1-3t 3—t

0=d?V’ = TdJe/\JV" - 2< aJo + db + 4b9> Aw, (20)

1— —1/ 1- -
O:d2JVb:—T3th9/\Vb+t2 <— 43th9+da+3 taﬂ)/\w. (21)

Since V and JV are Vi-parallel, we have
v, V] = 14V, V)2 %( — bV +aJV — JO*) = —%Jeg. (22)
Consequently,
dJO(V,JV) = V(a) + JV(b) + %\0012. (23)
Using , we compute the codifferentials of the 1-forms V° and JV”:

SV’ = Ft+ D1 —n),

i b (24)
o(JV?) = Q(t +1)(1 —n).
Using together with the identity
LxJ(Y)=LxJY —JLxY
= VxJ(Y) — Vi X+ JVyX,

we compute the Lie derivative of J along V:

1—t

£VJ:?(JV/\9+V/\J9). (25)

The following lemmas will play a key role in the remainder of the paper.

Lemma 3.1. Suppose thatt # 1, and let U C M be an open subset on which 0y = 0. Then,
on U, we have
t+1 t+1

da = —?aﬁ, db = —71)9 (26)
In particular,
V(a) = —%oﬂ, JV(b) = —%b? (27)
Proof. On U, identities ,,, become
v’ = %b(m —VPAIV?),
1

dJV’ = —;ta(w —VPAIV?),
0= a2V’ = 1= ) (db+ Hlbe) (w—V* ATV,

+

1_
O:dQJV":—T <da+ a9) A(w—V° A JV).
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Using that df = 0 and 6 = aV” + bJV”, we obtain
da ANV° +db ATV’ +adV® 4+ bdJV’ = 0. (29)
By , the last two terms cancel, hence
da ANV’ +dbAJV’ = 0. (30)

The equation above shows that da,db € <V",JVb>. Since t # 1, da, db and 0 are in
(V°, JV?) and wedging with w — V? A JV? is injective on (V?, JV?), from we conclude

da = —%a@, db = —Ebﬁ

at each point of U. g

The next lemma relates da, db, 8, and J6, assuming that ¢ # 1.

Lemma 3.2. Ift # 1, then

t+1
Jda = db-+ 2= (b0 — a.J0). (31)
Proof. Applying J to , and using that dJ@ is a (1, 1)-form, we obtain
— 3t b 3t 3—
0=-— 4 ——dJONTV +2<4b0+Jda+ 1 aJG)/\w

Adding this identity to , we find

0:’5210;1 J«9—t+1b9+<]da—db>

Since ¢ # 1 and wedging a 1-form with w is injective, we obtain . O

We conclude this section by establishing the first relation among V?, a,b and 6.

Lemma 3.3. Ift # 1 and n > 2 then
3—t

1—
VP —da— 2504 3" ap (32)
4 4
where f is the smooth function defined by
t t
f:=V(a)+ 731;2 3Ta2. (33)

Proof. Since t # 1, by wedging with V” we obtain

1— —
0= (—43twa+da+3 ta9> AV AW,

Since n > 2, wedging with w is injective on 2-forms. Therefore,

0= <—43tbjﬁ+d +34 a9>/\Vb.

Hence, there exists a smooth function f such that
3—t
4
Applying this equality to V gives . g

ab.

1—
VP =da— T?’thH
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4. THE GENERIC CASE ¢ # =£1, %

In this section, we assume that ¢ # +1, % and prove Theorem under this assumption.
We distinguish two cases according to the complex dimension of M. We first treat the case
n > 2, and then the case n = 2.

Assume that n > 2. We begin by establishing, in Lemma a new relation involving
a, b, da, V?, and 6, which is independent of the one obtained in Lemma These two
identities will be the key ingredients in proving that a = b = 0. Once this is established, a
straightforward, although nontrivial argument shows that 6 = 0.

Lemma 4.1. Assume that t # 1. Then there exists a smooth function C € C*(M) such

that
1-3t)(1+1) t+1)2
8

Proof. Using Cartan’s formula and the fact that 6 is closed, we obtain
Lyl =duy0=d(0(V)) = da.
Then, the Lie derivative of J@ along V is given by
LyJ0=LyJO)+ Jda

D Jda 775(

bJH—(

tda = CV* + ¢ ab. (34)

b0 — 02TV + aJb).

Applying Cartan’s formula once again, we compute the contraction of dJ6 with V:
tydJO =Ly J0 — diy Jo

36

D Jda + —(be 612JV° + aJ) + db. (36)

Contracting with V' and using , we obtain

1—
0=""1v <Jda o (b4 ab) + db)

v <—db+t;3b9+3t4_la<]9>

t—1 t+1
+2w/\(—V(b)— 5 ab).

This expression immediately implies that the last term vanishes, and therefore

3t — 1t
0="""1rvn <Jda + —5— (b0 +aJf) + db)

4

+%JVM (—db+t_3b9+3t_1aj9>.

4 4
Using in the above equation, we deduce that

_ 2
0= JV A (tJda L a 32(1 e, O 7;1) aJ9> .

Hence, there exists a smooth function C such that

_ 2
Cav? = tjda+ U 3’2(1 DIV (“;31) a.Jb. (37)

Applying J to , we obtain ([34]). O
Combining Lemmas [3.3] and [4.T] we obtain the following proposition.

Proposition 4.2. If n > 2 and t # +1, 4 3, thena =0=0.
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Proof. Evaluating on Hﬂ, we obtain

(t+1)>
8

10 (a) = — alfol*. (38)

Applying to Qg and multiplying the resulting identity by ¢, we find

10} (a) = t(t4_3)a|90|2. (39)

Since

(t+1)2  t(t—23)
_ = 40
5 1 (40)
holds only for t =1, %, which are excluded by assumption, equations (38) and (39)) imply

that

ably = 0.
Applying the same argument to b, we obtain
b6y = 0.
Let
T :={6y # 0}

be the open subset on which 6y does not vanish, and let U denote the interior of M \ 7.
Since afy = by = 0, we have a = b =0 on T'. Therefore, (26| and hold on 7T'. On the
other hand, since 6y = 0 on U, they also hold on U. As

vuT
is dense in M, we conclude that , namely
t+1 t+1
V(a) = e JV(b) = e

2
holds globally. Integrating the above identities over M and using , we obtain

(t+1)2(1—n)/a2:_t+21/a2’ (t+1)2(1—n)/b2:_t+21/b2‘

Therefore,
)
2 2
Since n > 2 and ¢t # —1, we conclude that a = b = 0. O

By Proposition we have a = b = 0. Hence, , together with and , implies
that
t—1
d.Jg = T|90|2vb NIV (41)

Differentiating and using and , together with the fact that a = b = 0, we
obtain

0= t_ild%m = d(|0)*V’ A JV)
=d(|0) AVP ATV + (02 (VP ATV =V AdIV?)
<d(|0|2) + H21|9|29> AV ATV,
Hence,

a(|0%) + %w\?e = 0. (42)
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Since M is compact, the function |#|? attains its maximum at some point # € M. At this
point, d(|0]?)(z) = 0. As t # —1, equation then implies that |8|?(z) = 0. Since z is a
maximum point of the nonnegative function |6|2, it follows that |#|> = 0 on M. Therefore,

6 =0.

Assume now that n = 2. We first prove that 6y = 0. Wedging with JV? yields

1- 3t t—1/1—3t 3t
0= —4dJ0/\Vb/\JVb+2<4b2+V(a)—|—4a2>Vb/\JVl’/\w.

Therefore, multiplying the above equation by ﬁ we obtain
t—1 t—1 (t—-—1)(3 -1 b b
0= —dJo b? 2V ————ta® AVPAJV?,
( +( TR TRLAC R Trw el
Combining this identity with , we obtain that, if V, JV,e, Je is a local orthonormal
frame, then

t41 (t—1)(3 1)
BT i Ty i

t—1
INER
5 |0o]

dJO(V,JV)+dJb(e, Je) =

t—1
+ JV(b) + ?bz +
Using @, we find
t4+1 t41)2 t41 t+1
LR R ek thl, t+1
1-3t 2(1 — 3t) 2 2

o t+1 t+1 , t+1 , t+1, 5
= 1_3t<V(a)+ 5 0 ) + (JV(b)+ 5 b ) +— |6o|”.
Integrating the above identity over M and using (24]), we obtain [ |fo|? = 0. Hence 6y = 0.
We claim that 60 = 0. Indeed, by Lemma and ([24)),

5(aV’) = =V (a) 4+ adV’ = 0.

The same computation yields

—00 = — a® + JV(b) + b2+ 100

5(bJV’) = 0.
Therefore 60 = 0. It follows that

0:/<(59,a2> :/2a9ﬁ(a)
@(t+1)/a2|912 - (t+1)/a4+a2b2,

and therefore a = 0. The same argument shows that b = 0, and hence 6 = 0.

5. THE HOLONOMY OF THE BISMUT CONNECTION

In this section, we prove Theorem for the case t = —1. Recall that the Bismut
connection V? is the Gauduchon connection corresponding to the parameter ¢ = —1.

Our proof is divided into two cases. First, we assume that 6y # 0. The main ingredient
is the fact that the Lie bracket of Killing vector fields is again a Killing vector field.
Starting from the Killing vector fields V' and JV (which are Killing by ), we repeatedly
take Lie brackets to construct new Killing vector fields. We then use the fact that the
non-vanishing set of a nontrivial Killing vector field is dense on a connected Riemannian
manifold. This will imply that the functions a, b, and |fy| are constant. We will show that
this case cannot occur in complex dimension greater than two. In complex dimension two,
however, it implies that the metric is Vaisman. The second case is 6y = 0. In this situation,
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we again prove that a and b are constant, from which it follows that the manifold is Vaisman.

Case 0y 0. Since V and JV are Bismut-parallel, they are Killing vector fields by
. We recall that the Lie derivative along a Killing vector field preserves metric duality.
Consequently, Cartan’s formula can be applied interchangeably to vector fields and to
their metric dual 1-forms along Killing vector fields. We will also use the fact that, on a
connected Riemannian manifold, the set of points where a nontrivial Killing vector field
does not vanish is dense [Kob58|. Moreover, the Lie bracket of two Killing vector fields
is again a Killing vector field. In particular, JHg is a Killing vector field. Indeed,
immediately yields

LyJV = JO%. (43)
Furthermore,
Ly 05 = —L 1V
N
= _('CJagV )
= —(di,p V" + Ljegdvb)jj

(44
= _(LJagd’Vb)jj )

I

(et (JON TV + b))
0
= —|6o[2TV + b},
and similarly,
Ly IO, = |60V — ab} (45)

are Killing vector fields. Taking the Lie derivative once more along V' and along JV of the
above Killing vector fields, we obtain new Killing vector fields:

Ly (beg - |90|2JV) = —%egf\eova
(L&) b t
= _(Lbeg_wolQJV(Je AJV? + bw)) (46)
= — (= al6o]2TV + |60]2T6* + b2TO} + b6 |*V)
= —(160)? + b?) J63,
where in the last equality we used the identity JO! = aJV — bV + J Gﬁ, and similarly,
Ly (= atfy + 160*V) = —(d|6o]?)* + ab 6}, (47)
Ly (b8 — 6027V = (d|6o]*) + abJ6}, (48)
Lyv(—abh+ 160>V = — (60> + a®) IO}, (49)

We will use the following lemma.

Lemma 5.1. Let X and Y be nontrivial Killing vector fields on a connected Riemannian
manifold. If

X' AY? =0,

then there exists a constant ¢ € R such that X = c¢Y.
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Proof. Since X” A Y”? = 0, there exists a smooth function f defined on the dense open set
My :={Y # 0} such that X* = f¥”. Since both X and Y are Killing, we have
0=~Lysyg
= fLyg+df @Y’ + Y @ df
—df QY+ Y’ @ df.
Let W be orthogonal to Y. Evaluating the above identity on (Y,Y) and (W,Y) we obtain
2df (Y)|Y]* =0,
and
df(W)|Y|* = 0.
Since My is dense, we conclude that
af(Y) =df(W) =0.
Hence df = 0 on My, and therefore f is constant on M. O

Applying the above lemma with Y = J Gg and X given by , and + , we
deduce that the functions

160 + b2, 60| + a2, ab
are constant. Indeed, if ¢ and e are constants such that
ab=c
{a2 — b =e,
then
¢® = (ab)? = (b* + e)b?,
that is,

0=10*+b%e — A2

Hence, b is constant, and consequently so a and |fp|. In particular, |f| is constant.
We now prove that this case cannot occur in complex dimension greater than two.
Assume n > 2. By Lemma there exists a smooth function

f=a*+b (50)
such that
fV? = —bJO+ab
b (51)
= (a® + b*)V” + aflg — bJby.
Hence,
a90 — bJ@o = 0,
which implies that a = b = 0, since a and b are constant and, by assumption, 6y Z 0. From
and we obtain
0=dJOAV’ =dJOA TV,
and therefore, using
dJo = —|0PV° A JV. (52)

Let {ej 321 be a local orthonormal frame with e; = V and e; = JV. Then identity @
reduces to

—30 4+ (1 —n)|0]> = — |6
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(n—2)/\ey2 0.

Since n > 2, it follows that 8 = 0, a contradiction.

Integrating over M, we obtain

In complex dimension two, we argue differently. From and , we deduce that
both CLGg and beg are Killing vector fields. If at least one of a and b is nonzero, then 6’3
is Killing, and therefore 6* is Killing as well. Since 6 is also closed, it follows that it is
Levi—Civita parallel. Therefore, the lcK metric w is Vaisman. Assume now that a = b = 0.
Then, J6* is Killing and, since the metric is 1cK,

EJguw =0.

These two properties imply that J6* is holomorphic, and consequently so is 6. Since 6 has
constant length, [MMOI18| Theorem 1] implies that (M, J,w) is Vaisman.

Case 0y = 0. Since t = —1, Lemma [3.1] immediately implies that a and b are constant.
Since V and JV are V?-parallel, it follows that V?0 = 0. On an lcK manifold, this condition
is equivalent to V96 = 0 (Theorem [2.3)). Therefore, (M, J,w) is Vaisman.

Remark 5.2. We note that, in complex dimension n > 2, the vector field V is a linear
combination of the Lee vector field 6% and the anti-Lee vector field J#* with constant coef-
ficients. In complex dimension two, both cases appearing in the proof may occur. The first
corresponds to V being a linear combination of % and J#* with constant coefficients, while
the metric is not necessarily Bismut—Ricci flat; this is the case of Vaisman solvmanifolds
[AV22] Corollary 4.9]. The second case yields Bismut—Ricci flat surfaces. Indeed, up to a
normalization, there exists a J-orthonormal parallel Bismut basis {Hﬁ, JOV,J V} and in
complex dimension two the identity

P°(X,Y) = Ric’(X, JY)

holds for any vector fields X,Y [[P01, Proposition 3.1]. This is the case of Hopf Vaisman
surfaces [AV22, Corollary 5.11].

As an immediate consequence of Theorem [I.2] we obtain Theorem [I.1}

Proof of Theorem[1.1] The implication (i)=(ii) is standard. On a Vaisman manifold the
Lee form is V°-parallel (Theorem , and therefore so are 6% and J#*; consequently, the
Bismut holonomy reduces to U(n — 1). Conversely, assume that Hol(V®) c U(n — 1).
Since we are considering the full holonomy group, there exists a global nowhere-vanishing
V'-parallel vector field V. Theorem implies that (M, J, w,#) is Vaisman. (Il

We conclude this section with a remark on the Bismut connection in the locally con-
formally balanced setting. We show that the analogue of Theorem [I.1] fails in this more
general framework. This suggests that the IcK setting is the largest natural non-Kahler
class in which the existence of a nontrivial Bismut-parallel vector field forces the Lee vector
field to be parallel.

Remark 5.3. Let (X,J) be a complex manifold of complex dimension n and let w be
a Hermitian metric on X. The metric w is called balanced if dw™ ' = 0. In complex
dimension two, any balanced metric is Kéhler. The metric w is called locally conformally
balanced (lcb) if
do" 1 =(n-10A0"t, df = 0,

where 6 denotes the Lee form of w. By definition, in complex dimension two the notions of
Icb and IcK coincide. On the other hand, in complex dimension greater than two, any lcK
metric is lcb, whereas the converse does not hold.
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We observe that Theorem remains valid in the lcb setting, provided that the Lee
vector field is holomorphic and the anti-Lee vector field is Killing. We emphasize that,
even in the lcK case, these additional assumptions on the Lee vector field do not imply
that it is Levi-Civita parallel; see [MMO18| Lemma 2 and Section 3]. Let (M, g,w,0) be a
compact lcb manifold whose Lee vector field is holomorphic and such that J6% is Killing.
In this case, a straightforward computation shows that the Lie derivative of w along J#*
vanishes. Therefore, by Cartan’s formula, we obtain

Lygrdw = L jg1w — dijprw = 0.

Following the same argument as in [AV22] Corollary 3.2 and Theorem 3.6], it follows that
0 is Bismut parallel if and only if it is Levi-Civita parallel.

We now show that, in the more general Icb setting, the existence of a nontrivial Bismut-
parallel vector field does not imply that the Lee form 6 is Levi-Civita parallel, even under
the additional assumptions above. Consider, for example, the compact Hermitian manifold

(X,g,W) = (T X MagT +907wT +CU())
where (T, gr,wr) is a flat complex torus and (M, go,wo, 0y) is a compact lcK manifold of
complex dimension n — 1 > 2. By construction, (X,w, ), where
n—2

Hzn—l

907

is an Icb manifold. Indeed,

dw™ 1 = d(wT + wo)n_l
=d((n — Dwr Awy™?)
=(n—2)0 A ((n— Dwr A wSLiZ)
=(n—2)0 Aw" !

n—2
=(n—1 6 n—l
(n )<n_10>/\w

However, (X, w) is not IcK, since

dw = dwg = 0y Nwo # 0 A w.

Let (s,t) be isothermal coordinates on (T, gr,wr) such that gr = c(ds? + dt?). Then the
vector field 0, is Bismut parallel with respect to the Bismut connection V? of g, while the
Levi—Civita covariant derivative of the Lee form 6 satisfies

n—2

VI = V900y.

n—1
Therefore, if (M, go,wo, 6p) is not Vaisman, then
V99 # 0.

6. THE HOLONOMY OF THE CHERN CONNECTION

We now consider the case t = 1, corresponding to the Chern connection. In this situation,

equations (20), (21)), and yield
dJo = (V(a) + JV (b)) V> A JV".
Using (24)), we compute
V(a)+ JV(b) = =6(aV’) + adV’ — §(bJV") + b3.JV”
= —§(aV’) = 5(bJV’) + (a® + b%)(1 — n).
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Combining this with @, we obtain
—5(aV?) = (bJV’) + (a® + %) (1 —n) = dJO(V, JV)

2n

= deJH ei, Je;)
1=1

= —60+ (1 —n)|0).

Integrating over M, we conclude that 6y = 0. Hence,
0 =aV’ +bJV".
By and , we have dV? = dJV® = 0. Since df = 0, it follows that
da ANV® +db ATV’ =0. (54)
Since t = 1 and 8y = 0, equation reduces to
Lyg=alg—V' @V’ - JV’ @ JV’), (55)
Livg=0blg—V' @V’ —JV’ @ JV’).

We now pass to the universal cover M of M, and keep the same notation for the lifted
objects. Since 0 is closed, there exists a smooth function ¢ on M such that 6 = dp. We
decompose the metric g as

g=V' @V +JV’ @ JV’ + g.
Since V? and JV? are closed, we have
Ly(VeV)=Ly(JV’@JV') =Ly (V' @V’) =Ly (JV’ @JV’)=0.  (56)
Therefore, yields
Lyvgo = Lvg = ago,

57
Livgo = Livg = bgo. (57)

Consequently, since V(¢) =0(V) = a and JV(p) = 6(JV) = b,
Ly (e g0) = Lyv (e ¥g0) = 0. (58)

Consider the metric
G =V'RV +JV’ @ JV’ +e g

Observe that the metric duals of V' and JV are the same with respect to both g and ¢;.
By and , V and JV are Killing vector fields with respect to g;. Moreover, since
V? and JV? are closed, V and JV are parallel with respect to the Levi-Civita connection
VIt of g;.

Lemma 6.1. The metric g1 is complete.

Proof. Suppose by contradiction that (M ,g1) is not complete. Then there exists a unit-
speed maximal geodesic

v [O,T)—)M,

with 7" € (0, 400) and 7(0) = P. Since 7 is maximal, for any compact subset KX C M one
has 'y( [0,7") ) ¢ K. Hence, there exists an exhaustion (K,), of M by compact subsets and
a sequence (t,), C [0,T) such that v(t,) ¢ K, and

dg, (P, y(tn)) /> +o0. (59)
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Since a, b are defined on the compact manifold M, they are bounded on M. Thus, |al, b] < «
for some constant . We now show that, the function ¢ is bounded along ~. Indeed,

900)] = o)
= a(V,4) g + b(JV,A)g,| < 20x.
In particular, there exists a constant
k:=|p(P)| + 2aT

such that for any ¢ € [0,T),
[o(v(1)] < k.
Define the metric
Ge =V @V + IV @ IV + e Fygq.

Then g is complete, since it is the pullback of a metric on M. Moreover, along v we have

9k < g1,
which, by the Hopf~Rinow theorem [dC92, Theorem 2.8], contradicts . O

Applying the De Rham theorem [KN96], we deduce that the universal cover M, endowed
with the metric g1, splits isometrically as

(M, 1) = (R?* x N,ds* + dt* + gn)
where (N, gn,wy) is a complete simply connected manifold of complex dimension n — 1,
and V = 05, JV = 9;. We claim that (N, gn,wy) is Kéhler. Indeed,
dwy = d(e_“’wo)

= —e PO Awy + e Pdwy

=—eP0Nw+e Pdw=0.
By and the fact that = aV” + bJV?, the function ¢ defined by dy = 6 depends only
on s and t. Furthermore, by construction, we obtain the following isometry

(M, g) = (R* x N,ds* + dt* + egn).

We now show that ¢ descends to M using the following result from [Morl5, Lemma 3.4].
Lemma 6.2. Assume that (N9, gn) is a complete simply connected Riemannian manifold of
dimension d > 1, ¢ : R?> — R is a smooth function and T is a co-compact group acting totally
discontinuously by isometries on the Riemannian manifold (R? x N, ds®+ dt* + ec(s’t)gN).

Assume moreover that I' preserves the vector fields 0s and 0;. Then the function c is
mwvariant by T.

We note that in [Morl5, Lemma 3.4] the function c¢ is assumed to depend only on ¢.
However, the argument applies verbatim to the case where ¢ depends on both s and ¢.
In particular, ¢ is invariant under the deck transformation group of g. Hence ¢ descends
to M, and consequently 6 is exact on M. Therefore, w is globally conformally Kéhler.

We conclude this section by providing an example of a compact 1cK manifold admitting
a nontrivial Chern-parallel vector field and a nonvanishing exact Lee form.

Let T2 be a complex torus endowed with a Hermitian metric m := f(x,y)(dz? + dy?),
written in isothermal coordinates, and let (K, gx) be a compact Kéhler manifold. Then
X :=T? x K is Kéhler with respect to the product metric

9= f(z,y)(dz* + dy®) + gx-
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By construction, the conformally related metric h := f~'¢ is gcK with Lee form 6 =
d( — logf) = —%. Let W € TK C TX. Using [Bes08, Theorem 1.159] and @, we obtain
0= Vi, 0,
—vha, — %(G(W)BI 1+ 0(0)W — h(By, W)6?)
— v, —% (0,)W

h 1 h
= V0, + 5e)(agc)w — 50(@)W = Vit Oy
Moreover, since m is conformally flat we compute
V"0, = Vh 8,
= VY 0. + %(e(ax)agc +0(J8,)J 0, — 6*)

= V50, + %(e(aw)ax +0(J05) J0, — 67)

= vi*a, =0,
and similarly
Vi 0y = VI, = Vih 9, = 0.

We conclude that 0,0, = J0, are parallel with respect to the Chern connection VLR of h.
If f is nonconstant, then 6 % 0, and h is a non-Kéhler gcK metric.

7. THE EXCEPTIONAL CASE t = %

In this section, we analyze the remaining case t = % We first prove, without any

dimension restriction, that a = b = 0, which means V and JV are orthogonal to the Lee
vector field 6. After computing some further relations satisfied by the vector fields V, JV
and the 1—forms 6 and J6, we then specialize our arguments to the complex dimension
two case. Direct computations, which will be used later in the analysis of the universal
cover, allow us to compute the Lie derivative of the metric ¢g along the anti-Lee vector field
J6! as well as the brackets involving the vector fields V, JV, 6%, and JO.

On the universal cover M, we write the Lee form 0 as § = dp and identify M with
S x R?, where S is a Connected complete surface, using the flows of suitable commuting
vector fields. We then note that the vector field e3%.J6% is Killing on M and determines
a Killing vector field on S whose zero set is discrete and non-empty. Therefore, S is a
surface of revolution, diffeomorphic either to S? or to R?. Both cases imply that ¢ is
invariant under the action of the deck transformation group of M. Hence, the metric is gcK.

We start by proving our claim that a = b = 0. Wedging a 1-form with w is injective.
Therefore, from we obtain

2 2
da = ——af db = —=0b0.
a 399, 3 (60)
In particular,
2 9 2.9
=—- b) = —=b".
Vi) =3, V)=

Using , we compute
5(aV’) = =V (a) + adV’
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and similarly,
2
5(bJV’) = 52— n)b2.

If n > 2, integrating the above identities over M, we conclude directly that « = b = 0. On
the other hand, if n = 2, then

§(aV?) = 8(bJV") =0,
which implies

560 = 56. (61)

—2/a2|0|2 1/9”@2) = 1/a259
3 2 2
;/a%eo - ;/ag(aZ)

2
) —3/a2|90|2-

/a4 +a’b* =0,

and hence a = 0. By the same argument, we also obtain b = 0, thus proving our claim.

Identities and become

Therefore,

We deduce that

1
dv’ = 0NV,

] (62)
dJV’ = 0N JV.
For t = %, the Levi-Civita covariant derivatives of V' and JV are given by :

V4V =~ JOX)IV — LIV (X)JE — SV (X8,

1 1 1 (63)
VS IV = IOV + 6vb(X)Jeti - ngb(X)eﬁ.
By , the Lie derivative of g along V is
Lyg= —%(9-V"+J9-va). (64)
Since (V) = a = 0 and § = g(#%,-), we have
0 =duwy0+1ydd = Lyo
= Lyg(0") + g(Lv6")
= —éw?vb + g(Ly0).
It follows that
Lot = éym?v. (65)

Consequently,
V(I6]?) = v (6(6%))
= Ly0(6°) +0(Ly6") = 0.
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Applying the same argument to JV, we obtain

v (o]*) = Jv(l6l*) =0, (66)
and
Lov0f = %|0|2JV. (67)
Since, by ,
V,JV] = %J&ﬁ, (68)

the Jacobi identity together with implies
JO4(16]%) = 0, (69)
and from and we obtain:
L 54s0* = 3Ly, jy10*
=3(LvLyv0" — LyvLyv6?) (70)
BBE g2y, vy = Zpope.

Therefore,

dJO (0%, J0%) = 0% (JO(J6%)) — J6* (J0(6%)) — JO([6%, T6%))

= 6 (0f2) + 210l i
Since 6" is orthogonal to both V, JV, using , we obtain
dJo(V,0%) =V (J0(6%)) — 6*(JO(V)) — JO([V,6"))
6 _éJa(Wv) = 0. 2)
Similarly, yields
dJO(JV,6%) = 0. (73)
Since dJ6 is a (1,1)-form, it is J-invariant. Hence, using and we obtain
dJO(JV,J0%) = dJO(V, J6%) = 0. (74)
Finally, (23)) gives
dJO(V,JV) = —JO([V,JV]) = —%\0\2. (75)

Suppose now that n = 2. On the open set T := {6 # 0} we can consider the orthonormal
frame given by

0*  Jo*
V., JV, & 1o
0" 10|
Using this frame, @ together with and becomes
0F(10%) | 4
0 ~|6]* = 0.
e el
Consequently, on T" we have
6 4
0| =5 - =0. 76
(m) 3 7

From the Cartan formula we easily obtain

Ly9:0 = L0:V° = L5 TV’ = 0. (77)
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Moreover, from f we obtain at each point of T"

1 2 64|6]%)
dJo = —~|6PV> A IV 4 (2 oA J6. 78
Using and we get at each point of T
6%(19]°)
d|o)* = 79
o = e (79)
so using ([78)), , and the Cartan formula again:
2 69 2
L0 =d|0] -0 = 0= —=10%0. 80
sor 0 =g o2 (5 + S0 Yo = 20 (50)
On T one can write the metric g as
1
g:V*’®V*’+va®va+W(9®0+Je®J9), (81)
so from ([77)) and , we obtain
2

This equation also holds on the interior of M \ T' (where § = 0), so by density it holds on
M. From with ¢t = 1/3 we get

1
LVJ:§(JV/\9+VAJ9), (83)
so together with we obtain
Ly (JO*) = Ly (J6%) = 0. (84)

Consider now the universal cover M of M and denote the pull-backs with the same

symbols for simplicity. We write 6 = dip for some ¢ € C°°(M). An easy calculation shows
that

Liix)9=fLxg+df X’

for every vector field X and function f, so from we obtain that £ := e J0t is a
Killing vector field on M.

Now, from one can write e~ 39V? = ds and e~3¥JV” = dt for some functions s,t
on M, whose differentials never vanish. Denoting by S some level set of the function
(s,t) : M — R2, one can identify M with S x R? via the flows of commuting vector
fields dual to ds and dt, like for instance 05 := 3%V and 9, 1= e3¢ JV — ge%weﬂ (which
commute thanks to and ) In particular S is connected.

The Killing vector field £ is tangent to .S at each point, and its restriction to S is again
Killing. Let Z denote its zero set on S, which is a totally geodesic submanifold of even
codimension. Since & commutes with d; and 9; by , its zero set on M (which is the set
{6 = 0}) is equal to Z x R2. On the other hand, # is assumed to be non-identically zero,
so Z is not equal to S. Thus Z is discrete in S.

Since moreover Z is non-empty (otherwise we obtain a contradiction from ), it
follows that S is a surface of revolution. It is thus either diffeomorphic to S? if £ has two
zeros on S, or to R? if ¢ has only one zero on S.

In the first case, S is compact, so the function ¢, which is constant in the direction of
9, and 8y, is bounded on M. On the other hand, every v € I' := m (M) preserves 6, so
satisfies 7*¢ = ¢ + ¢, for some constant c,. Since ¢ is bounded, one obtains ¢, = 0 for
every v € w1 (M), so ¢ is the pull-back of a function on M, whence M is gcK. Moreover,



COMPACT LCK MANIFOLDS WITH GAUDUCHON PARALLEL VECTOR FIELDS 23

every v € w1 (M) satisfies 7.£ = £, 7.0s = 0s, and preserves ds and dt, so one can write for
every (z,s,t) € S x R%:

’}/(.’L‘,S,t) = (70($7t)75+507t+t0)7 (85)

for some constants s, ¢y and diffeomorphisms (-, ¢) of S preserving &.

In the second case, if x¢ denotes the unique zero of £ on S, one can check that for
every unitary geodesic ¢ on S with ¢(0) = x¢, the tangent vector ¢ is proportional to 6"
along ¢, with different signs when the time parameter changes sign, that is, there exists
e € {£1} such that |0|¢(t) = €0 for ¢ > 0 and |0|¢(t) = —eb for t < 0. Therefore, the
function ¢ — ¢(c(t)) has an absolute minimum at 0 if ¢ = 1 and an absolute maximum
at 0 if e = —1, which shows that ¢ is bounded on M either from below if € = 1, or from
above if ¢ = —1. As before, this implies that ¢ is not surjective, so M is gcK.

In the next example, following the above arguments, we construct a compact complex
surface admitting a nonzero V1/3-parallel vector field with respect to a gcK metric that is
not Kahler.

Example 7.1. Let M := S? x R2, with angular coordinates (o, B) on S? away from the
poles and coordinates (s,t) on R~2 . Extending the complex structure on S?, we define an
almost complex structure J on M by
1 ]
JO, = — 6ﬁ, JOs := 8t+§85.

sin o

Since
[0a — 1J0q, 05 — 1J0s] = 0,

J is a complex structure on M. We recall that the vector field 0p is Killing for the standard
metric

gos = da’ +sin® a df?
on S?. Since cos « is independent of 3, 93 is also Killing for
gs = el coso (da® + sin® a dp?). (86)
Set ¢ := cosa and 6 := dp, and define
V.= e_@/?’as, so that JV = e~ #/3 ((3,5 + gaﬁ) .

We note that the vector field 93 is also Killing for the Riemannian metric

2
g = e%%’ (da2 +ds? + dt? + sin? « (dﬁ — gdt) )

on M. Since in the standard coordinates (x,y, z) of R® we have

sin? adf = zdy — ydz, sin? a = 22 + 42,
and the metric is smooth, ¢ extends smoothly across the poles. The metric g is

Hermitian with respect to J and the fundamental 2-form @ associated to (J, §) is given by

&

2 s
=e3¥ (— sin a da A (dﬁ — gdt> +ds A dt) ,
and satisfies dwo = 0 A @. Thus g is gcK and 0 is the Lee form of &@. Moreover,

6t = —sinae*%‘f’aa, Jot = 67%5085.
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A direct computation using the Koszul formula and the IcK expression for the Gauduchon
connections @ shows that V is parallel with respect to the Gauduchon connection V;/ 5,
To show this, we consider the orthonormal frame {e;}}_; given by

e1=¢€ “Oq, eo=¢€ “0s =1V,
s e
= (9 + 205) = IV, S
@=e (t+35 sina ”
where u := %cosa = %ap. Setting A := Si%e‘“, we obtain
[e1, ea] = Aea, [e1, e3] = Aes,
_u [ Sina cosa
) = - 3 ) =A ) 87
le1,e4] =€ < 3 sma)e4 [e2, €3] €4 (87)
€2, e4] = [e3, e4] = 0.
Combining with
0F = —e Zsinaver, JO' = e sinaey,

and the Koszul formula for orthogonal vector fields X, Y, Z,
25(V4Y, 2) = (X, Y], 2) = §(IY, 2), X) + 5([Z, X, Y),
we compute the Levi-Civita covariant derivative of V along V, JV, 6%, J6*:

5 1 3 1
ViV = —geﬂ, VI,V = —gJeﬁ,

G . 1
VeV =0, V9V = —6]0|2JV.

Hence, for every vector field X on M, the Levi-Civita covariant derivative of V in given by
G 1 1 1
V5V = —39(X, V)oF — s9(X, JV)Jo* — G9(X, JOJV. (88)

Using @ and , we obtain that V is parallel with respect to the Gauduchon connection
1/3

vg ) . . .

Let a,b > 0 be positive numbers such that ab/3 € 27Z, and consider the free and

properly discontinuous actions

a
Wa(avﬁvsat) Ca (aaﬁ+ §t78+a7t) )
’)/b(O[,ﬁ,S,t) = (a7ﬁ75)t+b)'

Direct computations show that v,, 7, commute and preserve J,g, 8, and V. Consequently,
the compact complex surface

M := M/{~a, )

inherits a gcK metric g and a nonzero V;/ 3—paradlel vector field induced respectively by g
and V. The metric g is not Kahler, since its Lee form 0 is not identically zero.

Remark 7.2. Example provides a compact complex surface (M, J, gy, war,0 = dop)
endowed with a non-Kéahler gcK metric gj; and a nontrivial vector field V' that is parallel
with respect to the Gauduchon connection V;ﬁ’ . This yields higher-dimensional examples.
Indeed, for any compact Kéhler manifold (X, gx), the product P := M x X, equipped
with the metric g := gy @ €¥gx, is a compact Hermitian manifold of complex dimension

2 + dim¢ X admitting the non-Kéahler gcK metric g such that the extension of V' to P is a
nontrivial V}/ %_parallel vector field. This follows from the conformal change formula for
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the Levi-Civita connection [Bes08, Theorem 1.159], equation (9, and 6(V) = 6(JV) = 0.
Indeed, for any vector field Y on P, we have

1
6
er(e™ 1 1 1
= Uy TRy 20V )IV = Squ(JY.V)I0 + Sgu (Y. V)6

. 1 1 1
_ V; ngV + Vg}?]xv + 50(}/’)‘/ —+ 5(Q(V)Y — igM(Y7 V)Hﬁ

- éH(JY)JV - égM(JY, V)J6F 4 égM(Y, V)6

1 c 1 1
Vi,V = VIMteroxy _ Zggy)Jv — GIUY, V)JO* + 90, V)6

1 1 1 3
= VPV = 0UY)IV = cqu(JY.V)JO + 2gu (V. V)0F = Vi,V = 0.
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