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ABSTRACT. We classify 7-dimensional Riemannian manifolds carrying a metric connection
with parallel skew-symmetric torsion whose holonomy is contained in Gs, up to naturally
reductive homogeneous spaces and nearly parallel Ga-structures. This extends and completes
the classification initiated by Th. Friedrich in the cocalibrated case. Incidentally, we also
obtain the list of SU(3) geometries with parallel skew-symmetric torsion, up to naturally
reductive homogeneous spaces and nearly Kéhler manifolds.

1. INTRODUCTION

The Levi-Civita connection, as torsion-free metric connection, is the central object in Rie-
mannian geometry. The next most natural class of connections to study is metric connections
with totally skew-symmetric and parallel torsion. These connections have many nice prop-
erties, e.g. their curvature is still pair-symmetric, the second Bianchi identity holds and the
first Bianchi identity holds with an additional torsion term. Moreover, these connections have
the same geodesics as the Levi-Civita connection. An important motivation for studying con-
nections with skew-symmetric parallel torsion comes from the fact that they often arise in
the presence of special geometric structures, such as nearly Kéhler and Sasakian manifolds,
Go-structures, and naturally reductive homogeneous spaces. In all these cases a canonical
connection with parallel skew-symmetric torsion preserving the structure exists. This connec-
tion is often better adapted to the special geometry and has interesting additional properties.
In recent years, connections with parallel skew-symmetric torsion have attracted substantial
interest in mathematics, and various papers have studied them in particular settings (e.g. [1],
], [12], [16]).

Connections with parallel skew-symmetric torsion are also important in theoretical physics,
in particular in superstring and supergravity theories. In type II superstring theory the
fundamental string equations were formulated by Strominger among other things in terms
of a 3-form. The assumption that this 3-form is the torsion form of a metric connection
has proved to be a successful starting point for a complete solution of the system of string
equations (cf. [19], see also [11]). A particularly interesting dimension in string theory is
dimension 7. Here the Go-Hull-Strominger system (or heterotic Go-system) was extensively
investigated recently (see e.g. [6] or [15]).
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In their seminal paper [8], Cleyton and Swann presented a first classification result for
Riemannian manifolds admitting a metric connection with parallel skew-symmetric torsion.
Under the assumption that the torsion does not vanish and its holonomy acts irreducibly
they show that the manifold is either naturally reductive locally homogeneous, or a nearly
Kahler manifold in dimension 6, or a nearly parallel Go-manifold in dimension 7.

In [7] we started a systematic study of geometries with parallel skew-symmetric torsion in
the general case, i.e. with reducible holonomy. We showed that in this situation there exists
a locally defined Riemannian submersion with totally geodesic leaves, which are naturally re-
ductive spaces. Moreover, the base of the submersion again admits a connection with parallel
skew-symmetric torsion, together with some further, somewhat mysterious, geometric struc-
tures. We used this reduction procedure to obtain new classification results under additional
assumptions. However, it turned out that there is a huge variety of possible constructions
and a complete classification seems to be out of reach for the moment.

The main tool in [7] is the standard decomposition of the tangent bundle into vertical
and horizontal parts. Its definition is based on properties of the holonomy algebra of the
connection with parallel skew-symmetric torsion (see Sect. 2.6 below). This approach was
generalized in [14]. Tt turns out that one can define a standard decomposition, with similar
properties, associated to any Lie algebra containing the holonomy algebra and contained in
the Lie algebra of the stabilizer of the torsion form (of course the stabilizer algebra contains
the holonomy algebra). One of the main achievements in [14] is the generalization of the
classification result in [8] to the case where any of these intermediate algebras acts irreducibly
on the tangent space. A classification was possible with the exception of the case where the
holonomy algebra is contained in the Lie algebra go. It is exactly this case which is settled
in the present article.

More precisely, we will study connections with parallel skew-symmetric torsion preserving
a given Gg-structure, i.e. with holonomy contained in G,. In this situation, as we will
show, a complete local classification is possible, up to naturally reductive spaces, Riemannian
manifolds with Go-holonomy and nearly parallel Go-manifolds. For these three classes of
manifolds many examples are known and at least for Gy-holonomy and nearly parallel Go-
manifolds a classification seems not feasible. Naturally reductive 7-dimensional homogeneous
spaces have been recently classified by Storm [18]. However, it is not clear in which cases
the holonomy algebra of the canonical homogeneous connection is contained in gs. As a
byproduct of our classification in the Go-case we also obtain a classification for connections
with parallel skew-symmetric torsion and holonomy contained in SU(3).

A related classification result was obtained by Friedrich in [12]. He considered the special
case of cocalibrated Go-manifolds, i.e. with coclosed Gy-form, assuming non-abelian holonomy
and also in most cases assuming the manifolds to be complete and simply-connected.

With the new tools developed in [7] and [14] at hand, we were now able to extend and
complete Friedrich’s results and at the same time to complete the classification from [14].
Our main results can be summarized as follows.
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Theorem 1.1. Let (M7, g, 7,¢) be a Riemannian manifold with a Gy-structure defined by the
3-form @ and a metric connection V7 with skew-symmetric and parallel torsion T, preserving
the Go-structure, i.e. V'1 =0 and V7o = 0. Let R™ be the curvature of V™ and let d :=
dim Par(V7) denote the dimension of the space of V7 -parallel vector fields. Then (M, g, T, )
15 locally isomorphic to a manifold in one of the following cases:

(1) VTR™ =0 (in which case (M, g) is a naturally reductive homogeneous space);
(2) (M, g,¢) is a torsion-free Go-manifold, (i.e. Hol(M,VY) C Gg), and 7 = 0;
(3) d=1:

(a) (M,g) =R x (N,g"), where N is a 6-dimensional Calabi-Yau manifold, 7 = 0
and ¢ is given by (16);

(b) (M,g) =R x (N,g"), where N is a 6-dimensional strict nearly Kihler manifold
and T and ¢ are giwen in (17)—(18);

(¢c) (M,q), where S is a T-dimensional a-Sasaki manifold which is the total space of
an S*-fibration over a Kdihler-FEinstein manifold of positive scalar curvature 720>
and T and ¢ are defined in (21)—(22);

(d) (M, g) is the total space of an S-fibration over the twistor space of an anti-self-
dual Einstein manifold in dimension 4 of positive scalar curvature, and T and
are given in (28);

(e) (M, g) is the total space of an S'-fibration over a product (K, g%) x (2, ¢%) of
Kahler-Einstein manifolds, K of dimension 4, and Y of dimension 2, with scalar
curvatures satisfying either scal™ +scal® > 0 and scal® # 0, or scal”™ = scal” = 0
and T and ¢ are defined in (33)—(34);

(4) d>2:

(a) (M,g) = S x (K,g") or (M,g) = R? x (K, g"), where K is a 4-dimensional
hyperkéihler manifold and T and ¢ are given in (39);

(b) (M, g) =R2x (S, g%), where S is a 5-dimensional a-Sasaki manifold which is the
total space of an S*-fibration over a Kdihler-Einstein manifold of positive scalar
curvature 320 and T and ¢ are defined in (43) and (44).

(¢c) (M, g) has a parallel 3-(av, §)-Sasaki structure with § = 2a, and T and @ are given
in (45) and (46).

(5) d=0:

(a) (MY,gq) is a 3-(a,d)-Sasaki manifold with 6 # 2a and T and ¢ are given in
Proposition 6.2;

(b) (M9,g) has a nearly parallel Go-structure ¢ and T = Ap for some XA € R*.

Remark 1.2. Note that cases (5)(a) and (5)(b) have an overlap. Indeed, if § = 5, then
the 3-(«,d)-Sasaki structure defines a nearly parallel Go-structure by (50) with 7 = a.
Similarly, case (2), which corresponds to torsion-free Go-manifolds, i.e. 7 = 0, has an overlap
with (3)(a) and with the second case of (4)(a).

The proof of Theorem 1.1 will be given in Sections 4-6. Note that if a 6-dimensional
manifold (N, ¢g) has a metric connection with parallel skew-symmetric torsion whose holonomy
is contained in SU(3), then the induced connection on the Riemannian product R x (N, g)
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has holonomy contained in SU(3) C Gs, and going through the possible cases in Theorem 1.1
we obtain at once:

Theorem 1.3. Let (N® g) be a Riemannian manifold with an SU(3)-structure (w,) and
a metric connection V° with skew-symmetric and parallel torsion o, preserving the SU(3)-
structure, i.e. V70 = 0, V°w = 0 and V7Y = 0. Then (N,g) is locally isometric to a
manifold in one of the following cases:

(1) (N, g) is a naturally reductive homogeneous space;

(2) (N, g,w, ) is a 6-dimensional Calabi-Yau manifold, and o = 0;

(3) (N, g,w) is a 6-dimensional strict nearly Kdihler manifold, o = —% * dw, and v is a
linear combination of o and xo.

(4) (N,g) = R x (S, g°), where (S,g°, & ®) is a 5-dimensional a-Sasaki manifold which
is the total space of an S'-fibration over a Kdhler-Einstein manifold of positive scalar
curvature 3202, w = dt A&+ O and o = dt A ad.

Note that in case (4), the 3-form 1 of the SU(3)-structure is harder to describe. From the
considerations in §5.2, it follows that 1 can be written as ¥ = £ A B + dt A (o, where (5; and
3, are orthogonal V7-parallel sections of A*(£1) € A2TS of square norm 2.

The paper is structured as follows. We start in Section 2 with collecting a few basic
definitions and facts used throughout the article. We discuss in particular SU(3)- and Go-
structures on Euclidean vector spaces, as well as geometric structures on manifolds, such as
Sasaki and nearly Kahler structures. At the end of the Section 2 we recall the definition
of the standard decomposition and of the corresponding standard submersion for manifolds
with a metric connection with parallel skew-symmetric torsion introduced in [7].

In Section 3 we study the locally defined Riemannian submersion induced by a V7-parallel
vector field, where V7 is a connection with skew-symmetric torsion. In particular, we give in
Lemma 3.6 conditions for a V"-parallel form on the total space to be projectable to a form on
the base which is parallel with respect to an induced connection with skew-symmetric torsion.
In (12) we derive a useful relation between the curvature tensors of these connections.

In Section 4 we start with the main topic of our article, the classification of 7-dimensional
Riemannian manifolds admitting a connection V™ with parallel skew-symmetric torsion whose
holonomy is contained in G,. We divide our study in three cases according to the dimension
of the space of V7-parallel vector fields, denoted by Par(V7). In the case dim(Par(V7)) = 1,
the starting point is the observation in Lemma 4.2 that in this situation the horizontal part
‘H can have hol-irreducible summands only of dimensions 6 or 4. The corresponding subcases
are treated separately and lead to the first classes of examples.

In Section 5 we study the case dim Par(V7) > 2. In this case one has an orthonormal frame
of three V7-parallel vector fields spanning a calibrated 3-plane V, which can be used, together
with the torsion form, to define three self-dual forms on the horizontal space H := V. It turns
out that these forms (denoted by ;) define a Lie subalgebra of ATH, and according to the
possible dimensions, 0, 1, and 3 of this subalgebra, the solutions to our problem correspond to
Riemannian products of 3-dimensional space forms with hyperkahler 4-manifolds, to products
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of R? with Sasakian S'-bundles over Kéhler-Einstein 4-manifolds, or parallel 3-(4, o)-Sasaki
manifolds.

In the final Section 6 we discuss the case dim Par(V7™) = 0. Here we use the classification
of possible holonomy algebras of V7 given by Friedrich in [12]. There are five Lie algebras
contained in gy acting on R” without trivial summands. Four of them directly lead to natu-
rally reductive locally homogeneous spaces, respectively to nearly parallel Go-manifolds. The
remaining case hol = su(2) @ su.(2) leads to further interesting examples defined on 3-(4, a)-
Sasaki manifolds, as described in Proposition 6.2. Our result in this case can be interpreted
as the converse to the construction by Agricola and Dileo [1, Thm. 4.5.1] of the characteristic
connection on 3-(4, a)-Sasaki manifolds in dimension 7. The key argument here was to use a
modified connection which turned out to be flat on the vertical distribution, thus allowing us
to recover the Killing vector fields defining the 3-(6, a)-Sasaki structure.
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2. PRELIMINARIES

2.1. Generalities on multilinear algebra. Let (F,(,-,)) be an n-dimensional Euclidean
space. We identify F with E* and A?E ~ A?E* with the space End™ (FE) of skew-symmetric
endomorphisms of E by means of the scalar product. For example, if X,Y € E, then X A Y
can be seen as a skew-symmetric endomorphisms of E by the formula

(XAY)Z) = (X,2)Y — (Y, Z)X .

The exterior algebra A*E has a unique scalar product extending (-,-) and such that the
interior and exterior products with vectors X and XA are adjoint to each other. Note that
this scalar product does not correspond to the usual extension of the scalar product to the
tensor algebra via the above identification. For instance, if XY € E are two orthogonal
vectors, then

1
X AY|ep = | XY = §]X /\Y\%nd,(E) .

Every skew-symmetric endomorphism A € End™ (F) extends uniquely as a derivation of
the tensor bundle, denoted A., commuting with the isomorphism £ ~ E* defined by the
scalar product. On the exterior algebra A*E one has the convenient expression

(1) A= Ale) Aeia

=1

where {e;} is any orthonormal basis of E. If A,B € End™ FE, then A.B = [A, B], where
[A, B] := AB — BA denotes the commutator of endomorphisms.
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Other useful formulas which will be needed below are

(2) Zei A (ejua) = pa, ZCiJ(Gi ANa)=(n—pa, Vo € APE .

=1 =1

2.2. SU(3)-structures. Let E be a 2m-dimensional real vector space. A U(m)- (or Her-
mitian) structure on E is a scalar product (-,-) together with an orthogonal endomorphism
J satisfying J?> = —idg. Then J is skew-symmetric and the bilinear form w := (J-,-) is
skew-symmetric.

The extension J, of J to the exterior bundle A*FE is skew-symmetric as well. The square
(J,)? is thus symmetric, and for every p > 0 its spectrum on APFE is given by
{(~p—207 [teZnfo.5)}.
The eigenspace of the restriction of (J,)? to APE corresponding to the eigenvalue —(p—21)? is
denoted by AP=L0+Gr=D B or simply by AGYE if p = 21, so for every p we have the orthogonal
direct sum decomposition

5]
APE — @A(pfl,l)ﬂl,pfl)g )
1=0

The skew-symmetric endomorphisms corresponding to ALY E and A20+0.2) E via the above
identifications are exactly those commuting, respectively anti-commuting, with J. The Hodge
duality is the isomorphism * : APE — A™ PFE defined by the volume form %wm. The metric
adjoint of wA : APE — APY2E is denoted A : AP*2E — APE. The kernel of its restriction to
AFD+EE B will be denoted by AT B,

An SU(m)-structure on E is a Hermitian structure as above, together with an element
Y € AO+0m) B satisfying 1], = 2™71. The terminology comes from the fact that the
subgroup of GL(FE) preserving the structure ({-,-), J, w, ®) is isomorphic to SU(m).

Of particular interest for us will be the case m = 3.

Lemma 2.1. For every SU(3)-structure ({-,-), J,w, ) on E there exists an oriented orthonor-
mal basis {e;} of E such that

w=e'? 4 4 W = 35 _ M6 _ (236 _ 25

where {e'} denotes the dual basis and we use the standard notation e := ¢ A el and €% =
el Nel AeP.

Proof. It is clear that one can find an orthonormal basis { f;} of F such that w = f12+ f3*+ 56,
This basis is automatically oriented with respect to the orientation defined by w?. Since

ABO+03) B ig spanned by the real and imaginary parts of
U= (fL i) AP i) A +if0)
there exist z,y € R such that ¥ = zRe(V) + yIm(¥) = Re[(z — iy)¥]. As [¢|> = |Re(V)]? =

[Im(W)|?, we have 22 + y? = 1. If 2z = € denotes a complex number such that 23 = z — iy,
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then v = Re[z(f* +if2) A z(f2+ifY) Az(f°+if®)]. Thus w and v have the desired form with
respect to the basis obtained from {f;} by a rotation of angle  in the 2-planes generated by
f?j*l?f?ju fOI'j = 1,2,3. |:|

We list below some standard formulas and facts intensively used all over the paper.

Lemma 2.2. If ((-,-), J,w, ) is an SU(3)-structure on a 6-dimensional real vector space E,
then the following hold:

(1) Juo = 3(x0), J.(x0) = =30, and JX_ 0 = =X i(x0), Xioc = JXi(xo) for every
X € E and o0 € AGOTO3 .

(2) E is irreducible as SU(3)-representation, and the decompositions of A°E and A*FE
in irreducible SU(3)-summands are A’E = AZ0+02 B g A((]l’l)E @ Rw and A’E =
Ry & R(xp) @ APV E @ (w A E);

(3) The map E > X — X 1p € ACO+YOIE js an isomorphism of SU(3)-representations;

(4) If a € Aél’l)E then a,) = a,(x) = 0.

2.3. Gy-structures. The group Gs can be defined as the stabilizer in GL(7) of the 3-form
(3) o= 12 QM5 4 Q16T | 26 _ (25T 34T _ 356

and is automatically contained in SO(7) (see [4]). A basis in which ¢ has the above form is
called adapted. By the previous observation, all adapted bases induce the same metric and
orientation on R”.

A Go-structure on a 7-dimensional vector space F' is a 3-form whose stabilizer is isomorphic
to Gg, or equivalently, which can be written in the form (3) with respect to some basis of
F*. Again, such bases will be called adapted, and they all induce the same scalar product,
sometimes denoted g, and the same orientation on F'.

The following result is classical (see e.g. [10, Prop. 2.3]):

Lemma 2.3. The group Gy acts transitively on the set of pairs of orthonormal vectors in F.

We will now describe the relationship between Go- and SU(3)-structures.

Lemma 2.4. Let ¢ be a Gay-structure on a 7-dimensional vector space F and let & be a unit
vector in F (with respect to the induced metric g,). We denote E := &+, go the restriction
of gp to E, and decompose ¢ = & ANw + 1), with w € A’E, 1 € A’E. Then (go,w, ) is an
SU(3)-structure on E. Conversely, any SU(3)-structure (go,w, ) on a 6-dimensional vector
space E induces a Go-structure ¢ :== & Aw + ¢ on F :=RED E, compatible with the metric
g on F extending gy and such that & has unit length and is orthogonal to E.

Proof. Using the transitivity of Gy on the unit sphere of F, one can find an adapted or-
thonormal basis {e;} such that £ = e;. Then es,. .., e; is an orthonormal basis of (E, go),
and (go,w = ¥ + e + €87 1) 1= €216 — 3T — 37 — ¢356) is an SU(3)-structure. Indeed,
[¥)3s = 4 and an easy calculation gives w,w,) = —91.
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Conversely, if (go, w, 1) is an SU(3)-structure on £, Lemma 2.1 shows (by shifting all indices

by 1), that there exists an orthonormal basis es, ..., e; of E such that w = €23 4 e + €57
and 1) = 16 — 27 — 317 _ 356 Thus ¢ := £ Aw + ¢ has the standard form (3) by taking
e1 := &, so in particular is compatible with the metric g defined above. ]

Finally, we describe the 4-dimensional reduction of spaces with Ga-structures, relative to
the choice of a calibrated 3-plane. Recall that a 3-plane P C F' is called calibrated by ¢ if
the restriction of ¢ to P is a volume form of unit length with respect to the induced metric.
Equivalently, P is calibrated if there exists a basis {e;} adapted to ¢ such that P is spanned
by the vectors eq, e, e3.

Let ¢ be a Ga-structure on F and let P be a calibrated 3-plane. By definition, there exists
an adapted basis {e;} such that P is spanned by ey, e, e3. Then (3) reads

3
(4) p=eP+Y e NB,

i=1
where 31 1= e® + €%, 3, := €0 — €7, and B3 := —e*" — 0. We denote by H the orthogonal
complement of P, i.e. the 4-dimensional vector space spanned by ey, ..., e7, with the induced
metric and orientation. Then for i = 1,2, 3 the 2-forms 3; € A’H are self-dual, |5;]3.; = 2,
and [B;, B;] = —20y for every even permutation (i, j, k) of {1,2,3}. Conversely, we have the
following:

Lemma 2.5. Let (-,-)y be a scalar product on an oriented 4-dimensional vector space H,
and let @1, pq, 03 € AT H be self-dual 2-forms, not all zero, satisfying

(5) [i, 0] = —2¢%, for every even permutation (i,7,k) of {1,2,3} .

Then |@i3ay = 2 fori =1,2,3. Moreover, if (e1, e2, e3) denotes the standard basis of R, then
the 3-form ¢ defined by (4) on the T-dimensional vector space F := R>@® H is a Go-structure
compatible with the direct sum metric and orientation.

Proof. We first notice that for every ¢ # j € {1, 2,3}, if k denotes the index such that (i, j, k)
is an even permutation, then (5) gives (¢;, ;) a2y = —%([goj,gok],goj>A2H = 0. This shows
that ¢1, 2, @3 are mutually orthogonal. If one of ¢; vanishes, we get immediately from (5)
that the two other vanish as well. Thus oy, s, 3 is an orthogonal basis of ATH. It is easy
to check that every two orthogonal elements of At H anti-commute (as endomorphisms), and
for every ¢ € ATH one has ¢ o ¢ = tr(¢ 0 ¢)idg. From (5) we then obtain

dtr(pr o or) = tr([wi, @j] o [pi, p5]) = —4tr(p; 0 v; 0 @; 0 @;)
1 )
= —Ztr[tr(soj o @;)tr(p; o ;)idy] = —tr(g; o p;)tr(p; o ¢;) .

As i3z = —3tr(g; 0 ;) for every 4, this implies that |¢;]325 = 3190;[325]0n[32y for every
even permutation (7,7, k) of {1,2,3}, so |¢;|32; = 2 for every 4.

The endomorphisms corresponding to ¢; are thus complex structures on H compatible with
the orientation. We write ¢ in standard form in some orthonormal basis {f1,..., f1} of H
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as ¢ = f12 4+ 34 Since ¢, € ATH is orthogonal to f'2 — f3* € A~H, we have
1
(p2(f1), fo)m = (@2, f12>A2H = 5(%027 le + f34>A2H = (P2, 01)n2m = 0 .
Consequently o(f1) is orthogonal to f; and f, and has unit length. Up to a rotation in
the plane generated by f3, fy (which does not change the expression of ;) we can thus
assume that po(f1) = f3. Then ¢o(f3) = —p1. The same argument shows that o(fs) is

orthogonal to fi and f2, but also to f3 (since (p2(f2), fs)u = —(fo2, 02(f3))m = (f2. fr)u = 0.
Thus pa(fo) = fs and @oey = —cfo, ie. o = f13 +ef?*. As p, € ATH we must have

Py = f13 _ f24~ Finally, 03 = —%[901,Q02] — _%[f12 + f34,f13 _ f24] — _(f14 + f23)'

We have thus shown that there exists an oriented orthonormal basis {ey4,...,e;} (with
e; = fi_g fori =4,5,6,7) of H such that p; = e® + €%, oy = €10 — 57 and ¢? = —e7 — €.
Thus the form ¢ defined in (4) has the standard form (3) with respect to the orthonormal
basis {ej,...,e7} of R®® H. O

All the above considerations will be transposed to Riemannian manifolds in the sequel.

2.4. Sasaki-type structures. In this article we will meet at several places special types of
contact structures. For the convenience of the reader we will recall their definitions.

Definition 2.6. An a-Sasaki manifold (M, g,&,®) is a Riemannian manifold (M?"! g)
together with a unit Killing vector field £ and a skew-symmetric endomorphism ¢ satisfying
P’ = —id+E®E, ViE=2ad(X), VLY =-aX’ A, VX TM,

where the 2-form ®” is defined by ®°(X,Y) = g(®X,Y) and X’ & are the dual 1-forms.

For o = 1 this gives the standard definition of a Sasaki manifold. 1t is easy to check that an
a-Sasaki manifold (M, 9,§, ®) becomes a Sasaki manifold after scaling the metric as § = a?g
and the vector field as £ = g, while keeping the endomorphism ® unchanged. Note that for

the 2-forms one has ®° = A2®° where ®" is defined from @ using g.

Similarly, there exists a modification of 3-Sasaki structures introduced in [1] under the
name of 3-(a, §)-Sasaki structure (see also [14, Sec. 2.11]).
Definition 2.7. A 3-(«a, d)-Sasaki manifold (M, g,&;, ®;),i = 1,2,3, is a Riemannian mani-
fold (M*"*3 g) with three unit Killing vector fields &;, together with three skew-symmetric
endomorphisms ®; satisfying
§ = —D:i&5 = Py¢;
A& = 2a®° + 2(a — 0)&; A &, = 20D — 26¢; N &,

where the 2-forms ® are defined by ®/ := & + & N &g
For a = § = 1 one retrieves the classical definition of 3-Sasaki structures. If ad > 0, every

3-(av, 0)-Sasaki manifold can be obtained from a 3-Sasaki manifold by rescaling the metric
with different factors on the horizontal and vertical distributions [1].
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2.5. Nearly Kahler and Calabi-Yau manifolds.

Definition 2.8. A strict nearly Kihler manifold is a Riemannian manifold (M, g) together
with an almost complex structure J compatible with the metric and such that (V% J)X =0
for all X € TM and VxJ # 0 for all X # 0.

Then we have the following well-known lemma (see e.g. [3, Lemma 2.4]).

Lemma 2.9. Let (MS, g, J) be a strict nearly Kdahler manifold. Then the 3-form o := —% *dw
is a non-zero section AGDTO3) TV and the metric connection V7 := V9 + o satisfies

VeJ =0 and Vi =0.

Definition 2.10. A Calabi- Yau manifold is a Kahler manifold (M?™, g, J) with a non-zero
V9-parallel complex volume form ¥ € Q9 ()).

Recall that Calabi-Yau manifolds are automatically Ricci-flat. Conversely a Ricci-flat
Kahler manifold is locally Calabi-Yau.

2.6. Metric connections with parallel skew-symmetric torsion. Let (M, g) be a Rie-
mannian manifold with Levi-Civita connection V9. We will most of the time identify vectors
and 1-forms, or skew-symmetric endomorphisms and 2-forms using the metric g. Calculations
will be done using a local orthonormal frame {e;}.

Let 7 € Q3(M) be a 3-form. For every vector field X € T'(TM) one denotes by 7x the
endomorphism of TM defined by g(7x(Y), Z) = 7(X,Y, Z) for every Y, Z € I'(TM), and by
V7 the metric connection defined by

TV 4 (ry)e, VX € TM |
whose torsion satisfies g(TV (X,Y),Z) = 27(X,Y, Z) for every X,Y,Z € T(TM).

Let V™ = V9 4+ 7 be a connection with parallel skew-symmetric torsion, i.e. V77 =0 and
denote with hol the holonomy algebra of V7, acting naturally on TM. In [7] we introduced
the standard decomposition TM = V@®H in vertical and horizontal directions. The horizontal
subspace H C TM is defined as the sum of hol-irreducible summands H,, such that for each
H,, there is an element in hol, which acts non-trivially on #H, and trivially on H}. The
subspace V = H* is the direct sum of irreducible summands where no such element exists.

Remark 2.11. Every V7-parallel vector field ¢ is tangent to the vertical distribution V (since
the holonomy algebra acts trivially on R¢).

The standard decomposition of TM is V7-parallel. In [7, Lem. 3.7] we showed that V is the
vertical distribution of a locally defined Riemannian submersion 7 : (M, g) — (N, g") with
totally geodesic leaves. We call 7 the standard submersion of a manifold with parallel skew-
symmetric torsion. The fibres of 7 turn out to be naturally reductive locally homogeneous
spaces (see [7, Prop. 3.13]). In particular, if H = 0 then M itself is a naturally reductive
locally homogeneous space (see [7, Rem. 3.14]).
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The horizontal part of the torsion is projectable to the base N of the standard submersion
(cf. [7, Lemma 3.10], see also Lemma 3.5 below), where it defines again a connection with
parallel skew-symmetric torsion (cf. [7, Rem. 3.11], see also Lemma 3.3 below).

3. V'-PARALLEL VECTOR FIELDS

The local de Rham theorem states that when a Riemannian manifold (M, g) carries non-
zero vector field which is parallel with respect to the Levi-Civita connection VY, then the
manifold is locally isometric to a Riemannian product Rx (N, g%). We will now investigate the
more general case where the Levi-Civita connection is replaced with a connection V™ := V9471
with skew-symmetric torsion. Note that we do not assume that V77 = 0 for the moment.

Let £ be a unit length V7-parallel vector field on (M, g).
Lemma 3.1. The vector field £ is Killing and satisfies d§ = 27¢.

Proof. For every X € I'('TM) we have

(6) V&E = Vi€ —x{ =1 X,
whence VI¢ = 7¢ is skew-symmetric, so § is Killing. Using this we then get
(7) d§ =2VE =271 .
]
We fix as before a local orthonormal frame {e;}.
Lemma 3.2. For every V7 -parallel form [ on M we have df =2 (e;a1) A (€;15).
Proof. Simple calculation:
Zei/\vgzﬂz—Zei (Te, )« Zez/\Te e; N (ejuf)
Zei/\TejeZ (e;20) —2276 ej_nﬁ
1,J
0

We decompose TM = R¢ @ D, where D := ¢+, and write correspondingly
(8) T={Av+0,

with v := &7 € Q*(D), 0 € Q3(D). The notation QP(D) stands here for elements 3 € QF (M)
such that £€.58 = 0.

The unit Killing vector field ¢ determines a local Riemannian submersion with 1-dimen-
sional totally geodesic fibers 7 : (M, g) — (N, gV), such that g = ER ¢+ 7*g"Y. We denote by

V9" the Levi-Civita connection of g". An exterior form 3 on M is the pull-back of a form
on N if and only if it is basic, i.e. {18 =0 and L¢f = 0.
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Lemma 3.3. Assume that the companents v and a of the torsion form T are basic, and
write v = (YY), o = 7*(oN) with ¥ € Q*(N), o € Q¥(N). Let 3 € Q°(M) such that
7*5 =0 = &8 and VTB = 0. Then there exist a p-form B € QP(N) with § = 75 and
Vo B =0, where V7 := V9" 4oV,

Conversely, if 3 € QP(N) such that v~ 3 =0 and Vo B =0, then 3 := 78 is V™ -parallel.

Proof. We start with a general formula relating the covariant derivatives V7 and ve" in
the Riemannian submersion 7 : M — N. Let 8 be a p-form on N. For any vector fields
X,Yy,...Y, on N we denote by X,Y,...Y), their horizontal lifts to vector fields on M and

by 3 := 7*3. We then compute:
(V 6)(Yia7§/17)_X(B(?laa~ _ZB}}I): 7—N~’7"'7§;})

=" (X(B(Y1,...,Y, Zﬁ}q,..., Y+ 7Y, Y)

—r (X (B V) = S B(Vhs o VY + oYL Y))

=7 (V7 B) (Y, ..., V) -
Let now 3 € QP(M) be V™-parallel with 7.5 = 0 and €6 = 0. Using Lemma 3.2 we find
c{é = éJdB = 225—'(763‘ A B@j) = _227% A Bej = _27*5 =0.
J J

Hence 3 is basic, so we can write 3 = 78 for a p-form 3 € QP(N). We also have 7,8 =
7 (yNB) = 0. From (9) and the injectivity of 7* we conclude that V" 3 =0 and 7N 8 = 0.

_ Conversely, let 8 € QP(N) with v, N3 = 0and V'3 = 0. Then by (9) the pull-back
B = 7B satisfies (V{, B)(Ui,...,U,) = 0 whenever Uy, ...,U, are horizontal vectors, i.e.
orthogonal to £&. Moreover, for every U € TM we have

§aVL5 = Vi (65) — (Vi€)aB =0
since €48 = 0 and & is V7-parallel. It remains to show that VZB vanishes when applied to

horizontal lifts Y7, . .. ,}7;,. Since a horizontal lift Y and the vector field £ commute, we first
obtain that B B B B B B
VEY = VY + 7Y = VI + .Y = —pl + .Y =20.Y .

Substituting this into the formula for VEB we find
(VIB)(Y1,....Y,) =£&(B(Yh,....Y,) 2/3 Yi,...,Vi¥;,....Y})

zg(ﬂ*(ﬁ(}/l,, p ZBYL 2’}/* 277};;0)

= 2(7*6)(?17 e ’Y/;D) =0
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Combining the three computations above we obtain V73 = 0. O

We assume from now on that V77 = 0, i.e. that V7 has parallel skew-symmetric torsion.
Since 7 and £ are V"-parallel, the components v and o of 7 defined in (8) are V7-parallel as
well.

Lemma 3.4. The action of v (as skew-symmetric endomorphism) on T vanishes: ~v.7 = 0.

Proof. Since 7y is V7-parallel, we compute using Lemma 3.2:

0 = d(d€) = 2d(7e) = 2dry = 4 Z(eiﬂ) A (e;ry) = 42 v(e;) A (esor) = 4,7 .

By Lemma 3.4, together with the fact that 7.6 = 0 and ~,y = 0, we get
(10) 0="7%T=%EAY+0) =0 .

Lemma 3.5. The forms v and o are basic.

Proof. The forms v and o are V7-parallel and horizontal, i.e. satisfy £y = 0 and £Lo0 = 0.
Using Lemma 3.2 and the Cartan formula we compute

Ley = d(Exy) + Eady =26 Z(@i_ﬂ') A (e;ry) =2 Z(fJ@Z‘_JT) A (e;u€ar) =0,

]

and similarly, using also (10) together with the fact that 7. = v, we get:
Leo = d(Ea0) + Eodo = 2E4 Z(eiﬂ') A (e;a0) = 22(5462'_!7') A (ej00) = —2(1¢)0 =0 .

7

OJ

For any vector field X on N we denote as before by X its horizontal lift to M.
Lemma 3.6. For every X, Y € T'(TN) the following relation holds:

(11) VLY =Vg'Y

Proof. The usual formula for Riemannian submersions together with (6) give

—~——

VLY = VLY +g(VEY, 0 = V5 Y = g(V,V4E)E = VL Y = g(V, e X)E

whence using that TXY/ = g(TgX, Y)E + O'X}}

VY =V Y + 0¥V = VY + g(7eX,Y)E + o5V = VY .
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Using this, together with
9([X,Y],6) = ~d&(X,Y) = —29(X,Y) ,
which follows from Lemma 3.1, and
VEZ = VZZ + 7‘52 = ngﬁ + QZ = —7;§+ TgZ =2(2),

which follows from [¢, Z] = 0 and 7¢ = 7, we readily compute the relation between the
curvature tensors R™ of V™ and R°" of V7' :

Ry 32 =ViVyZ —ViViZ = Vigy,

ooV 7 _xgoNgoN 7 _ g7 ___ 2
=V% Vy Z2-V§ V& Z V[X,Y]—2’y()~(,3~/)f

=Ry Z + (X, Y)V(2) .

By considering R™ and R as symmetric endomorphisms of A2(TM) and A2(TN) respec-
tively, the above equality reads:

(12) R (m*p) = W*(RUN (B)) + 4a*(B, W) po pam W,
for every 8 € Q*(N).

4. G9-STRUCTURES WITH TORSION

As explained in the introduction, our main objective is to classify 7-dimensional Riemann-
ian manifolds (M, g) admitting a connection V7 with parallel skew-symmetric torsion whose
holonomy is contained in Gs.

We will denote by hol the holonomy algebra of V7, identified at each point x € M with a
Lie subalgebra of End™ (T, M). The isomorphism class of the representation of hol on T, M
does not depend on z so from now on we will not specify x anymore.

We will divide our study into three different cases, according to the dimension of trivial
summand of hol, i.e. the space of V7-parallel vector fields, called Par(V7).

If Par(V7) # 0, one can use the V7-parallel vector fields in order to obtain a dimensional
reduction. This will be done in this section for the case dim(Par(V7)) = 1 and in Section 5
for the case dim(Par(V7)) > 2. The case Par(V7) = 0 will be treated in Section 6.

Assume for the remaining part of this section that the space of V7-parallel vector fields
is one-dimensional, spanned by a unit vector field £. According to the orthogonal splitting
TM = RE @ D we can write
(13) T=E(ANY+o and =AW+,

where v,w € Q?(D) and 0,9 € Q3(D) and all these forms are V7-parallel. By Lemma 2.4,
(g9lp,w, ) defines an SU(3)-structure on D, at each point x € M.
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Lemma 2.2 gives the decomposition of the exterior powers A*D into SU(3)-irreducible
summands, e.g. we have the V7-parallel decomposition A?D = AGO+02D g A(()l’l)D ® Ruw,
where the first summand is isomorphic to D by the V™-parallel isomorphism X +— X ).

Lemma 4.1. The 2-form v € Q*(D) defined in (13) belongs to QU1 (D).

Proof. According to the above SU(3)-decomposition of A?D, we can write v = X 11+ + cw,

for some V7-parallel vector field X € I'(D), V™-parallel 2-form 7y € Q(()l’l)(D) and constant
¢ € R. But Par(V") = R¢, and X is orthogonal to &, whence X = 0. This shows that
v € QULU(D). O

By Lemma 3.5, the forms v and ¢ are basic. Moreover, w is V7-parallel and v,w = 0 by
Lemma 4.1. Consequently, Lemma 3.3 shows that w is basic as well.

Consider the standard decomposition TM = V@ H described in §2.6 (see also [7, Def. 3.5])
and assume that (M, g, 7) is not an Ambrose-Singer manifold (in the sense that the curvature
tensor R™ of V7 is not V7-parallel). Then H # 0 by [7, Prop. 3.13] and H C D by Remark
2.11. We denote by J the V7-parallel complex structure on D defined by w(-,-) = g(J-,-).

Lemma 4.2. The representation of the holonomy algebra hol on H is J-invariant, irreducible,

and dim(H) > 4.

Proof. We decompose H = @,H, in irreducible hol representations as in [7, Def. 3.3]. By
definition, for every «, there exists an element A, € hol acting non-trivially on H, and
trivially on H:. We denote by 7, : TM — HZ the orthogonal projection, which is clearly
hol-equivariant. By irreducibility, (7, o J)|y, is either zero, or injective. In the latter case
(T © J)(Ha) is a hol-invariant subspace of HZ on which A, acts non-trivially, which is a
contradiction. Thus 7, 0 J =0, so J(Has) = Ha-

Consequently H,, is J-invariant for every a. Assume that there exists o with dim(H,) = 2.
The corresponding element A, € hol restricted to H,, is then equal to a non-zero multiple of
J)u,- Then tr(A,J) # 0, contradicting the fact that

hol C su(3) = {A € End (D) | [4,J] =0, tr(AJ) =0} .
This shows that dim(#H®) > 4 for every «, and since dim(#H) < 7, the conclusion follows. [

According to Lemma 4.2, the possible dimensions of H are 4 and 6. We will treat the two
cases separately in the next two subsections.

4.1. The case dim(H) = 6. Since the restriction of the standard representation of su(3) on
RS to any strict Lie subalgebra is reducible, we must have hol ~ su(3). Consequently, v and
o are su(3)-invariant. The trivial summand of the su(3) representation on A*R® is spanned
by the canonical 2-form and the trivial summand of the su(3) representation on A’RS is
ABGO+O3IRE - We thus conclude that the components of 7 can be written as v = aw and
o = a) + b(xp1p) for some real constants a, b, «. By (10) we have

0=10="0=0alo.
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As J acts injectively on AGO+O3IRS  we must have either o = 0, or a # 0 and o = 0. We
treat the two cases separately.

4.1.1. The case = 0. In this case we have v = 0. In particular, this implies that V¢ =
Vi€ —17x§ = 7 X = v(X) = 0 for every tangent vector X € TM, ie. & is V9-parallel,
whence (M, g) is locally isometric to a Riemannian product R x (N, g%V). We will now gather
more information about the structure of (N, g").

By Lemma 3.3, every V7-parallel form on M which vanishes on ¢ is basic. In particular,
the forms o, w and 1) are projectable to exterior forms on N, which we will denote by oV, w?

and Y. These forms are V”N—parallel by the same lemma.
Applying Lemma 2.2 (1) to the SU(3)-structure (g%, w™,9"™) on TN and using that oV =
apN + b(xn1p™), we immediately obtain

(14) JNoN = 3(xyolY), JNX 0N = —X,(xyo?), VX € TN .
We then compute for every X € TN:

(15) V% Ty = —(oN)o IV = (JV) (Xoo™) = (JVX) oo™ + X((TV),o™) = 2X J(xno™) .

In particular we obtain that (Vg(NJN)X = 0 for every X € TN, so (N,g", JN w") is
nearly Kéhler.

If ¢ = 0, the structure is Kéhler, and (JV,w™, ¢N) is a V9" -parallel SU(3)-structure, so
(N, g", JN) is Calabi-Yau (cf. Def 2.10). If o # 0 then Vg(NJN # 0, so the nearly Kahler
structure is strict.

We will now show that conversely, if (N6, g%, J¥ w) is a 6-dimensional Calabi-Yau man-
ifold or a strict nearly Kéhler manifold, then (M, g) := (N x R, ¢~ + dt?) has a connection
V7T with parallel skew-symmetric torsion 7 preserving a family of Gy-structures on M.

In the first case, the Calabi-Yau structure of N, ie. the V9" -parallel SU(3)-structure
(JN, W M), defines for every z,y € R with 2% + 32 = 1 a V9-parallel Gy-structure on M
(16) @ = dt Amrwh + N Fyrt(xp)

Assume now that (N6, ¢V, JV w") is strict nearly Kihler and consider the 3-form o? :=
— ¢ (*ndw™). By Lemma 2.9, the connection Vo' = V9" 4+ oV has parallel skew-symmetric

torsion and satisfies V7" w™ = 0. By the converse statement in Lemma 3.3, the connection
V7 determined on M by

(17) 7= |

where 1 : N — N X R denotes the standard projection on the first factor, has parallel
skew-symmetric torsion. For every x,y € R we define

(18) @ = dt ANm*wN 4 oo oyt (xno?) .
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By Lemma 2.4, the 3-form ¢ defines a Go-structure compatible with g if and only if [¢[35 , = 4,

which by construction is equivalent to (22 + y?) = ﬁ.
A3 TN

The components w and 1 of the Go-form ¢ are V7-parallel by the converse statement in

Lemma 3.3, and V7dt = 0 by direct computation, thus showing that V"¢ = 0. One can

easily check that 09¢ = 0 if and only if y = 0.

4.1.2. The case a # 0 and 0 = 0. We denote by & := év. Since 7 = a& NP, £,  are
V7-parallel, and ®? = —idp, we get for every X € TM:

V%é = —1x{ =17 X = a®(X) ,
and

V5@ = —(1x)® = O, (7x) = a®,(g(X, )P —ENP(X)) = —aé AP*(X) =al N D .

This shows that (£, ®) defines an a-Sasaki structure on (M, g) (cf. Def. 2.6). Consider as
before the local Riemannian submersion 7 : (M, g) — (N, ¢"V) determined by &, and the form
wh € Q*(N) such that m*w” = w. In this case 0" = 0, so Lemma 3.3 shows the well known
fact that w? is V9" -parallel, i.e. defines a Kihler structure on (N, g™).

We claim that ¢" is actually Einstein. Indeed, since ¢ is V7-parallel, the image of the
curvature operator R™ : A2 TM — A2 TM acts trivially on v:

(19) (R7(B))p =0, VBeANTM.
The curvature relation (12) reads in the present situation (with o = 0):
(20) R7(r"B) = n*(R*" (B)) + 40*(B, ") ey w

for every § € Q?(N). Since R" (A2TN) ¢ AWD TN, this shows that R7(A?D) ¢ AGUD,
Then from (19) we obtain that in fact R™(A*D) C A(()l’l)D. Taking the scalar product with w
in (20) we thus obtain for every 8 € A2TN
0= (R (B),w™)rery + 1202(B, ™) p2
whence R9" (wV) = —1202w".
On the other hand, on every Kihler manifold (N, g%V, JV w"), one has R9" (W) = —p",

where pV = Ric"(J-,-) is the Ricci form. We have thus obtained that RicY = 12a2¢" so
(N, g") has positive scalar curvature scal™ = 72a2.

Conversely, let (N, g, w") be a 6-dimensional Kihler-Einstein manifold with positive

scalar curvature scal’™. We denote by o := 4/ % and let ¢ be a 1-form such that d¢ = 2aw”
on some open set Ny. Consider the Riemannian metric on M := R x Ny given by

g=(dt+ ¢ +7g",

where 7 is the projection of the second factor. We denote by ¢ the metric dual of dt + 7*¢

and by w := m*w!.
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Then (M, g,&, ®) is a 7-dimensional a-Sasaki manifold. Indeed, ¢ is Killing and satisfies

d¢ = dn*¢ = 2am*w", which is equivalent to the second equation in (2.6) for ® = w.
Equivalently, ¢ is parallel with respect to the connection VY + 7, where
(21) Ti=af ANw .

We also have (7¢),w = aw,w = 0 so by Lemma 3.3, w is V"-parallel, which immediately gives
the last equation in (2.6).

The curvature operator R maps A(()l’l) TN to itself since (N, g™V, J) is Kihler-Einstein,
vanishes on AGYTO2 TN and maps w? to —iscalVw" = —12a°w". By (20) we then obtain
that R™ takes values in A((]l’l)D. The pair symmetry of R” then shows that the restriction of V”
to AGO+03D is flat, so one can find a (locally defined) V7-parallel section ) of AGD+03)D
of square norm 4. By the converse statement in Lemma 2.4, the 3-form
(22) =AW+ Y

defines a Go-structure on M compatible with g, which is V7-parallel since its defining com-
ponents are all V7-parallel.

4.2. The case dim(H) = 4. The standard decomposition of TM reads in this case TM =
H @V with dim(V) = 3. By Remark 2.11, £ is tangent to V so one can decompose V as
Y =REP V. Since Eaw = 0, and w defines an orthogonal complex structure on D = H @V,
one can write w = wy + €1 A eg, where wy := w|y determines an orthogonal complex structure
on H and {ey, es} is any orthonormal basis of Vy. We decompose

oc=eNeaAN(+eNop+ey Aoy + o,
with ¢ € H, 01,09 € A?(H) and 0¢ € A3(H).

We denote as before by hol the Lie algebra of Hol(V7). Since V7 preserves &, the SU(3)-
structure of D, and the standard decomposition of TM, we have that hol C su(3) N (so(H) B
s0(V)) ~ su(2) @ u(1). Here su(2) = Ay'H = A~H is the set of anti-self-dual 2-forms on H
and u(1) is spanned by the 2-form wy — 2e; A ey on TN.

Let us denote by hol® the projection of hol on su(2). Then hol C u(1) @ hol’, and since
H is irreducible, hol is non-abelian. Consequently hol° is not abelian, so hol” = su(2), i.e.
A™H C bol.

Consequently, hol acts irreducibly on H, A~H and A*H, whereas it acts trivially on ATH.
We thus obtain that 01,09 € QT (H) and ( =0, 09 =0, i.e.

U:€1A01+€2A02, with 01,02€Q+<H> .
Similar arguments show that

v = ae; A ey + Yo, with a € R and vy € Q" (H) .

From (10) we have v,0 = 0, which now reads

0= (ae; ANes+v)(er Aoy +ea ANog) =alea Aoy —er Aog) +e1 A (70)x01 + €2 A (70)<02
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thus implying that
(23) (70)x01 = aos, (70)+02 = —aoy .

Recall that A=H C hol € A~HDu(1) where u(1) is spanned by 1 := wo—2e;Aey € Q?(TN).
For dimensional reasons we thus either have hol = A=H or hol = A~H S u(l).

However, the case hol = A™H is impossible, since ¥V would then be a trivial hol-represen-
tation, which contradicts the assumption dim(Par(V7)) = 1 valid throughout this section.

Consequently hol = A=H @ u(1) so in particular it contains the element 7 := w° — 2e; A ey,
whence

The first equation is equivalent to [wg, o] = 0, i.e. 7o commutes (as endomorphism) with wy.
Since they both belong to Q7 (H), and are V7-parallel, they must be proportional, so there
exists b € R such that

(25) v =aey A ez + bwy .

On the other hand, if we write w = n + 3e; A es, and use the fact that 7, commutes with
(e1 A e3)., the second equation in (24) shows that w.w.o = 9(e1 A e3).(e1 A e3)s0 = —90.
Consequently, o is of type (3,0) + (0,3) with respect to the complex structure defined by w
on D.

Writing now y
and Lemma 2.2 (

—a

= @£y, 4 24y and using the second equation in (24) together with (10)
1), we obtain
a—+2b

(26) 0="0= 3 w.o = (a+2b)*xo .

Therefore we either have a + 2b = 0, or ¢ = 0. These cases will be treated separately in the
next two subsections.

4.2.1. The case a + 2b = 0. In this case we have v,1) = 0, so ¢ is projectable onto a v
parallel (3,0) + (0,3)-form ¥ on N. We can then apply the formulas (14) and (15) to
deduce as before that (N, gV, JV) is strict nearly Kihler. Moreover, its canonical nearly
Kihler connection (which is V") has holonomy contained in s(u(1) @ u(2)) so by [14, Thm.
5.1], (N, gV, JN) is the twistor space of an anti-self-dual 4-dimensional Einstein manifold with
positive scalar curvature.

Conversely, assume that (N, g, JV) is the nearly Kahler twistor space of an anti-self-dual
4-dimensional manifold with positive scalar curvature, and let oV be the 3-form defined by
o™ = —% «y dw™. By Lemma 2.9, V" is the canonical connection of the nearly Kihler
structure, and it is well known (see for instance [17]) that in this case it preserves both the
vertical space 1, and the horizontal space H of the twistor fibration. We denote by wy and

wy the restrictions of w to H and V.

Lemma 4.3. The 2-form n := wy — 2wy € Q(N) is closed.
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Proof. Since 1 is V" -parallel, Lemma 3.2 gives:

6
dn = QZ(BiJUN) A (eiom) = 20,07 .
i=1
On the other hand, n € Qy'(N) is a primitive (1, 1) form, whereas ¢ € Q®O+03)(N) and
Lemma 2.2 (4) shows that the former space acts trivially as derivation on the latter. O

Consequently, on any contractible open subset Ny of N, there exists a 1-form ¢ € Q'(Ny)
such that d¢ = n. We define the Riemannian metric

(27) g:= (dt + 7*¢) @ (dt + 7°¢) + 7" g"

on the manifold M := R x Ny, where 7 denotes the projection on the second factor. Then
7 is a Riemannian submersion with totally geodesic fibers tangent to the unit vector field
¢ := 0/0t (which is the metric dual of dt + 7*().

For all real numbers x,y we define the exterior forms on M:
1
(28) 71:= §<dt + 1) AT+t ¢ = (dt + ) AN + ar* o + yr*(xyo) .

Like before, Lemma 2.4 shows that ¢ defines a Go-form on M which is compatible with g if
and only if (22 4+ ¢?) = —x+——.
o™ s o

We claim that 7 and ¢ are parallel with respect to the metric connection V7 := V9 + 7.

Using the converse statement in Lemma 3.3, we need to show that

(1) 7, wV, and o™ are Vo -parallel;
(2) nww =0, and .o = n,(xnyo™) = 0;
(3) V7(dt + n*¢) = 0.

The first item is clear by construction, and the second follows from the fact that n € QWD (N)
so its action 7, on WV and AGY+O3) TN is zero by Lemma 2.2 (4). Finally, since the dual
vector field & of dt + 7*( is Killing with respect to g, we compute for every X € TM:

1 1
RE = VA& +7x6 = VEE — 7eX = sd(de+7°C)(X) — s7n(X) = 0.
It is easy to check that the Go-structure defined in (28) is cocalibrated if and only if y = 0.
We now go back to (26) and consider the other possibility.

4.2.2. The case o = 0. This case is somewhat similar to §4.1.2 but more involved. Consider
as before the local Riemannian submersion 7 : (M, g) — (N, ¢") determined by &, and the
forms WV, ¥V, n¥ € Q?(N) and such that 7*w" = w, 7*n" =5, and 7%y = ~. In this
case oV = 0, so Lemma 3.3 shows that w?", ~V, and " are VQN—parallel. Thus w? defines a
Kihler structure on (N, gV), and 5 defines a V9" -parallel splitting TN = #~ @& VY whose
horizontal lift is exactly the decomposition D = H & V.
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By the local de Rham theorem, (NN, g") is locally the product of two Kihler manifolds:
(K, g%, wk) of real dimension 4, and (X, g%, w*) of real dimension 2. By (25) we have

(29) AN = aw® 4 bw® .
We will now show that, similar to §4.1.2, g% and ¢* are Einstein metrics.

The curvature relation (12) reads in the present situation (with o = 0):
(30) R7(7*B) = 7*(R7" (8)) + 4(8, aw™ + bw™) p2 py7* (aw™ + bw™) |
for every 8 € Q*(N).

Like before, since 1) is V™-parallel, the image of the curvature operator R™ : A2TM —
A2TM acts trivially on 1:

(31) (R7(B))p =0, VBeNTM.

Since RY"(A2TN) ¢ ALY TN, (30) shows that R™(A?2D) ¢ AGDD. Then from (31) we
obtain that in fact R™(A*D) C A(()l’l)D. Taking the scalar product with w in (30) we thus
obtain for every 8 € A2TN
0= (R (B),w™)r2my + 4(2a + b)(B, aw’™ + bw™) p2
whence R9" (wN) = —4(2a + b) (aw™ + bw®).
On the other hand, R?" (w") = —pX — p”, whence Ric® = 4a(2a + b)gX and Ric® =

4b(2a + b)g*. In particular ¥ has constant Gaussian curvature. The scalar curvatures are
then given by

(32) scal™ = 16a(2a + b), scal” = 8b(2a + b) .
If b =0 we get scal® = 0, so ¥ is flat, and actually a direct factor in M (as 7 = ar*w® by
(29) in this case). This contradicts the fact that Par(V"™) = R¢. Consequently b # 0.

We thus either have a 4 2b # 0 and b # 0, in which case scal’® + scal® = 8(2a + b)? > 0
and scal® # 0, or a +2b = 0 and b # 0, in which case scal®™ = scal”™ = 0.

Conversely, consider a Kihler-Einstein manifold (K, g%, w) of real dimension 4 and a
constant curvature surface (X, g~, w>), with scalar curvatures satisfying either scal® +scal™ >
0 and scal® # 0, or scal® = scal® = 0. Then there exist solutions a, b of the system (32) with
b # 0: in the first case the solution is up to sign uniquely determined by

scal® scal”

4\/2(scalK + scal®) 2\/2(scalK + scal®)

a

Y

whereas in the second case there is a 1-parameter family of solutions of the form (a,b) =
(t, —2t), with ¢ 0.

For any such solution (a,b), consider the Riemannian product

(N, g™, W) = (K, g™, 0%) x (Z, g%, w¥)
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and let ¢ be a primitive of ¥V := aw® + bw* on some open set Ny. Consider the Riemannian
metric g := (dt + )% + 7*g"¥ , on M := R x Ny, where 7 is the projection of the second
factor. We denote by & the metric dual of dt + 7*(, by w := 7*(w® + w*), by 7 := vV, and

(33) T:=EAN7.

Then € is a unit Killing vector field on (M, g) and satisfies d¢ = dn*¢ = 27" = 27, whence
V%€ = v(X) for every X € TM. Equivalently, £ is parallel with respect to the connection
V7 := V9 + 7. We also have y,w = 7 ([y",w"]) = 7*([aw® + bw*, w® + w¥]) = 0, so by
Lemma 3.3, w is V7-parallel. Thus V7 is a metric connection with parallel skew-symmetric
torsion.

By doing the above calculations in reverse order, we obtain that R™ takes values in A(()l’l)D,
and as before one can find a (locally defined) V™-parallel section 1) of AGO+O3D of square
norm 4. By the converse statement in Lemma 2.4, the 3-form

(34) =AW+ Y
defines a V7-parallel Gy-structure on M compatible with g.

5. THE CASE dim(Par(V7)) > 2

In this section we assume that there exist (at least) two orthogonal V7-parallel unit vector
fields & and &. Then & = p(&, &) is a V7-parallel unit vector field, orthogonal to & and
&5. Indeed, since Gy acts transitively on orthonormal pairs of vectors, one can find for every
x € M an adapted orthonormal basis {eq,...,e;} of T, M such that & = e; and & = e, so
by (3) one gets that £ = e3 is also a unit vector. Let V := R @ RE @ RE and H = Y+
and TM =V & H be the corresponding V7-parallel orthogonal splitting of TM. We assume
that (M, g, 7) is not Ambrose-Singer, so this is exactly the standard decomposition of TM
by Lemma 4.2. Using the expression (4) of the Gy-structure ¢, one can write

3
(35) 90251/\52/\534'2@/\@-

i=1
for some self-dual 2-forms f; € Q7 (H) which satisty [3;, §;] = —20 for all even permutations
(4,7, k) of {1,2,3}, are pairwise orthogonal, and with |3;[3.,, = 2. Moreover, the 2-forms 3;
are V7-parallel, thus the holonomy algebra hol acts trivially on §;, whence hol C A=H. The
inclusion cannot be strict since then the holonomy algebra would be at most 1-dimensional,
contradicting the fact that H is hol-irreducible by Lemma 4.2.

We thus have hol = A=H ~ su(2). According to the splitting TM = R @ RE DRE B H,
we write the torsion form 7 as

3
T=aG N NG+ Y GAGAL+ D GAYi+Tu
2%

=1

for some constant a € R, and horizontal forms n; € QY(H),v; € Q*(H) and 7y € Q3(H).
From the hol-invariance of these forms we immediately have n; = 0, 7 = 0 and ~; € QT (H).
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Hence the torsion form can be written as
3

(36) T=aG N NG+ Y LAY
i=1

Lemma 5.1. For every even permutations (i, j, k) of {1,2,3} it holds that [;, ;] = av.

Proof. From Lemma 3.4 we know that the action of 7¢, on 7 vanishes. Hence:
0 = (7¢,)«7 = (@& A&k + 7)o = a& Av; — a&i Ay + &5 A [Yi, 5] + &k A [ Ve
for all even permutations (i, 7, k) of {1, 2,3} and the claimed commutator relation follows. [
Consider the 3 x 3 matrix A = (a;;) defined by v; = 25:1 ai; ;-
Lemma 5.2. For every i € (1,2,3) one has:
(37) aliliey = —4det A .

Proof. The elements f§; € QF(H) satisfy |53z, = 2 and [5;,5;] = —28, for every even
permutation (i, 7,k) of {1,2,3}. This shows that for every r,s,t € {1,2,3} one has that
9([Br, Bs], Br) = —4e(r, s, t) where (r, s,t) is the signature of the permutation (r,s,t) if the
indices are mutually distinct, and 0 otherwise. From the definition of the matrix A we then
immediately obtain

9([n, 72l v3) = Za1ra25a3t 9([Br Bl By) = —4det A .
r,8,t
The conclusion follows from Lemma 5.1. O

The space generated by v1,72,7s is a Lie subalgebra of su(2). We will distinguish three
cases, according to the possible dimensions of this Lie algebra.

5.1. The case 7; = 7 = 73 = 0. In this case the torsion form 7 is a section of A%V, so the
geometry with torsion is decomposable in the sense of [7, Def. 3.1]. By [7, Lemma 3.2], the
manifold (M, g) is locally isometric to a Riemannian product of two Riemannian manifolds
(M3, gs) and (M*, g,), and by (36), 7 can be identified with avol™’.

The V7-parallel vector fields & on M satisfy in particular V%& = 0 for every X € H so
they are constant along M*, and

(38) Vi = —1e&,  Vi,je{1,2,3}.

The 2-forms S; defined in (35) satisfy V%5; = 0 for every X € TM, so they are constant
along M3 and define a hyperkéhler structure on (M*, g4). By (38), the vector fields &; satisfy
with respect to the Levi-Civita connection on M3 the equations

Vel =0, Ve&=a&,  Veb&=—ag

for every even permutation (i, j, k) of {1,2,3} (we drop the reference to gs in this paragraph
and denote V% simply by V). As a first consequence we have d§; = —2a&; A&,. We also have
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6&; = 0, since & are Killing vector fields. We claim that the manifold (M3, g3) has constant
sectional curvature. To see this, we first compute

V*V& = —V&V&& — ngv,gkfl = av§jfk — av§k£j = 2&2& .

Since &; are Killing vector fields we obtain
1

Hence, the sectional curvature of (M3, gs) is equal to a?, i.e. Mj is locally isometric to the
sphere of radius ﬁ for a # 0 and to R3 for a = 0.

Conversely, let (M, g) = (M3, g3) x (M*, g4) the Riemannian product of an oriented man-
ifold (M3, g3) of constant sectional curvature a® and a hyperkihler manifold (M*?,g,). For
T := avol?®, a straightforward computation shows that the connection V™ := V% + 7 is flat,
so there exists an oriented local orthonormal frame of V7™-parallel vector fields & on M3. For
any V% -parallel frame 3; of AT TM?* satisfying the anti-quaternionic relations, the 3-forms
on M defined by

(39) 903:51/\52/\§3+Zfi/\5i, Ti=a§1 N NE

determine a Gs-structure ¢ and a connection V7 with skew-symmetric torsion such that
V7t =0and V¢ = 0.

5.2. The case where 71, 72,73 span a real line. In this case one can write v; = v;v, for some
constants v; with v} 4+v2+0v3 = 1 and a non-zero V7-parallel 2-form v € QT (H). Let v € R? be
the unit vector with components v; and let B = (b;;) € SO(3) be such that Bv = e;. We define

the unit V7-parallel vector fields & := > bij&; and the 2-forms 4; 1= 35 by = > (bijvj)v.
Since det(A) = 0, Lemma 5.2 gives a = 0, s0 7 = > . § Ay = >_; & A 7. Moreover, from the
definition of B we have 7; = v and 75 = 3 = 0, whence 7 = & A v.

The special form of the torsion 7 in this case implies Vgég = Vgég = 0. Hence, one can

write locally (M, g) = R? x (S, g°) for some 5-dimensional manifold (S, g%). Moreover, since
& and v are V7-parallel, we obtain for i € {2,3}: ngl = 0 and V?l/ = —(Tgi)*l/ = 0.

Therefore & and v define on S a unit Killing vector field and a 2-form which will be denoted
by ¢ and v°. They are both parallel with respect to the connection v = v 4 EAVY on
S. For every tangent vector on M we have
V& = —1x€ = 5 X =v(X),
and similarly
Vv = =(mx)wr = varx = v ((9(X, &)v = & A v(X)) = =& Av(v((X)) -

On the other hand v € Q1 (H) is a self-dual form. Denoting by « := |v|529 (Which is non-zero
since v is non-zero) and by ® := él/, we then have v o v = —a?idy and ® o ® = —idy. The

two relations above now read on S:

(40) VLE=ad(X), VEd=atAX.
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Hence, (&, ®) defines an a-Sasaki structure on (S, g°) (cf. Definition 2.6). By Lemma 3.3 and
Lemma 3.5, there is a local Riemannian fibration 7 : (S, ¢%) — (K, g%) with fibers tangent
to &, and @ descends to a Kéhler structure w® on (K, g%*).

Using the orthonormal basis &1, &, & of V, we can write ¢ = & A&, /\§3+Zz 1 &AB;. Clearly
B; are V-parallel, so in partlcular they define v -parallel 2-forms on S spanning ATH at
every point. That shows that R™ seen as symmetric endomorphism of A2 TS = A>°HPEAH,
vanishes on the last summand (as £ is parallel), and its image commutes with ATH, i.e. is

contained in A~H. Consequently, R™ () = 0 for every 8 € Q*(H).
On the other hand, the general curvature relation (12) applied to the Riemannian submer-
sion (S, ¢°) — (K, g%) reads:
(41) R™(m"B) = 7" (R*" (8)) + 402(B, ) o ppew”
for every 8 € Q?(K). We thus obtain that
(42) 0= R (B) +40*(8,w ) 2w VB € QF(K) .

Taking the scalar product with w¥X in (42) gives RY" (wX) = —8a2w™, thus showing as
before that (K, g%) is Kihler-Einstein with positive scalar curvature 32a?. Note that this is
consistent with the computation in [14, Thm. 7.4].

Conversely, let (K, g",w’) be a 4-dimensional Kéhler-Einstein manifold with positive

scal
32

some open set K. Consider the Riemannian metric on S := R x K| given by

scalar curvature scal®. We denote by a := and let ¢ be a primitive of 2aw’ on

= (dt + 7*¢)* + g~

where 7 is the projection of the second factor, and denote by & the metric dual of dt +7*( and
by ® the skew-symmetric endomorphism of TS corresponding to 7*w®. Then (S, g%, &, ®) is
a 5-dimensional a-Sasaki manifold. Indeed, ¢ is Killing and satisfies d¢ = dr*( = 2am*wX
thus showing that £ satisfies the first equation in (40), i.e. it is parallel with respect to the
connection V9° + 75, where 79 := aé N P. We also have (Tg)*CID = ad,d = 0 so by Lemma

3.3, ¢ is VTS—parallel, which immediately gives the second equation in (40).

The curvature operator RX maps AT TK to itself since (K, g%, w™) is Kihler-Einstein,
vanishes on AZ9+©02 T and maps w to iscal®w® = —8a?w’. By (41) we then obtain
that R™ vanishes on AT™H, where H denotes the horizontal distribution H := TK. Using the
pair symmetry of R™ we thus obtain that the restriction of V7° to A*H is flat, so one can

find (locally defined) V™’ -parallel 2-forms Sy, B2, B3 € QF (H) satisfying the anti-quaternionic
relations [3;, B;] = —20 for every even permutation (i, j, k) of {1,2,3}.

Define (M, g) := R? x (S, ¢°). Every tensor on S extends in a canonical way to a tensor
on M constant along R?. Let & be the extension to M of the Sasaki vector field £, and let
&, & be an orthonormal V9-parallel frame on the R? factor. Define the 3-form

(43) Ti=ab AP € QM) .
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Then V™ := VY9 4+ 7 extends to M the canonical connection of the a-Sasaki structure on S.
It follows that &1, &, &5 are V7 -parallel vector fields and that ® is a V7-parallel 2-form.

Then ¢ defined by

3
(44) GNEAG+ Y &G
=1

defines a Gy-structure on (M, g) by Lemma 2.5, which is V7-parallel since &; and §; are all
V7-parallel by construction.

5.3. The case where 7y, 7,,v3; are linearly independent. In this last case, the constant
a in Lemma 5.1 is non-zero, so the 2-forms @ := —2; € Q" (H) satisfy the commutator
relations [T, ] = —2/T for every even permutation (4, j, k) of {1,2,3}. By Lemma 2.5
we obtain (®]1)? = —idy for every i € {1,2,3} and &/ 0 ¥ = — 0 I = — 0} for every
even permutation (i, j, k) of {1,2,3}. In addition we define ®; := & — & A &. Tt follows
&= —D4(&) = @;(&) and P? = —idy + & ® &. An easy calculation gives

Pp(X) = =05 0 B;(X) + g(&, X)&; -
Computing d§; by means of (7) we obtain

dé; = 26,0 = 2a€; N & + 2 = 2a&; AN &, — a®f = a&; N &, — a®; .
By Definition 2.7 (cf. also [1] or [14, §2.11]), the tuple (&, ®;) defines a 3-(a, §)-Sasaki

structure, where o and ¢ are determined by a = 2(a — J) and —a = 2a. Thus a = —% and
d = —a, i.e. we are in the special case where § = 2a # 0, the so-called parallel 3-(«v, 6)-Sasaki

manifolds (cf. [1, Def. 2.3.2]).

Conversely assume that (M7, g, &, ®;),i = 1,2, 3, is a parallel 3-(, §)-Sasaki manifold, i.e.
§ =2a # 0. Set v; := a® and define a 3-form 7 via

3
(45) ’7':40551/\52/\634‘%;&/\61&"

Then V7 := VY9 + 7 is a metric connection with parallel skew-symmetric torsion 7 (cf. [1,
Cor. 4.4.2]). It follows that the vector fields & and the 2-forms ®# are V7-parallel. From the
definition of a 3-(«, §)-Sasaki manifold it is clear that the forms ® have square norm 2 and

satisfy the anti-quaternionic relations ®/" o ® = —& for every even permutation (4, j, k) of
{1,2,3}.

Take any matrix B = (b;;) € SO(3) and define 2-forms §; by 8; = 327, b; @ Tt follows
that the forms f; are again V7-parallel and [5;, 3;] = —20;, for all even permutations (4, j, k)

of {1,2,3}. By Lemma 2.5, the 3-form ¢ defined by

3
(46) P=bNGAG+ Y LGNS
=1

is a Go-structure compatible with the metric g of M.
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Since the 2-forms ®¥ and the vector fields &; are V™-parallel, the Go-form ¢ is V7-parallel
as well. One can check that ¢ is co-closed if and only if the matrix B € SO(3) is symmetric
(i.e. B = I3 or is the matrix of an orthogonal symmetry with respect to a line in R3).

6. THE cASE dim(Par(V7)) =0

In this last section we will assume that there are no non-zero V7-parallel vector fields on M,
i.e. the hol-representation has no trivial summand. Since dim M is odd the holonomy algebra
hol cannot be abelian in this case. According to Friedrich [12, §2], hol is then isomorphic to
one of the algebras in the following list:

g2, Suc.(2), u(l)®su.(2), s0;,(3) or su(2)dsu.(2).

In the generic case hol = gs, since G, has only one trivial 1-dimensional summand in A3R7,
the torsion is proportional to the Go-form, i.e. 7 = Ay for some real constant A. Since ¢ is
V7-parallel we obtain

Vie = —(1x)xp = =Alpx)sp = =AY _(einXp) A (eip) = =3A % ¢,

e.g. using (2.13) in [2]. It follows that the Go-structure is either torsion free, for A = 0, or
nearly parallel Gy, for A # 0. Both classes of manifolds provide examples for connections
with parallel skew-symmetric torsion with holonomy contained in Go.

If the holonomy algebra is isomorphic to su.(2) or u(1) @&su.(2), it follows from [12] that V7~
has parallel curvature, so the manifold has to be a naturally reductive locally homogeneous
space.

In the case hol = s0;.(3) the Gy-structure is automatically nearly parallel Go, since the
space of SO;,.(3)-invariant elements in AR” is 1-dimensional. Moreover, the curvature tensor
R™ turns out to be SO;,.(3)-invariant, so we are in the naturally reductive locally homogeneous
case. It can be shown that the manifold is locally isometric to the Berger space SO(5)/SO;,.(3)
(see [14, Prop. 4.10], or [12, Thm. 8.1] in the simply connected case).

It remains to study the case hol = su(2) @ su.(2). In this case the tangent bundle of M
decomposes in a V7-parallel orthogonal direct sum TM = V @& H of oriented sub-bundles
with dim(V) = 3 (the orientation of V is the one defined by the restriction of ). Let &, &, &3
be a local orthonormal basis of V. Then the 3-form vol¥ := & A & A & does not depend on
the choice of the basis and is V7-parallel. By (4) one can write

(47) P=bNGAG+ D LGNS,

where ; € QT (H) satisfy the relations §; o 3; = —f for every even permutation (7,7, k) of
{1,2,3}. Note that the vector fields & and the 2-forms f; are only locally defined and are
not V7-parallel in general.

From [12, §2.6], the space of hol-invariant 3-forms is generated by volV and ¢. We can
therefore write the torsion form as

(48) T=2G NG AG YD GAB
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for some real constants x,y.

The key point here will be to find a new metric connection V7 with skew-symmetric torsion,
preserving V, and which is flat on V. In this way we will be able to choose a V7-parallel basis
£1,&9,&3 of V and then express the properties of the Go-form in terms of it.

Our Ansatz will be to take 7 := 7 + Avol” for some A € R. For any choice of ), the
corresponding connection V7 is metric, has skew-symmetric torsion, and preserves V.

Proposition 6.1. For A\ = —2(x + 2y), the curvature R™ of V™ vanishes on V.
Proof. For horizontal vectors X,Y € ‘H the Bianchi identity [7, Eq. (3)] gives for every even
permutation (7, j, k) of {1,2,3}:

RT(X7 Y7 £i7 éj) = 4(g(TXY7 T&EJ) + g(TY§i7 TXﬁ]) + g(T£ZX7 TY€j>>

=4 (g(y D EaBa(XY)),26) + yP9(Bi(Y), B;(X) — yPg(B:(X), ﬁj(Y))>

= Ay +29°) Be(X,Y) .

Note that we cannot apply the Bianchi formula directly to R” since 7 is not parallel with
respect to V7. For computing the curvature R™ we will first obtain formulas for the vertical
part of commutators of two horizontal vector fields X, Y

(X, V]V = (V4Y = VEX)Y = —2(7x V)V = =2y ) " &Bi(X,Y)
and similarly for a horizontal vector field X and a vertical vector field V:
(49) (X, V)Y = (VRV —7xV = Vi X + v X)Y = VLV .
Note that Vi = V% holds for all horizontal vectors X. Then we compute
9(Rxy&, &) = 9(Vi V& — ViVEE — Vixy&i &)
= g(RTX,Y& - )\VOIE;QY]Sia &)
= 4(zy +29°) Bu(X,Y) = Ag(&, [X, Y])
— 22 + 29) + NA(X,Y) |
We see that this expression vanishes for A = —2(z + 2y). Next we compute using (49):
Ry = Vi (VT& + Woll&) — VI V& — Woll (Vi&) = Vi — Wvolf i€
= R v&i + Mvolgg & — Avolly i€
=0.
It remains to calculate the curvature R” on vertical vectors. The distribution ¥V ¢ TM

is totally geodesic and the leaves have constant sectional curvature K > 0. The constant K
was computed in [12]. The torsion form 7" = 27 is written in loc. cit.

27 = ayp + bvol” = (a—l—b)volv+aZ§iAﬁi = 2xvolv—|—2yz&/\ﬁi .
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By (48), the relation between a,b and z,y is a+b = 2z and a = 2y. Then by [12, Prop. 10.1]
we have

1
K = 1(5(1—1—6)2 = (z +4y)* .

We can restrict the curvature calculation to the 3-dimensional leaves of V. The connection

V7 on V can be written as V%|V = V5 + (z+ Mvol¥. A standard calculation then gives

o = RY T (@ NV AV = (2 + 02— K)ViAVy

If we take A = —2(z + 2y) we get * + A = —x — 4y, i.e. (x + \)? = k. We see that for this
choice of X the curvature of V7 on the bundle V vanishes. O

Since the bundle V is flat with respect to the connection V7, we can choose a local or-
thonormal frame &, &, &3 of V7-parallel sections of V. By Lemma 3.1, the vector fields &; are
all Killing and their differentials can be computed as follows:

d&i = 27¢, = 2(x + A& N &+ 2yB; = —2(x + 4y)& A & + 295

From the last equation we see that (&;, 5;) defines a 3-(«, §)-Sasaki structure as in Definition
2.7, with a :=y, 6 := x + 4y and &I := 3;.

Note that if § = 2«, then A = —2(z + 2y) = 0. Indeed for these particular 3-(«, d)-Sasaki
structures, the so-called parallel 3-(«v, §)-Sasaki structures, the vector fields & are V7 parallel
and it is not necessary to modify the torsion form 7, i.e. we can take A = 0.

Conversely, we have the following statement (see [1, Rem. 4.4.3] and [1, Thm.4.5.1]).

Proposition 6.2. For any 3-(«, §)-Sasaki structure (&, ) on a 7-dimensional Riemannian
manifold (M, g) there exists a canonical connection V™ with parallel skew-symmetric torsion

T defined as
(50) 7= (0 — 4a)vol” + a Z &N 0T
Moreover, there is an associated cocalibrated and V7 -parallel Go-structure ¢ defined by

gp::volv—i—zg/\fbf.

The torsion form 7 in Proposition 6.2 coincides with the one defined in (48) for 3; = ®F,
y=a, and z = § — 4a. The Gy-form ¢ is the Go-form defined in (47) for X = ;.
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