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Abstract. We prove that on a compact locally conformally Kähler manifold, the exis-
tence of a non-trivial parallel vector field with respect to a Gauduchon connection ∇t, for
t ≠ 1

3
, forces the metric to be either Vaisman (for t = −1), globally conformally Kähler

(for t = 1), or Kähler for all other values of t. As a consequence, we characterize compact
Vaisman manifolds in terms of their Bismut holonomy group. Moreover, we show that in

complex dimension two, the existence of a non-trivial ∇
1
3 -parallel vector field forces the

metric to be globally conformally Kähler.

1. Introduction

A central question in non-Kähler Hermitian geometry, posed by to S.T. Yau [Yau90,
Problem 87], asks whether one can say something nontrivial about a compact Hermitian
manifold of complex dimension n whose holonomy group with respect to some Hermitian
connection is a proper subgroup of U(n).

Two natural Hermitian connections on a Hermitian manifold are the Bismut connection
∇b, characterized by the fact that its torsion is totally skew-symmetric, and the Chern
connection ∇c, defined by the fact that its (0, 1)-part is equal to the ∂̄ operator.

More generally, a natural family of Hermitian connections for which one might try to
investigate Yau’s question was introduced by Gauduchon in [Gau97]. The Gauduchon
connections {∇t}t∈R form the affine line joining the Bismut connection and the Chern
connection, namely

∇t =
1− t

2
∇b +

1 + t

2
∇c. (1)

Thus, ∇−1 = ∇b and ∇1 = ∇c. At t = 0, one recovers the first canonical connection,
obtained by projecting the Levi–Civita connection onto the holomorphic tangent bundle.
The connection ∇1/3 has torsion of minimal norm within the Gauduchon family and is
therefore called the “minimal Gauduchon connection”. As we shall see, this parameter
corresponds to an exceptional case in our setting. Although all of these connections coincide
with the Levi–Civita connection in the Kähler case, they are generally distinct in the
non-Kähler setting.

Motivated by Yau’s question, we investigate the existence of nonzero vector fields that
are parallel with respect to a Gauduchon connection on a compact Hermitian manifold.
Indeed, if V is ∇t-parallel, then so is JV , and the holonomy group Hol(∇t) is contained in
U(n− 1). In this paper, we study this problem in the setting of locally conformally Kähler
geometry, a type of non-Kähler Hermitian geometry interesting from the conformal point
of view.

A Hermitian manifold (M2n, J, g) is called locally conformally Kähler (lcK) if its funda-
mental 2-form ω satisfies

dω = θ ∧ ω
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for some closed one-form θ, called the Lee form of ω. The vanishing, exactness, and
Levi–Civita parallelism of θ correspond, respectively, to the Kähler, globally conformally
Kähler, and Vaisman case. The Lee form therefore provides a natural measure of the
failure of an lcK metric to be Kähler.

In [Mor15, MMP20] it is proved that a compact lcK manifold admitting a nonzero
Levi–Civita parallel vector field is globally conformally Kähler or Vaisman. Consequently, a
compact lcK manifold is Vaisman if and only if its Levi–Civita holonomy group is contained
in SO(2n− 1). It is then natural to investigate if an analogous rigidity result holds when
the Levi–Civita connection is replaced by some Gauduchon connection. A partial result in
this direction was obtained by Andrada and Villacampa in the Bismut case. They prove in
[AV22] that on a compact lcK manifold, the Lee form is Levi–Civita parallel if and only if it
is Bismut parallel. This means that for compact Vaisman manifolds, the Bismut holonomy
group is contained in U(n − 1). We will show that this property actually characterizes
compact Vaisman manifolds by proving the following result.

Theorem 1.1. Let (M2n, J, ω, θ) be a compact lcK manifold. Then the following are
equivalent:

(i) (M,J, ω, θ) is Vaisman;
(ii) Hol(∇b) ⊂ U(n− 1).

More generally, we show that, for generic values of t, the existence of a nonzero ∇t-
parallel vector field forces the lcK metric to be Kähler, while for special parameters such
as those associated with the Bismut and the Chern connections, a non-Kähler metric can
occur. Our main result is the following.

Theorem 1.2. Let (M,J, ω, θ) be a compact lcK manifold of complex dimension n ≥
2 admitting a nontrivial ∇t-parallel vector field V , where ∇t denotes the Gauduchon
connection associated with the parameter t ∈ R. Then the following hold:

(i) If t ≠ ±1, 13 , then θ ≡ 0, so the metric ω is Kähler, and V is parallel with respect
to the Levi-Civita connection.

(ii) If t = −1, then the metric ω is Vaisman. Moreover, in complex dimension at least
three, V is a linear combination with constant coefficients of the Lee and anti-Lee
vector fields θ♯ and Jθ♯.

(iii) If t = 1 then the Lee form θ is exact; in particular, (M,J, ω, θ) is globally con-
formally Kähler. Moreover, there exist a complete simply connected Kähler man-
ifold (N, gN , ωN ) of real dimension 2n − 2, a smooth real function c : R2 → R
(non-constant, if θ ̸≡ 0), and a discrete co-compact group Γ acting freely and

totally discontinuously on R2 × N , preserving the metric ds2 + dt2 + ec(s,t)gN ,
the Hermitian 2-form ds ∧ dt + ec(s,t)ωN and the vector fields ∂s and ∂t, such
that M is diffeomorphic to (R2 ×N)/Γ, and the structure (g, ω, θ) corresponds to

(ds2 + dt2 + ec(s,t)gN , ds ∧ dt+ ec(s,t)ωN , dc) through this diffeomorphism.
(iv) If t = 1

3 then V, JV are orthogonal to the Lee vector field θ♯. Moreover, in complex
dimension n = 2, the Lee form θ is exact; in particular, (M,J, ω, θ) is globally
conformally Kähler.

The proof of Theorem 1.2 relies on different arguments depending on the value of t. We
first decompose the Lee form as

θ = aV ♭ + bJV ♭ + θ0,

where ♭ denotes metric duality, and θ0 is orthogonal to V ♭ and JV ♭. In the lcK setting,
we can express the Gauduchon connections in terms of the Levi–Civita connection and
the Lee form θ. This allows us to compute the exterior derivatives and codifferentials of
V ♭ and JV ♭. In the generic case t ̸= ±1, 13 , we take contractions and wedge products of

dV ♭, dJV ♭ and use identities such as d2V ♭ = d2JV ♭ = 0 to obtain new relations. We then
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use compactness and integration arguments to deduce that θ ≡ 0. In the Bismut case,
we distinguish between the cases θ0 ̸≡ 0 and θ0 ≡ 0. We first assume that θ0 ̸≡ 0 and
note that V and JV are Killing vector fields. By taking Lie derivatives, we produce new
Killing vector fields. Wedge-product arguments then show that this case can occur only in
complex dimension two. When θ0 ≡ 0, we prove that a and b are constant. In the Chern
case, we first prove that the Lee vector field is a combination of V and JV . Once this
is established, we show that the lifts Ṽ and ˜JV to the universal cover are parallel with
respect to the Levi–Civita connection of a metric conformal to the lift of g. This yields a
splitting of the universal cover from which we will deduce the exactness of the Lie form θ.

Finally, we treat the case t = 1
3 . Using integration arguments, we prove that a = b = 0.

In complex dimension two, using suitable commuting vector fields, we identify the universal
cover M̃ with S×R2, where S is a complete connected surface. The existence of a nontrivial
Killing vector field on S with nonempty zero set reduces the possibilities to S = S2,R2. In
each case, we deduce that the Lee form θ is exact.

While in complex dimension two we give a complete picture of the existence of a ∇
1
3 -

parallel vector field, also providing an example in which the metric is gcK but non-Kähler,
the problem remains open in higher dimensions. However, in Remark 7.2 we construct
examples in every complex dimension of compact gcK non-Kähler manifolds admitting a

nontrivial ∇
1
3 -parallel vector field.

We note that the techniques used for the other parameters do not extend to the case
t = 1

3 . The arguments in the Bismut and Chern cases rely on geometric properties specific

to the corresponding values t = −1 and t = 1. For t ≠ ±1, 13 , on the other hand, we derive

relations between V and θ which can be manipulated to show that θ ≡ 0. At t = 1
3 , these

relations yield less information, since some terms are multiplied by the factor (t− 1
3) and

therefore vanish.
We organize the paper as follows. We start with a preliminary section in which we recall

basic notions of lcK geometry and Gauduchon connections. We also present some of the
consequences of the existence of a nontrivial ∇t-parallel vector field on a compact lcK
manifold, and conclude the section with some remarks on the Bismut connection in the lcK
setting. In the following sections, we study the cases of Theorem 1.2 one by one, starting
with the generic case t ≠ ±1, 13 , then moving to the Bismut case, and to the Chern one. In

the last section, we treat the exceptional case t = 1
3 .

Acknowledgments. The second author sincerely thanks Alexandra Otiman for her support,
encouragement, and many valuable discussions and suggestions.

2. Preliminaries

In this section, we collect the preliminary material needed for the proof of Theorem 1.2.
We begin by recalling the notion of locally conformally Kähler (lcK) manifolds together
with several identities that will be used throughout the manuscript. We then introduce the
family of Gauduchon connections and study their properties in the lcK setting. Assuming
the existence of a nontrivial vector field parallel with respect to a Gauduchon connection, we
derive several identities involving this vector field, including formulas for its codifferential,
exterior derivative, and other related quantities that will be used repeatedly later. Finally,
we discuss the Bismut connection in the lcK setting. Since the Bismut connection is a
distinguished member of the family of Gauduchon connections, we conclude by establishing
some additional properties that are specific to this case.

2.1. LcK manifolds. A locally conformally Kähler (lcK) manifold is a connected Hermitian
manifold (M,J, g, ω, θ) of complex dimension n ≥ 2, where ω := g(J ·, ·) is the fundamental
2-form associated with the Riemannian metric g, and θ is a closed 1-form, called the Lee
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form of ω, satisfying

dω = θ ∧ ω. (2)

If θ ≡ 0, then ω is Kähler. An lcK metric is called proper if it is not Kähler. If θ = dφ
is exact, then the conformally equivalent metric e−φω is Kähler. In this case, ω is called
globally conformally Kähler (gcK). The lcK structure is called strict if the Lee form θ is
not exact. Finally, an lcK manifold (M,J, g, ω, θ) is called Vaisman if the Lee form θ is
non-zero and parallel with respect to the Levi–Civita connection ∇g of g.

We extend the action of J to differential forms by setting

(Jα)(X1, . . . , Xk) := (−1)kα(JX1, . . . , JXk),

where α is a k-form and X1, . . . , Xk are vector fields. In particular, any (1, 1)-form is
J-invariant. Indeed, if β is a (p, q)-form we have

Jβ = i q−pβ.

Throughout the remainder of this manuscript, we assume that (M,J, g, ω, θ) is a compact
lcK manifold, and we denote by ∇ = ∇g the Levi–Civita connection of g.

Given a vector field V , we denote by V ♭ := g(V, · ) its metric-dual 1-form. Conversely,
for a 1-form α, we denote by α♯ its metric-dual vector field.

The covariant derivative of J is given by [Mor15]

∇XJ =
1

2

(
X ∧ Jθ + JX ∧ θ

)
, (3)

where, for a vector field X and a 1-form α, the endomorphism X ∧ α is defined by
(X ∧ α)(Y ) := X♭(Y )α♯ − α(Y )X for any vector field Y .

Recall that the codifferential of a 1-form α is given by

δα = −
2n∑
j=1

(∇ejα)(ej), (4)

where {ej}2nj=1 is a local orthonormal frame. As an immediate consequence of (4), if f is a
smooth function, then

δ(fα) = −α♯(f) + fδα. (5)

Throughout the manuscript, we will use the above identity (5) without further reference.
We next prove that, if {ej}2nj=1 is a local orthonormal frame, then

−δθ + (1− n)|θ|2 = 1

2

n∑
j=1

dJθ(ej , Jej). (6)

Using (3), we obtain

2n∑
j=1

(
∇ejJ

)
(ej) = (n− 1)Jθ♯,

2n∑
j=1

(
∇JejJ

)
(ej) = −(n− 1)θ♯. (7)
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Then (6) follows from

2n∑
j=1

dJθ(ej , Jej) =
2n∑
j=1

ej
(
Jθ(Jej)

)
− Jej

(
Jθ(ej)

)
− Jθ

(
∇ejJej −∇Jejej

)
=

2n∑
j=1

ej
(
θ(ej)

)
+ Jej

(
θ(Jej)

)
− Jθ

(
(∇ejJ)(ej) + J∇ejej

)
+ θ

(
(∇JejJ)(ej)−∇JejJej

)
(4),(7)
= −2δθ + 2(1− n)|θ|2.

We conclude this section by recalling that the 2-form dJθ is of type (1, 1). Recall that
the operator dc := JdJ−1 satisfies

ddc = 2i∂∂.

In particular, for any smooth function f , the 2-form ddcf is of type (1, 1). Since θ is
closed, it is locally exact. Hence, there exists a smooth local function φ such that θ = dφ.
Therefore,

dJθ = dJdφ = dJdJ−1φ = ddcφ,

which shows that dJθ is a (1, 1)-form.

2.2. Gauduchon connections in the lcK setting. Let {∇t
g}t∈R ≡ {∇t}t∈R denote the

family of Gauduchon connections introduced in [Gau97]:

g(∇t
XY, Z) = g(∇g

XY, Z)− t− 1

4
dω(JX, JY, JZ)− t+ 1

4
dω(JX, Y, Z). (8)

For any t, the connection ∇t is Hermitian, that is,

∇tg = 0, ∇tJ = 0.

In particular, when t = −1, one recovers the Bismut connection ∇b (see Section 2.3). The
connection ∇0 is called the first canonical connection; it is obtained by projecting the
Levi–Civita connection onto the holomorphic tangent bundle. For t = 1, the connection
∇1 coincides with the Chern connection, namely the unique Hermitian connection on the
holomorphic tangent bundle that is compatible with the ∂̄-operator.

In the lcK setting, formula (8) is equivalent to

∇t
Y Z = ∇g

Y Z − t

2
θ(JY )JZ +

t− 1

4
θ(JZ)JY

+
t− 1

4
ω(Y, Z)Jθ♯ − t+ 1

4
θ(Z)Y +

t+ 1

4
g(Y, Z)θ♯.

(9)

The torsion of ∇t is therefore given by

T t(Y, Z) =
1− 3t

4

(
θ(JY )JZ − θ(JZ)JY

)
+

t− 1

2
ω(Y, Z)Jθ♯

− t+ 1

4

(
θ(Z)Y − θ(Y )Z

)
.

(10)

2.3. The Bismut connection in the lcK setting. The Bismut connection ∇b of g is the
unique Hermitian connection whose torsion 3-form is totally skew-symmetric. It coincides
with the Gauduchon connection corresponding to the parameter t = −1. Hence, by (9),
for any vector fields X,Y on M , the Bismut connection can be written as

∇b
XY = ∇XY +

1

2

(
θ(JX)JY − θ(JY )JX − g(JX, Y )Jθ♯

)
. (11)
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The torsion 3-form of the Bismut connection is given by [AV22, Lemma 3.1]

T−1 ≡ T b = −Jθ ∧ ω.

The next lemma shows that, in the lcK setting, the torsion 3-form is coclosed. As a
consequence, the Bismut–Ricci form is J-invariant.

Lemma 2.1. On a lcK manifold, the torsion 3-form of the Bismut connection is coclosed.

Proof. We first establish the identity

∗
(
Jθ ∧ ω

)
= −θ ∧ ωn−2

(n− 2)!
. (12)

Consequently, δT b = − ∗ d ∗ (Jθ ∧ ω) = 0 since dθ = 0 and dω = θ ∧ ω. Let {ej}2nj=1 be a
local orthonormal frame. Then, for any 3-form β, we have

β ∧ ∗
(
Jθ ∧ ω

)
=

(
β, Jθ ∧ ω

)ωn

n!

=
1

2

2n∑
j=1

ιJθ♯β(ej , Jej)
ωn

n!

= ιJθ♯β ∧ ωn−1

(n− 1)!

= ιJθ♯

(
β ∧ ωn−1

(n− 1)!

)
+ β ∧ ιJθ♯

ωn−1

(n− 1)!

= β ∧
(
− θ ∧ ωn−2

(n− 2)!

)
,

which proves (12). □

Let Rb be the curvature tensor of∇b. The Bismut–Ricci tensor Ricb and the Bismut–Ricci
form ρb of the Bismut connection ∇b are defined, respectively, by

Ricb(X,Y ) =
2n∑
i=1

Rb(ei, X, Y, ei), ρb(X,Y ) =
1

2

2n∑
i=1

Rb(X,Y, ei, Jei),

where {ei}2ni=1 is a local orthonormal frame and X,Y are vector fields.
Combining Lemma 2.1 with the following identities, which hold on every Hermitian

manifold for any pair of vector fields X,Y [IP01, Corollary 3.2],

Ricb(X,Y )− Ricb(Y,X) = −δT b(X,Y ),

Ricb(JX, JY )− Ricb(Y,X) = (n− 1)
(
−∇b

JXθ(JY ) +∇b
Y θ(X)

)
,

ρb(JX, JY )− ρb(X,Y ) = δT b(JX, Y )− (n− 1)
(
∇b

Xθ(Y )−∇b
Y θ(X)

)
,

(13)

we obtain the following proposition.

Proposition 2.2. Let (M,J, g, ω, θ) be a lcK manifold. Then the following statements
hold:

(1) the Bismut–Ricci tensor Ricb is symmetric;
(2) the Bismut–Ricci form ρb is J-invariant; equivalently, it is a (1, 1)-form.

Moreover, the Bismut–Ricci tensor Ricb is J-invariant if and only if the Lee form θ is
holomorphic.

Proof. By Lemma 2.1, we have δT b = 0. It follows from the first equation in (13) that Ricb

is symmetric. A direct computation using (11) shows that on an lcK manifold we have

∇bθ = ∇θ.
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Moreover, since θ is closed, ∇θ is symmetric. We can therefore rewrite the last two
equations in (13) as

Ricb(JX, JY )− Ricb(X,Y ) = (n− 1)
(
−∇JXθ(JY ) +∇Xθ(Y )

)
,

ρb(JX, JY )− ρb(X,Y ) = 0.
(14)

By [MMO18, Lemma 3], the Lee form θ is holomorphic if and only if ∇θ is J-invariant.
The result now follows immediately from (14). □

Finally, we recall that, on an lcK manifold, the Lee form is Levi–Civita parallel if and
only if it is Bismut parallel:

Theorem 2.3 ([AV22, Theorem 3.6]). An lcK manifold is Vaisman if and only if ∇bθ = 0.

3. Gauduchon connections with parallel vector fields

In this section, we fix a parameter t ∈ R and assume that M admits a nontrivial vector
field V which is parallel with respect to the corresponding Gauduchon connection. We es-
tablish here some results that will be used in what follows to prove Theorem 1.2 case by case.

Since every Gauduchon connection is Hermitian, we have

∇tV = ∇tJV = 0.

Moreover, since ∇t is metric and V is non-trivial, we may assume from now on that V has
unit length.

We decompose the Lee vector field θ♯ into its components along ⟨V, JV ⟩ and its orthogonal
component:

θ♯ = aV + b JV + θ♯0, (15)

where

a := θ(V ), b := θ(JV ),

and θ♯0 is orthogonal to both V and JV .

Since V is ∇t-parallel, its Levi–Civita covariant derivative can be written explicitly as

∇g
Y V =

t

2
θ(JY )JV − t− 1

4
bJY − t− 1

4
V ♭(JY )Jθ♯

+
t+ 1

4
aY − t+ 1

4
V ♭(Y )θ♯.

(16)

Consequently, the Lie derivatives of the metric g along V and JV are given by

LV g =
t+ 1

4

(
2ag − θ · V ♭ − Jθ · JV ♭

)
,

LJV g =
t+ 1

4

(
2bg − θ · JV ♭ + Jθ · V ♭

)
,

(17)

where, for two 1-forms α, β, we set

α · β := α⊗ β + β ⊗ α.

Recall that, for a 1-form α, its exterior derivative is given by

dα =

2n∑
j=1

e♭j ∧∇ejα,
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where {ej}2nj=1 is a local orthonormal frame. Using (16), we compute the exterior derivatives

of V ♭ and JV ♭:

dV ♭ =
1− 3t

4
Jθ ∧ JV ♭ − t− 1

2
bω +

t+ 1

4
θ ∧ V ♭, (18)

dJV ♭ = −1− 3t

4
Jθ ∧ V ♭ +

t− 1

2
aω +

t+ 1

4
θ ∧ JV ♭. (19)

Applying d once again and using the identity d2 = 0, we obtain

0 = d2V ♭ =
1− 3t

4
dJθ ∧ JV ♭ − t− 1

2

(
1− 3t

4
aJθ + db+

3− t

4
bθ

)
∧ ω, (20)

0 = d2JV ♭ = −1− 3t

4
dJθ ∧ V ♭ +

t− 1

2

(
− 1− 3t

4
bJθ + da+

3− t

4
aθ

)
∧ ω. (21)

Since V and JV are ∇t-parallel, we have

[V, JV ] = −T t(V, JV )
10
=

t− 1

2

(
− bV + aJV − Jθ♯

)
= − t− 1

2
Jθ♯0. (22)

Consequently,

dJθ(V, JV ) = V (a) + JV (b) +
t− 1

2
|θ0|2. (23)

Using (4), we compute the codifferentials of the 1-forms V ♭ and JV ♭:

δV ♭ =
a

2
(t+ 1)(1− n),

δ(JV ♭) =
b

2
(t+ 1)(1− n).

(24)

Using (3) together with the identity

LXJ(Y ) = LXJY − JLXY

= ∇XJ(Y )−∇JY X + J∇Y X,

we compute the Lie derivative of J along V :

LV J =
1− t

2

(
JV ∧ θ + V ∧ Jθ

)
. (25)

The following lemmas will play a key role in the remainder of the paper.

Lemma 3.1. Suppose that t ≠ 1, and let U ⊂ M be an open subset on which θ0 = 0. Then,
on U , we have

da = − t+ 1

2
aθ, db = − t+ 1

2
bθ. (26)

In particular,

V (a) = − t+ 1

2
a2, JV (b) = − t+ 1

2
b2. (27)

Proof. On U , identities (18),(19),(20),(21) become

dV ♭ =
1− t

2
b(ω − V ♭ ∧ JV ♭),

dJV ♭ = −1− t

2
a(ω − V ♭ ∧ JV ♭),

0 = d2V ♭ =
1− t

2

(
db+

t+ 1

2
bθ

)
∧ (ω − V ♭ ∧ JV ♭),

0 = d2JV ♭ = −1− t

2

(
da+

t+ 1

2
aθ

)
∧ (ω − V ♭ ∧ JV ♭).

(28)
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Using that dθ = 0 and θ = aV ♭ + bJV ♭, we obtain

da ∧ V ♭ + db ∧ JV ♭ + adV ♭ + bdJV ♭ = 0. (29)

By (28), the last two terms cancel, hence

da ∧ V ♭ + db ∧ JV ♭ = 0. (30)

The equation above shows that da, db ∈ ⟨V ♭, JV ♭⟩. Since t ̸= 1, da, db and θ are in

⟨V ♭, JV ♭⟩ and wedging with ω− V ♭ ∧ JV ♭ is injective on ⟨V ♭, JV ♭⟩, from (28) we conclude

da = − t+ 1

2
aθ, db = − t+ 1

2
bθ

at each point of U . □

The next lemma relates da, db, θ, and Jθ, assuming that t ̸= 1.

Lemma 3.2. If t ̸= 1, then

Jda = db+
t+ 1

2

(
bθ − aJθ

)
. (31)

Proof. Applying J to (21), and using that dJθ is a (1, 1)-form, we obtain

0 = −1− 3t

4
dJθ ∧ JV ♭ +

t− 1

2

(
1− 3t

4
bθ + Jda+

3− t

4
aJθ

)
∧ ω.

Adding this identity to (20), we find

0 =
t− 1

2

(
t+ 1

2
aJθ − t+ 1

2
bθ + Jda− db

)
∧ ω.

Since t ̸= 1 and wedging a 1-form with ω is injective, we obtain (31). □

We conclude this section by establishing the first relation among V ♭, a, b and θ.

Lemma 3.3. If t ̸= 1 and n > 2 then

fV ♭ = da− 1− 3t

4
bJθ +

3− t

4
aθ, (32)

where f is the smooth function defined by

f := V (a) +
1− 3t

4
b2 +

3− t

4
a2. (33)

Proof. Since t ̸= 1, by wedging (21) with V ♭ we obtain

0 =

(
− 1− 3t

4
bJθ + da+

3− t

4
aθ

)
∧ V ♭ ∧ ω.

Since n > 2, wedging with ω is injective on 2-forms. Therefore,

0 =

(
− 1− 3t

4
bJθ + da+

3− t

4
aθ

)
∧ V ♭.

Hence, there exists a smooth function f such that

fV ♭ = da− 1− 3t

4
bJθ +

3− t

4
aθ.

Applying this equality to V gives (33). □
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4. The generic case t ̸= ±1, 13

In this section, we assume that t ≠ ±1, 13 and prove Theorem 1.2 under this assumption.
We distinguish two cases according to the complex dimension of M . We first treat the case
n > 2, and then the case n = 2.

Assume that n > 2. We begin by establishing, in Lemma 4.1, a new relation involving
a, b, da, V ♭, and θ, which is independent of the one obtained in Lemma 3.3. These two
identities will be the key ingredients in proving that a = b = 0. Once this is established, a
straightforward, although nontrivial argument shows that θ ≡ 0.

Lemma 4.1. Assume that t ≠ 1. Then there exists a smooth function C ∈ C∞(M) such
that

tda = CV ♭ +
(1− 3t)(1 + t)

8
bJθ − (t+ 1)2

8
aθ. (34)

Proof. Using Cartan’s formula and the fact that θ is closed, we obtain

LV θ = dιV θ = d
(
θ(V )

)
= da.

Then, the Lie derivative of Jθ along V is given by

LV Jθ = LV J(θ) + Jda

25
= Jda+

1− t

2

(
bθ − |θ|2JV ♭ + aJθ

)
.

(35)

Applying Cartan’s formula once again, we compute the contraction of dJθ with V :

ιV dJθ = LV Jθ − dιV Jθ

35
= Jda+

1− t

2

(
bθ − |θ|2JV ♭ + aJθ

)
+ db.

(36)

Contracting (20) with V and using (36), we obtain

0 =
3t− 1

4
JV ♭ ∧

(
Jda+

1− t

2

(
bθ + aJθ

)
+ db

)
+

t− 1

2
JV ♭ ∧

(
− db+

t− 3

4
bθ +

3t− 1

4
aJθ

)
+

t− 1

2
ω ∧

(
− V (b)− t+ 1

2
ab

)
.

This expression immediately implies that the last term vanishes, and therefore

0 =
3t− 1

4
JV ♭ ∧

(
Jda+

1− t

2

(
bθ + aJθ

)
+ db

)
+

t− 1

2
JV ♭ ∧

(
− db+

t− 3

4
bθ +

3t− 1

4
aJθ

)
.

Using (31) in the above equation, we deduce that

0 = JV ♭ ∧
(
tJda+

(1− 3t)(1 + t)

8
bθ +

(t+ 1)2

8
aJθ

)
.

Hence, there exists a smooth function C such that

CJV ♭ = tJda+
(1− 3t)(1 + t)

8
bθ +

(t+ 1)2

8
aJθ. (37)

Applying J to (37), we obtain (34). □

Combining Lemmas 3.3 and 4.1, we obtain the following proposition.

Proposition 4.2. If n > 2 and t ̸= ±1, 13 , then a = b = 0.
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Proof. Evaluating (32) on θ♯0, we obtain

tθ♯0(a) = −(t+ 1)2

8
a|θ0|2. (38)

Applying (34) to θ♯0 and multiplying the resulting identity by t, we find

tθ♯0(a) =
t(t− 3)

4
a|θ0|2. (39)

Since

−(t+ 1)2

8
=

t(t− 3)

4
(40)

holds only for t = 1, 13 , which are excluded by assumption, equations (38) and (39) imply
that

aθ0 = 0.

Applying the same argument to b, we obtain

bθ0 = 0.

Let

T := {θ0 ̸= 0}
be the open subset on which θ0 does not vanish, and let U denote the interior of M \ T .
Since aθ0 = bθ0 = 0, we have a = b = 0 on T . Therefore, (26) and (27) hold on T . On the
other hand, since θ0 = 0 on U , they also hold on U . As

U ∪ T

is dense in M , we conclude that (27), namely

V (a) = − t+ 1

2
a2, JV (b) = − t+ 1

2
b2,

holds globally. Integrating the above identities over M and using (24), we obtain

(t+ 1)(1− n)

2

�
a2 = − t+ 1

2

�
a2,

(t+ 1)(1− n)

2

�
b2 = − t+ 1

2

�
b2.

Therefore,
(t+ 1)(2− n)

2

�
a2 =

(t+ 1)(2− n)

2

�
b2 = 0.

Since n > 2 and t ̸= −1, we conclude that a = b = 0. □

By Proposition 4.2 we have a = b = 0. Hence, (20), together with (21) and (23), implies
that

dJθ =
t− 1

2
|θ0|2V ♭ ∧ JV ♭. (41)

Differentiating (41) and using (18) and (19), together with the fact that a = b = 0, we
obtain

0 =
2

t− 1
d2Jθ = d

(
|θ|2V ♭ ∧ JV ♭

)
= d

(
|θ|2

)
∧ V ♭ ∧ JV ♭ + |θ|2

(
dV ♭ ∧ JV ♭ − V ♭ ∧ dJV ♭

)
(18),(19)

=

(
d
(
|θ|2

)
+

t+ 1

2
|θ|2θ

)
∧ V ♭ ∧ JV ♭.

Hence,

d
(
|θ|2

)
+

t+ 1

2
|θ|2θ = 0. (42)
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Since M is compact, the function |θ|2 attains its maximum at some point x ∈ M . At this
point, d

(
|θ|2

)
(x) = 0. As t ≠ −1, equation (42) then implies that |θ|2(x) = 0. Since x is a

maximum point of the nonnegative function |θ|2, it follows that |θ|2 ≡ 0 on M . Therefore,
θ ≡ 0.

Assume now that n = 2. We first prove that θ0 ≡ 0. Wedging (21) with JV ♭ yields

0 = −1− 3t

4
dJθ ∧ V ♭ ∧ JV ♭ +

t− 1

2

(
1− 3t

4
b2 + V (a) +

3− t

4
a2
)
V ♭ ∧ JV ♭ ∧ ω.

Therefore, multiplying the above equation by 4
1−3t we obtain

0 =

(
− dJθ +

(
t− 1

2
b2 +

t− 1

1− 3t
2V (a) +

(t− 1)(3− t)

2(1− 3t)
a2
)
ω

)
∧ V ♭ ∧ JV ♭.

Combining this identity with (23), we obtain that, if V, JV, e, Je is a local orthonormal
frame, then

dJθ(V, JV ) + dJθ(e, Je) =− t+ 1

1− 3t
V (a) +

(t− 1)(3− t)

2(1− 3t)
a2

+ JV (b) +
t− 1

2
b2 +

t− 1

2
|θ0|2.

Using (6), we find

−δθ = − t+ 1

1− 3t
V (a)− (t+ 1)2

2(1− 3t)
a2 + JV (b) +

t+ 1

2
b2 +

t+ 1

2
|θ0|2

= − t+ 1

1− 3t

(
V (a) +

t+ 1

2
a2
)
+

(
JV (b) +

t+ 1

2
b2
)
+

t+ 1

2
|θ0|2.

Integrating the above identity over M and using (24), we obtain
�
|θ0|2 = 0. Hence θ0 ≡ 0.

We claim that δθ = 0. Indeed, by Lemma 3.1 and (24),

δ(aV ♭) = −V (a) + aδV ♭ = 0.

The same computation yields

δ(bJV ♭) = 0.

Therefore δθ = 0. It follows that

0 =

� 〈
δθ, a2

〉
=

�
2aθ♯(a)

3.1
= −(t+ 1)

�
a2|θ|2 = −(t+ 1)

�
a4 + a2b2,

and therefore a = 0. The same argument shows that b = 0, and hence θ ≡ 0.

5. The holonomy of the Bismut connection

In this section, we prove Theorem 1.2 for the case t = −1. Recall that the Bismut
connection ∇b is the Gauduchon connection corresponding to the parameter t = −1.

Our proof is divided into two cases. First, we assume that θ0 ̸≡ 0. The main ingredient
is the fact that the Lie bracket of Killing vector fields is again a Killing vector field.
Starting from the Killing vector fields V and JV (which are Killing by (17)), we repeatedly
take Lie brackets to construct new Killing vector fields. We then use the fact that the
non-vanishing set of a nontrivial Killing vector field is dense on a connected Riemannian
manifold. This will imply that the functions a, b, and |θ0| are constant. We will show that
this case cannot occur in complex dimension greater than two. In complex dimension two,
however, it implies that the metric is Vaisman. The second case is θ0 ≡ 0. In this situation,
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we again prove that a and b are constant, from which it follows that the manifold is Vaisman.

Case θ0 ̸≡ 0. Since V and JV are Bismut-parallel, they are Killing vector fields by
(17). We recall that the Lie derivative along a Killing vector field preserves metric duality.
Consequently, Cartan’s formula can be applied interchangeably to vector fields and to
their metric dual 1-forms along Killing vector fields. We will also use the fact that, on a
connected Riemannian manifold, the set of points where a nontrivial Killing vector field
does not vanish is dense [Kob58]. Moreover, the Lie bracket of two Killing vector fields

is again a Killing vector field. In particular, Jθ♯0 is a Killing vector field. Indeed, (22)
immediately yields

LV JV = Jθ♯0. (43)

Furthermore,

LV Jθ
♯
0 = −L

Jθ♯0
V

= −
(
L
Jθ♯0

V ♭
)♯

= −
(
dι

Jθ♯0
V ♭ + ι

Jθ♯0
dV ♭

)♯
= −

(
ι
Jθ♯0

dV ♭
)♯

(18)
= −

(
ι
Jθ♯0

(Jθ ∧ JV ♭ + bω)
)♯

= −|θ0|2JV + bθ♯0,

(44)

and similarly,

LJV Jθ
♯
0 = |θ0|2V − aθ♯0 (45)

are Killing vector fields. Taking the Lie derivative once more along V and along JV of the
above Killing vector fields, we obtain new Killing vector fields:

LV

(
bθ♯0 − |θ0|2JV

)
= −L

bθ♯0−|θ0|2JV V

(18)
= −

(
ι
bθ♯0−|θ0|2JV (Jθ ∧ JV ♭ + bω)

)♯
= −

(
− a|θ0|2JV + |θ0|2Jθ♯ + b2Jθ♯0 + b|θ0|2V

)
= −

(
|θ0|2 + b2

)
Jθ♯0,

(46)

where in the last equality we used the identity Jθ♯ = aJV − bV + Jθ♯0, and similarly,

LV

(
− aθ♯0 + |θ0|2V

)
= −

(
d|θ0|2

)♯
+ abJθ♯0, (47)

LJV

(
bθ♯0 − |θ0|2JV

)
=

(
d|θ0|2

)♯
+ abJθ♯0, (48)

LJV

(
− aθ♯0 + |θ0|2V

)
= −

(
|θ0|2 + a2

)
Jθ♯0. (49)

We will use the following lemma.

Lemma 5.1. Let X and Y be nontrivial Killing vector fields on a connected Riemannian
manifold. If

X♭ ∧ Y ♭ = 0,

then there exists a constant c ∈ R such that X = cY .
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Proof. Since X♭ ∧ Y ♭ = 0, there exists a smooth function f defined on the dense open set
M0 := {Y ̸= 0} such that X♭ = fY ♭. Since both X and Y are Killing, we have

0 = LfY g

= fLY g + df ⊗ Y ♭ + Y ♭ ⊗ df

= df ⊗ Y ♭ + Y ♭ ⊗ df.

Let W be orthogonal to Y . Evaluating the above identity on (Y, Y ) and (W,Y ) we obtain

2df(Y )|Y |2 = 0,

and

df(W )|Y |2 = 0.

Since M0 is dense, we conclude that

df(Y ) = df(W ) = 0.

Hence df = 0 on M0, and therefore f is constant on M . □

Applying the above lemma with Y = Jθ♯0 and X given by (46), (49) and (47) + (48), we
deduce that the functions

|θ0|2 + b2, |θ0|2 + a2, ab

are constant. Indeed, if c and e are constants such that{
ab = c

a2 − b2 = e,

then

c2 = (ab)2 = (b2 + e)b2,

that is,

0 = b4 + b2e− c2.

Hence, b is constant, and consequently so a and |θ0|. In particular, |θ| is constant.
We now prove that this case cannot occur in complex dimension greater than two.

Assume n > 2. By Lemma 3.3, there exists a smooth function

f = a2 + b2 (50)

such that

fV ♭ = −bJθ + aθ

= (a2 + b2)V ♭ + aθ0 − bJθ0.
(51)

Hence,
aθ0 − bJθ0 = 0,

which implies that a = b = 0, since a and b are constant and, by assumption, θ0 ̸≡ 0. From
(20) and (21) we obtain

0 = dJθ ∧ V ♭ = dJθ ∧ JV ♭,

and therefore, using (23)

dJθ = −|θ|2V ♭ ∧ JV ♭. (52)

Let {ej}2nj=1 be a local orthonormal frame with e1 = V and e2 = JV . Then identity (6)
reduces to

−δθ + (1− n)|θ|2 = −|θ|2.
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Integrating over M , we obtain

(n− 2)

�
|θ|2 = 0.

Since n > 2, it follows that θ ≡ 0, a contradiction.

In complex dimension two, we argue differently. From (44) and (45), we deduce that

both aθ♯0 and bθ♯0 are Killing vector fields. If at least one of a and b is nonzero, then θ♯0
is Killing, and therefore θ♯ is Killing as well. Since θ is also closed, it follows that it is
Levi–Civita parallel. Therefore, the lcK metric ω is Vaisman. Assume now that a = b = 0.
Then, Jθ♯ is Killing and, since the metric is lcK,

LJθ♯ω = 0.

These two properties imply that Jθ♯ is holomorphic, and consequently so is θ♯. Since θ has
constant length, [MMO18, Theorem 1] implies that (M,J, ω) is Vaisman.

Case θ0 ≡ 0. Since t = −1, Lemma 3.1 immediately implies that a and b are constant.
Since V and JV are ∇b-parallel, it follows that ∇bθ = 0. On an lcK manifold, this condition
is equivalent to ∇gθ = 0 (Theorem 2.3). Therefore, (M,J, ω) is Vaisman.

Remark 5.2. We note that, in complex dimension n > 2, the vector field V is a linear
combination of the Lee vector field θ♯ and the anti-Lee vector field Jθ♯ with constant coef-
ficients. In complex dimension two, both cases appearing in the proof may occur. The first
corresponds to V being a linear combination of θ♯ and Jθ♯ with constant coefficients, while
the metric is not necessarily Bismut–Ricci flat; this is the case of Vaisman solvmanifolds
[AV22, Corollary 4.9]. The second case yields Bismut–Ricci flat surfaces. Indeed, up to a
normalization, there exists a J-orthonormal parallel Bismut basis {θ♯, Jθ♯, V, JV } and in
complex dimension two the identity

ρb(X,Y ) = Ricb(X,JY )

holds for any vector fields X,Y [IP01, Proposition 3.1]. This is the case of Hopf Vaisman
surfaces [AV22, Corollary 5.11].

As an immediate consequence of Theorem 1.2, we obtain Theorem 1.1.

Proof of Theorem 1.1. The implication (i)⇒(ii) is standard. On a Vaisman manifold the
Lee form is ∇b-parallel (Theorem 2.3), and therefore so are θ♯ and Jθ♯; consequently, the
Bismut holonomy reduces to U(n − 1). Conversely, assume that Hol(∇b) ⊂ U(n − 1).
Since we are considering the full holonomy group, there exists a global nowhere-vanishing
∇b-parallel vector field V . Theorem 1.2 implies that (M,J, ω, θ) is Vaisman. □

We conclude this section with a remark on the Bismut connection in the locally con-
formally balanced setting. We show that the analogue of Theorem 1.1 fails in this more
general framework. This suggests that the lcK setting is the largest natural non-Kähler
class in which the existence of a nontrivial Bismut-parallel vector field forces the Lee vector
field to be parallel.

Remark 5.3. Let (X, J) be a complex manifold of complex dimension n and let ω be
a Hermitian metric on X. The metric ω is called balanced if dωn−1 = 0. In complex
dimension two, any balanced metric is Kähler. The metric ω is called locally conformally
balanced (lcb) if

dωn−1 = (n− 1)θ ∧ ωn−1, dθ = 0,

where θ denotes the Lee form of ω. By definition, in complex dimension two the notions of
lcb and lcK coincide. On the other hand, in complex dimension greater than two, any lcK
metric is lcb, whereas the converse does not hold.
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We observe that Theorem 2.3 remains valid in the lcb setting, provided that the Lee
vector field is holomorphic and the anti-Lee vector field is Killing. We emphasize that,
even in the lcK case, these additional assumptions on the Lee vector field do not imply
that it is Levi–Civita parallel; see [MMO18, Lemma 2 and Section 3]. Let (M, g, ω, θ) be a
compact lcb manifold whose Lee vector field is holomorphic and such that Jθ♯ is Killing.
In this case, a straightforward computation shows that the Lie derivative of ω along Jθ♯

vanishes. Therefore, by Cartan’s formula, we obtain

ιJθ♯dω = LJθ♯ω − dιJθ♯ω = 0.

Following the same argument as in [AV22, Corollary 3.2 and Theorem 3.6], it follows that
θ is Bismut parallel if and only if it is Levi–Civita parallel.

We now show that, in the more general lcb setting, the existence of a nontrivial Bismut-
parallel vector field does not imply that the Lee form θ is Levi–Civita parallel, even under
the additional assumptions above. Consider, for example, the compact Hermitian manifold

(X, g, ω) := (T ×M, gT + g0, ωT + ω0)

where (T, gT , ωT ) is a flat complex torus and (M, g0, ω0, θ0) is a compact lcK manifold of
complex dimension n− 1 ≥ 2. By construction, (X,ω, θ), where

θ =
n− 2

n− 1
θ0,

is an lcb manifold. Indeed,

dωn−1 = d
(
ωT + ω0

)n−1

= d
(
(n− 1)ωT ∧ ωn−2

0

)
= (n− 2)θ0 ∧

(
(n− 1)ωT ∧ ωn−2

0

)
= (n− 2)θ0 ∧ ωn−1

= (n− 1)

(
n− 2

n− 1
θ0

)
∧ ωn−1.

However, (X,ω) is not lcK, since

dω = dω0 = θ0 ∧ ω0 ̸= θ ∧ ω.

Let (s, t) be isothermal coordinates on (T, gT , ωT ) such that gT = c(ds2 + dt2). Then the
vector field ∂t is Bismut parallel with respect to the Bismut connection ∇b of g, while the
Levi–Civita covariant derivative of the Lee form θ satisfies

∇gθ =
n− 2

n− 1
∇g0θ0.

Therefore, if (M, g0, ω0, θ0) is not Vaisman, then

∇gθ ̸= 0.

6. The holonomy of the Chern connection

We now consider the case t = 1, corresponding to the Chern connection. In this situation,
equations (20), (21), and (23) yield

dJθ =
(
V (a) + JV (b)

)
V ♭ ∧ JV ♭.

Using (24), we compute

V (a) + JV (b) = −δ
(
aV ♭

)
+ aδV ♭ − δ

(
bJV ♭

)
+ bδJV ♭

= −δ
(
aV ♭

)
− δ

(
bJV ♭

)
+
(
a2 + b2

)
(1− n).

(53)
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Combining this with (6), we obtain

−δ
(
aV ♭

)
− δ

(
bJV ♭

)
+
(
a2 + b2

)
(1− n) = dJθ(V, JV )

=
1

2

2n∑
i=1

dJθ(ei, Jei)

= −δθ + (1− n)|θ|2.

Integrating over M , we conclude that θ0 ≡ 0. Hence,

θ = aV ♭ + bJV ♭.

By (18) and (19), we have dV ♭ = dJV ♭ = 0. Since dθ = 0, it follows that

da ∧ V ♭ + db ∧ JV ♭ = 0. (54)

Since t = 1 and θ0 ≡ 0, equation (17) reduces to

LV g = a
(
g − V ♭ ⊗ V ♭ − JV ♭ ⊗ JV ♭

)
,

LJV g = b
(
g − V ♭ ⊗ V ♭ − JV ♭ ⊗ JV ♭

)
.

(55)

We now pass to the universal cover M̃ of M , and keep the same notation for the lifted
objects. Since θ is closed, there exists a smooth function φ on M̃ such that θ = dφ. We
decompose the metric g as

g = V ♭ ⊗ V ♭ + JV ♭ ⊗ JV ♭ + g0.

Since V ♭ and JV ♭ are closed, we have

LV

(
V ♭ ⊗ V ♭

)
= LV

(
JV ♭ ⊗ JV ♭

)
= LJV

(
V ♭ ⊗ V ♭

)
= LJV

(
JV ♭ ⊗ JV ♭

)
= 0. (56)

Therefore, (55) yields

LV g0 = LV g = ag0,

LJV g0 = LJV g = bg0.
(57)

Consequently, since V (φ) = θ(V ) = a and JV (φ) = θ(JV ) = b,

LV

(
e−φg0

)
= LJV

(
e−φg0

)
= 0. (58)

Consider the metric

g1 = V ♭ ⊗ V ♭ + JV ♭ ⊗ JV ♭ + e−φg0.

Observe that the metric duals of V and JV are the same with respect to both g and g1.
By (56) and (58), V and JV are Killing vector fields with respect to g1. Moreover, since

V ♭ and JV ♭ are closed, V and JV are parallel with respect to the Levi–Civita connection
∇g1 of g1.

Lemma 6.1. The metric g1 is complete.

Proof. Suppose by contradiction that (M̃, g1) is not complete. Then there exists a unit-
speed maximal geodesic

γ : [0, T ) → M̃,

with T ∈ (0,+∞) and γ(0) = P . Since γ is maximal, for any compact subset K ⊂ M̃ one

has γ
(
[0, T )

)
̸⊂ K. Hence, there exists an exhaustion (Kn)n of M̃ by compact subsets and

a sequence (tn)n ⊂ [0, T ) such that γ(tn) /∈ Kn and

dg1
(
P, γ(tn)

)
̸→ +∞. (59)
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Since a, b are defined on the compact manifoldM , they are bounded on M̃ . Thus, |a|, |b| < α
for some constant α. We now show that, the function φ is bounded along γ. Indeed,∣∣∣∣ ddtφ(γ(t))

∣∣∣∣ = ∣∣dφ(γ̇)∣∣
=

∣∣a⟨V, γ̇⟩g1 + b⟨JV, γ̇⟩g1
∣∣ ≤ 2α.

In particular, there exists a constant

k := |φ(P )|+ 2αT

such that for any t ∈ [0, T ), ∣∣φ(γ(t))∣∣ ≤ k.

Define the metric

gk := V ♭ ⊗ V ♭ + JV ♭ ⊗ JV ♭ + e−kg0.

Then gk is complete, since it is the pullback of a metric on M . Moreover, along γ we have

gk ≤ g1,

which, by the Hopf–Rinow theorem [dC92, Theorem 2.8], contradicts (59). □

Applying the De Rham theorem [KN96], we deduce that the universal cover M̃ , endowed
with the metric g̃1, splits isometrically as(

M̃, g̃1
)
=

(
R2 ×N, ds2 + dt2 + gN

)
where (N, gN , ωN ) is a complete simply connected manifold of complex dimension n− 1,
and V = ∂s, JV = ∂t. We claim that (N, gN , ωN ) is Kähler. Indeed,

dωN = d
(
e−φω0

)
= −e−φθ ∧ ω0 + e−φdω0

= −e−φθ ∧ ω + e−φdω = 0.

By (54) and the fact that θ = aV ♭ + bJV ♭, the function φ defined by dφ = θ depends only
on s and t. Furthermore, by construction, we obtain the following isometry(

M̃, g̃
)
=

(
R2 ×N, ds2 + dt2 + eφgN

)
.

We now show that φ descends to M using the following result from [Mor15, Lemma 3.4].

Lemma 6.2. Assume that (Nd, gN ) is a complete simply connected Riemannian manifold of
dimension d ≥ 1, c : R2 → R is a smooth function and Γ is a co-compact group acting totally
discontinuously by isometries on the Riemannian manifold (R2 ×N, ds2 + dt2 + ec(s,t)gN ).
Assume moreover that Γ preserves the vector fields ∂s and ∂t. Then the function c is
invariant by Γ.

We note that in [Mor15, Lemma 3.4] the function c is assumed to depend only on t.
However, the argument applies verbatim to the case where c depends on both s and t.
In particular, φ is invariant under the deck transformation group of g. Hence φ descends
to M , and consequently θ is exact on M . Therefore, ω is globally conformally Kähler.

We conclude this section by providing an example of a compact lcK manifold admitting
a nontrivial Chern-parallel vector field and a nonvanishing exact Lee form.

Let T 2 be a complex torus endowed with a Hermitian metric m := f(x, y)(dx2 + dy2),
written in isothermal coordinates, and let (K, gK) be a compact Kähler manifold. Then
X := T 2 ×K is Kähler with respect to the product metric

g := f(x, y)
(
dx2 + dy2

)
+ gK .
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By construction, the conformally related metric h := f−1g is gcK with Lee form θ =
d
(
− logf

)
= −df

f . Let W ∈ TK ⊂ TX. Using [Bes08, Theorem 1.159] and (9), we obtain

0 = ∇g
W∂x

= ∇h
W∂x −

1

2

(
θ(W )∂x + θ(∂x)W − h(∂x,W )θ♯

)
= ∇h

W∂x −
1

2
θ(∂x)W

= ∇1,h
W ∂x +

1

2
θ(∂x)W − 1

2
θ(∂x)W = ∇1,h

W ∂x.

Moreover, since m is conformally flat we compute

∇1,h
∂x

∂x = ∇h
∂x∂x

= ∇g
∂x
∂x +

1

2

(
θ(∂x)∂x + θ(J∂x)J∂x − θ♯

)
= ∇m

∂x∂x +
1

2

(
θ(∂x)∂x + θ(J∂x)J∂x − θ♯

)
= ∇flat

∂x
∂x = 0,

and similarly

∇1,h
J∂x

∂x = ∇1,h
∂x

J∂x = ∇1,h
J∂x

J∂x = 0.

We conclude that ∂x, ∂y = J∂x are parallel with respect to the Chern connection ∇1,h of h.
If f is nonconstant, then θ ̸≡ 0, and h is a non-Kähler gcK metric.

7. The exceptional case t = 1
3

In this section, we analyze the remaining case t = 1
3 . We first prove, without any

dimension restriction, that a = b = 0, which means V and JV are orthogonal to the Lee
vector field θ♯. After computing some further relations satisfied by the vector fields V, JV
and the 1−forms θ and Jθ, we then specialize our arguments to the complex dimension
two case. Direct computations, which will be used later in the analysis of the universal
cover, allow us to compute the Lie derivative of the metric g along the anti-Lee vector field
Jθ♯ as well as the brackets involving the vector fields V, JV, θ♯, and Jθ♯.

On the universal cover M̃ , we write the Lee form θ as θ = dφ and identify M̃ with
S × R2, where S is a connected complete surface, using the flows of suitable commuting

vector fields. We then note that the vector field e
2
3
φJθ♯ is Killing on M̃ and determines

a Killing vector field on S whose zero set is discrete and non-empty. Therefore, S is a
surface of revolution, diffeomorphic either to S2 or to R2. Both cases imply that φ is
invariant under the action of the deck transformation group of M̃ . Hence, the metric is gcK.

We start by proving our claim that a = b = 0. Wedging a 1-form with ω is injective.
Therefore, from (21) we obtain

da = −2

3
aθ, db = −2

3
bθ. (60)

In particular,

V (a) = −2

3
a2, JV (b) = −2

3
b2.

Using (24), we compute

δ
(
aV ♭) = −V (a) + aδV ♭

=
2

3
a2 +

2

3
(1− n)a2 =

2

3
(2− n)a2,
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and similarly,

δ(bJV ♭) =
2

3
(2− n)b2.

If n > 2, integrating the above identities over M , we conclude directly that a = b = 0. On
the other hand, if n = 2, then

δ(aV ♭) = δ(bJV ♭) = 0,

which implies

δθ = δθ0. (61)

Therefore,

−2

3

�
a2|θ|2 (60)

=
1

2

�
θ♯
(
a2
)
=

1

2

�
a2δθ

(61)
=

1

2

�
a2δθ0 =

1

2

�
θ♯0
(
a2
)

(60)
= −2

3

�
a2|θ0|2.

We deduce that �
a4 + a2b2 = 0,

and hence a = 0. By the same argument, we also obtain b = 0, thus proving our claim.

Identities (18) and (19) become

dV ♭ =
1

3
θ ∧ V ♭,

dJV ♭ =
1

3
θ ∧ JV ♭.

(62)

For t = 1
3 , the Levi–Civita covariant derivatives of V and JV are given by (16):

∇g
XV = −1

6
Jθ(X)JV − 1

6
JV ♭(X)Jθ♯ − 1

3
V ♭(X)θ♯,

∇g
XJV =

1

6
Jθ(X)V +

1

6
V ♭(X)Jθ♯ − 1

3
JV ♭(X)θ♯.

(63)

By (17), the Lie derivative of g along V is

LV g = −1

3

(
θ · V ♭ + Jθ · JV ♭

)
. (64)

Since θ(V ) = a = 0 and θ = g(θ♯, ·), we have

0 = dιV θ + ιV dθ = LV θ

= LV g
(
θ♯
)
+ g

(
LV θ

♯
)

= −1

3
|θ|2V ♭ + g

(
LV θ

♯
)
.

It follows that

LV θ
♯ =

1

3
|θ|2V. (65)

Consequently,

V
(
|θ|2

)
= V

(
θ(θ♯)

)
= LV θ

(
θ♯
)
+ θ

(
LV θ

♯
)
= 0.
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Applying the same argument to JV , we obtain

V
(
|θ|2

)
= JV

(
|θ|2

)
= 0, (66)

and

LJV θ
♯ =

1

3
|θ|2JV. (67)

Since, by (22),

[V, JV ] =
1

3
Jθ♯, (68)

the Jacobi identity together with (66) implies

Jθ♯
(
|θ|2

)
= 0, (69)

and from (65) and (67) we obtain:

LJθ♯θ
♯ = 3L[V,JV ]θ

♯

= 3
(
LV LJV θ

♯ − LJV LV θ
♯
)

(65),(66),(67)
= |θ|2[V, JV ] =

2

3
|θ|2Jθ♯.

(70)

Therefore,

dJθ
(
θ♯, Jθ♯

)
= θ♯

(
Jθ(Jθ♯)

)
− Jθ♯

(
Jθ(θ♯)

)
− Jθ

(
[θ♯, Jθ♯]

)
= θ♯

(
|θ|2

)
+

2

3
|θ|4.

(71)

Since θ♯ is orthogonal to both V, JV , using (65), we obtain

dJθ(V, θ♯) = V
(
Jθ(θ♯)

)
− θ♯

(
Jθ(V )

)
− Jθ

(
[V, θ♯]

)
(65)
= −1

3
Jθ

(
|θ|2V

)
= 0.

(72)

Similarly, (67) yields

dJθ(JV, θ♯) = 0. (73)

Since dJθ is a (1, 1)-form, it is J-invariant. Hence, using (72) and (73) we obtain

dJθ(JV, Jθ♯) = dJθ(V, Jθ♯) = 0. (74)

Finally, (23) gives

dJθ(V, JV ) = −Jθ([V, JV ]) = −1

3
|θ|2. (75)

Suppose now that n = 2. On the open set T := {θ ≠ 0} we can consider the orthonormal
frame given by

V, JV,
θ♯

|θ|
,
Jθ♯

|θ|
.

Using this frame, (6) together with (23) and (71) becomes

δθ +
θ♯
(
|θ|2

)
|θ|2

+
4

3
|θ|2 = 0.

Consequently, on T we have

δ

(
θ

|θ|2

)
+

4

3
= 0. (76)

From the Cartan formula we easily obtain

LJθ♯θ = LJθ♯V
♭ = LJθ♯JV

♭ = 0. (77)
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Moreover, from (71)–(75) we obtain at each point of T :

dJθ = −1

3
|θ|2V ♭ ∧ JV ♭ +

(
2

3
+

θ♯(|θ|2)
|θ|4

)
θ ∧ Jθ. (78)

Using (66) and (69) we get at each point of T

d|θ|2 = θ♯(|θ|2)
|θ|2

, (79)

so using (78), (79), and the Cartan formula again:

LJθ♯Jθ = d|θ|2 − |θ|2
(
2

3
+

θ♯(|θ|2)
|θ|4

)
θ = −2

3
|θ|2θ. (80)

On T one can write the metric g as

g = V ♭ ⊗ V ♭ + JV ♭ ⊗ JV ♭ +
1

|θ|2
(θ ⊗ θ + Jθ ⊗ Jθ), (81)

so from (77) and (80), we obtain

LJθ♯g = −2

3
θ · Jθ. (82)

This equation also holds on the interior of M \ T (where θ = 0), so by density it holds on
M . From (25) with t = 1/3 we get

LV J =
1

3

(
JV ∧ θ + V ∧ Jθ

)
, (83)

so together with (65) we obtain

LV (Jθ
♯) = LJV (Jθ

♯) = 0. (84)

Consider now the universal cover M̃ of M and denote the pull-backs with the same
symbols for simplicity. We write θ = dφ for some φ ∈ C∞(M̃). An easy calculation shows
that

L(fX)g = fLXg + df ·X♭

for every vector field X and function f , so from (82) we obtain that ξ := e
2
3
φJθ♯ is a

Killing vector field on M̃ .

Now, from (62) one can write e−
1
3
φV ♭ = ds and e−

1
3
φJV ♭ = dt for some functions s, t

on M , whose differentials never vanish. Denoting by S some level set of the function
(s, t) : M̃ → R2, one can identify M̃ with S × R2 via the flows of commuting vector

fields dual to ds and dt, like for instance ∂s := e
1
3
φV and ∂t := e

1
3
φJV − s

3e
2
3
φJθ♯ (which

commute thanks to (68) and (84)). In particular S is connected.
The Killing vector field ξ is tangent to S at each point, and its restriction to S is again

Killing. Let Z denote its zero set on S, which is a totally geodesic submanifold of even
codimension. Since ξ commutes with ∂s and ∂t by (84), its zero set on M̃ (which is the set
{θ = 0}) is equal to Z × R2. On the other hand, θ is assumed to be non-identically zero,
so Z is not equal to S. Thus Z is discrete in S.

Since moreover Z is non-empty (otherwise we obtain a contradiction from (76)), it
follows that S is a surface of revolution. It is thus either diffeomorphic to S2 if ξ has two
zeros on S, or to R2 if ξ has only one zero on S.

In the first case, S is compact, so the function φ, which is constant in the direction of
∂s and ∂t, is bounded on M̃ . On the other hand, every γ ∈ Γ := π1(M) preserves θ, so
satisfies γ∗φ = φ+ cγ for some constant cγ . Since φ is bounded, one obtains cγ = 0 for
every γ ∈ π1(M), so φ is the pull-back of a function on M , whence M is gcK. Moreover,
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every γ ∈ π1(M) satisfies γ∗ξ = ξ, γ∗∂s = ∂s, and preserves ds and dt, so one can write for
every (x, s, t) ∈ S × R2:

γ(x, s, t) = (γ0(x, t), s+ s0, t+ t0), (85)

for some constants s0, t0 and diffeomorphisms γ0(·, t) of S preserving ξ.
In the second case, if x0 denotes the unique zero of ξ on S, one can check that for

every unitary geodesic c on S with c(0) = x0, the tangent vector ċ is proportional to θ♯

along c, with different signs when the time parameter changes sign, that is, there exists
ε ∈ {±1} such that |θ|ċ(t) = εθ for t ≥ 0 and |θ|ċ(t) = −εθ for t ≤ 0. Therefore, the
function t 7→ φ(c(t)) has an absolute minimum at 0 if ε = 1 and an absolute maximum

at 0 if ε = −1, which shows that φ is bounded on M̃ either from below if ε = 1, or from
above if ε = −1. As before, this implies that φ is not surjective, so M is gcK.

In the next example, following the above arguments, we construct a compact complex
surface admitting a nonzero ∇1/3-parallel vector field with respect to a gcK metric that is
not Kähler.

Example 7.1. Let M̃ := S2 × R2, with angular coordinates (α, β) on S2 away from the
poles and coordinates (s, t) on R2. Extending the complex structure on S2, we define an

almost complex structure J on M̃ by

J∂α := − 1

sinα
∂β, J∂s := ∂t +

s

3
∂β.

Since

[∂α − iJ∂α, ∂s − iJ∂s] = 0,

J is a complex structure on M̃ . We recall that the vector field ∂β is Killing for the standard
metric

g0,S := dα2 + sin2 αdβ2

on S2. Since cosα is independent of β, ∂β is also Killing for

gS := e
2
3
cosα

(
dα2 + sin2 αdβ2

)
. (86)

Set φ := cosα and θ := dφ, and define

V := e−φ/3∂s, so that JV = e−φ/3
(
∂t +

s

3
∂β

)
.

We note that the vector field ∂β is also Killing for the Riemannian metric

g̃ := e
2
3
φ

(
dα2 + ds2 + dt2 + sin2 α

(
dβ − s

3
dt
)2

)
on M̃ . Since in the standard coordinates (x, y, z) of R3 we have

sin2 αdβ = xdy − ydx, sin2 α = x2 + y2,

and the metric (86) is smooth, g̃ extends smoothly across the poles. The metric g̃ is
Hermitian with respect to J and the fundamental 2-form ω̃ associated to (J, g̃) is given by

ω̃ = e
2
3
φ
(
− sinαdα ∧

(
dβ − s

3
dt
)
+ ds ∧ dt

)
,

and satisfies dω̃ = θ ∧ ω̃. Thus g̃ is gcK and θ is the Lee form of ω̃. Moreover,

θ♯ = − sinα e−
2
3
φ∂α, Jθ♯ = e−

2
3
φ∂β.
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A direct computation using the Koszul formula and the lcK expression for the Gauduchon

connections (9) shows that V is parallel with respect to the Gauduchon connection ∇1/3
g̃ .

To show this, we consider the orthonormal frame {ei}4i=1 given by

e1 = e−u∂α, e2 = e−u∂s = V,

e3 = e−u
(
∂t +

s

3
∂β

)
= JV, e4 =

e−u

sinα
∂β,

where u := 1
3cosα = 1

3φ. Setting λ := sinα
3 e−u, we obtain

[e1, e2] = λe2, [e1, e3] = λe3,

[e1, e4] = e−u

(
sinα

3
− cosα

sinα

)
e4, [e2, e3] = λe4,

[e2, e4] = [e3, e4] = 0.

(87)

Combining (87) with

θ♯ = −e−2usinα e1, Jθ♯ = e−2usinα e4,

and the Koszul formula for orthogonal vector fields X,Y, Z,

2g̃(∇g̃
XY,Z) = g̃

(
[X,Y ], Z

)
− g̃

(
[Y,Z], X

)
+ g̃

(
[Z,X], Y

)
,

we compute the Levi–Civita covariant derivative of V along V, JV, θ♯, Jθ♯:

∇g̃
V V = −1

3
θ♯, ∇g̃

JV V = −1

6
Jθ♯,

∇g̃
θ♯
V = 0, ∇g̃

Jθ♯
V = −1

6
|θ|2JV.

Hence, for every vector field X on M̃ , the Levi–Civita covariant derivative of V in given by

∇g̃
XV = −1

3
g̃(X,V )θ♯ − 1

6
g(X,JV )Jθ♯ − 1

6
g(X,Jθ♯)JV. (88)

Using (9) and (88), we obtain that V is parallel with respect to the Gauduchon connection

∇1/3
g̃ .

Let a, b > 0 be positive numbers such that ab/3 ∈ 2πZ, and consider the free and
properly discontinuous actions

γa(α, β, s, t) :=
(
α, β +

a

3
t, s+ a, t

)
,

γb(α, β, s, t) := (α, β, s, t+ b).

Direct computations show that γa, γb commute and preserve J ,g̃, θ, and V . Consequently,
the compact complex surface

M := M̃/⟨γa, γb⟩

inherits a gcK metric g and a nonzero ∇1/3
g -parallel vector field induced respectively by g̃

and V . The metric g is not Kähler, since its Lee form θ is not identically zero.

Remark 7.2. Example 7.1 provides a compact complex surface (M,J, gM , ωM , θ = dφ)
endowed with a non-Kähler gcK metric gM and a nontrivial vector field V that is parallel

with respect to the Gauduchon connection ∇1/3
gM . This yields higher-dimensional examples.

Indeed, for any compact Kähler manifold (X, gX), the product P := M ×X, equipped
with the metric g := gM ⊕ eφgX , is a compact Hermitian manifold of complex dimension
2 + dimCX admitting the non-Kähler gcK metric g such that the extension of V to P is a

nontrivial ∇1/3
g -parallel vector field. This follows from the conformal change formula for



COMPACT LCK MANIFOLDS WITH GAUDUCHON PARALLEL VECTOR FIELDS 25

the Levi–Civita connection [Bes08, Theorem 1.159], equation (9), and θ(V ) = θ(JV ) = 0.
Indeed, for any vector field Y on P , we have

∇
1
3
g Y V = ∇gM+eφgX

Y V − 1

6
θ(JY )JV − 1

6
g(JY, V )Jθ♯ +

1

3
g(Y, V )θ♯

= ∇eφ(e−φgM+gX)
Y V − 1

6
θ(JY )JV − 1

6
gM (JY, V )Jθ♯ +

1

3
gM (Y, V )θ♯

= ∇e−φgM
Y V +∇gX

Y V +
1

2
θ(Y )V +

1

2
θ(V )Y − 1

2
gM (Y, V )θ♯

− 1

6
θ(JY )JV − 1

6
gM (JY, V )Jθ♯ +

1

3
gM (Y, V )θ♯

= ∇gM
Y V − 1

6
θ(JY )JV − 1

6
gM (JY, V )Jθ♯ +

1

3
gM (Y, V )θ♯ = ∇

1
3
gM Y V = 0.

References

[AV22] A. Andrada, R. Villacampa, Bismut connection on Vaisman manifolds, Math. Z. 302 (2022), no. 2,
1091–1126; MR4480223

[Bes08] A. L. Besse, Einstein manifolds, reprint of the 1987 edition, Classics in Mathematics, Springer,
Berlin, 2008; MR2371700

[dC92] M. P. do Carmo, Riemannian geometry, translated from the second Portuguese edition by Francis
Flaherty, Mathematics: Theory & Applications, Birkhäuser Boston, Boston, MA, 1992; MR1138207
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