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Abstract. The (reduced) characteristic group of a locally conformally product mani-

fold is obtained by restricting the action of its fundamental group to the non-flat factor

of the universal cover, and taking the connected component of the identity in the clo-

sure of this restriction. It was shown by Kourganoff that this group is abelian, but it

is currently unknown whether it is simply connected, or might have compact (toric)

factors. This question is crucial for a better understanding of LCP structure, as shown

recently by B. Flamencourt. In this paper we consider Lie LCP structures (which are

defined on quotients of simply connected Lie groups by lattices) and show that the

reduced characteristic group of any Lie LCP manifold Γ\G is contained in the radical

of G, so in particular is simply connected.

1. Introduction

Locally conformally product (LCP) structures have been introduced about a decade
ago as a result of a conjecture of F. Belgun and the second author stating that a sim-
ply connected Riemannian manifold (M̃, h) having a free, discrete co-compact group Γ
of similarities of h, not all being isometries, is either irreducible or flat [2]. A coun-
terexample was found by Matveev-Nicolayevsky [12], who also proved a couple of years
later [13] that in the analytic category, all counterexamples (M̃, h) can be obtained as
Riemannian products of some flat space Rq with an irreducible Riemannian manifold
(N, gN). Shortly after, M. Kourganoff proved that the same is true in the smooth cate-
gory [11, Theorem 1.5] (a new alternative proof can be found in [7]). The corresponding
structures on the quotient manifolds Γ\M̃ are called LCP structures. Very recently,
B. Flamencourt and A. Zeghib have shown that LCP manifolds can also be obtained by
a construction generalizing Inoue-Bombieri manifolds [8].

By the above definition, an LCP manifold is a compact manifold M whose universal
cover M̃ has a non-flat, reducible Riemannian metric together with a free, discrete co-
compact group Γ of similarities of h, not all being isometries. The metric h induces
a conformal structure c on M , and since similarities are affine transformations, the
Levi-Civita connection of h projects to a torsion-free connection D on M preserving
the conformal class c. Such connections are called Weyl connections [9, 18]. A Weyl
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connection on (M, c) is called closed (resp. exact) if it is locally (resp. globally) the Levi-
Civita connection of a metric in c. One can thus equivalently define LCP manifolds as
compact conformal manifolds carrying a closed, non-exact, non-flat Weyl structure.

By the above mentioned result of Kourganoff, the universal cover M̃ of an LCP mani-
fold (M, c,D), endowed with the Riemannian metric h in the pull-back of the conformal
class c whose Levi-Civita connection is the pull-back of D, has a de Rham decomposi-
tion with exactly two factors: a flat space Rq with q ≥ 1, and an irreducible incomplete
Riemannian manifold (N, gN). The fundamental group Γ of M acts by similarities of
h so preserves the de Rham decomposition. Thus each element γ ∈ Γ can be written
γ = (γ1, γ2) with γ1 ∈ Sim(Rq) and γ2 ∈ Sim(N, gN), where Sim denotes the group of
similarities.

A crucial object for the study of LCP manifolds is defined as follows: one denotes by
P ⊂ Sim(N, gN) the projection of Γ, and by P̄0 the identity component of its closure
in Sim(N, gN). The group Rq × P̄0 ⊂ Sim(Rq) × Sim(N, gN) is called the character-
istic group of the LCP structure [5], and P̄0 is called the reduced characteristic group.
A highly non-trivial result of Kourganoff [11] is that these groups are abelian. As a
consequence, B. Flamencourt has shown that for every LCP manifold, the similarity
factors of the elements of Γ are algebraic numbers (see [4]). A central question raised by
Flamencourt [5] is whether the characteristic group is always simply connected. Indeed,
if this holds, then a reduction procedure allows one a possible classification attempt for
LCP structures, or at least a better understanding of them (see [5, Theorems 4.4 and
4.10]).

It is this question that we will study in this paper, in the particular framework of Lie
LCP manifolds, which are LCP manifolds whose universal cover is a Lie group G and
such that the fundamental group acts on G by left translations (see Definition 2.10). In
this case the LCP structure can be described in algebraic terms on the Lie algebra g of
G, which turns out to have a semi-direct product structure g = u ⋊α h where u is an
abelian ideal of g, and h is a non-unimodular Lie algebra acting on u via a conformal
representation α (see §2.1 below or [3, Corollary 4.10]).

Correspondingly, the Lie group G can be written as a semi-direct product Rq ⋊ H,
and the reduced characteristic group of M = Γ\G is obtained by projecting Γ on H
and taking the identity component of the identity in the closure of this projection. Our
main result (Theorem 5.1) states that this group is contained in the radical of G. The
strategy of the proof is the following. Using a Levi decomposition of H as H = R0 ⋊ S,
where R0 is the radical and S the semisimple part, one obtains a Levi decomposition of
G = Rq ⋊H by writing

G = Rq ⋊ (R0 ⋊ S) = (Rq ⋊R0)⋊ S =: R⋊ S.

We then further decompose S = S1 ×K, where K is the maximal compact factor of S
acting trivially on R and S1 is the product of the remaining simple factors of S. This
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gives the following decomposition of G:

G = (Rq ⋊R0)⋊ S1 ×K.

In Proposition 5.5 we show, using a result of Ragunathan on intersection of lattices with
the radical, that the reduced characteristic group of Γ\G projects trivially on S1, and is
isomorphic to the reduced characteristic group of Σ\(R×K), where Σ := Γ∩ (R×K).
This allows one to reduce the study to the case where S1 is trivial, i.e. G = R×K is a
direct product of a solvable Lie group and a compact Lie group.

Using the Tits alternative, we then show in Lemma 5.6 that the projection of Γ
on the compact factor K is virtually abelian. On the other hand, some preliminary
algebraic results on lattices on direct sums of vector spaces (Lemma 4.9 and Proposition
4.10), show that the intersection of Γ with the characteristic group of (Γ ∩ R)\R has
a subgroup of finite index contained in its derived group. Using this, we realise the
projection of Γ onto R0 × K as the graph of a morphism from R0 to K with finite
image, therefore allowing us to conclude that the characteristic group of the Lie LCP
structure is contained in the radical R of G. Consequently, this group has to be simply
connected, as any Lie subgroup of a solvable simply connected Lie group, thus answering
Flamencourt’s question in the Lie LCP setting.

A brief account of the contents of the paper is as follows: Section 2 introduces notations
and summarizes previous results on (Lie) LCP structures. Section 3 makes an insight
on the geometry of semi-direct products of Riemannian Lie groups, when the action
is given by conformal maps. In particular, we explicit the de Rham decomposition
in Kourganoff’s result of Lie LCP manifolds. Section 4 revisits the definition of the
characteristic group given in Section 2, now in the case of Lie LCP manifolds, and
introduces technical results that will be used in Section 5. It also includes a simple proof
that the characteristic group of a Lie LCP solvmanifold is simply connected. Section
5 addresses the general case; the whole section is devoted to the proof of Theorem 5.1
using the aforementioned techniques.

As a consequence, we obtain two important results on the characteristic group of any
Lie LCP manifold: it is simply connected (Corollary 5.9) and is contained in the com-
mutator of the universal cover (Corollary 5.10). The latter was a phenomena observed
in all examples in [1, 3], but no proof was given up to now. In those examples it also
holds that the characteristic group of a Lie LCP manifold is contained in the nilradical
of the universal cover and also, it does not depend on the lattice Γ ⊂ G, once the flat
factor is fixed. It is still an open question whether these facts hold in general.
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2. Preliminaries

2.1. LCP Lie algebras. Let g denote a finite dimensional real Lie algebra and let g be
an inner product on g. We denote by G the connected and simply connected Lie group
with Lie algebra g, and by the same letter g the left-invariant Riemannian metric on G
induced by the inner product g.

The Levi-Civita connection ∇g of the Riemannian manifold (G, g) preserves left-
invariant vector fields: if X, Y are left-invariant vector fields on G then so is ∇g

XY .
Hence, ∇g can be identified with the linear map ∇g : g → so(g) which, by Koszul’s
formula, satisfies

(2.1) g(∇g
xy, z) =

1

2
(g([x, y], z)− g([x, z], y)− g([y, z], x)) , ∀ x, y, z ∈ g.

Here and henceforth so(g) is the space of skew-symmetric endomorphisms of (g, g).
We are interested in the conformal geometry of (G, c := [g]), where [g] denotes the

conformal class of g. Any differential 1-form θ on G defines a Weyl connection D on
(G, c) by the fundamental theorem of conformal geometry [18], and this correspondence
is one-to-one. Under this correspondence, θ is called the Lee form of D; the Weyl
structure is called closed (exact) if its Lee form is closed (resp. exact). We say that
a Weyl structure D on (G, c) is left-invariant if its Lee form with respect to the left-
invariant metric g is itself left-invariant on G; in this case, we also denote its value at
the identity by θ ∈ g∗.

Every left-invariant Weyl connection D can be written in terms of its Lee form θ ∈ g∗,
the metric g and the Levi-Civita connection ∇g as D = ∇θ where

(2.2) ∇θ
xy := ∇g

xy + θ(x)y + θ(y)x− g(x, y)θ♯, ∀ x, y ∈ g.

Here and henceforth θ♯ ∈ g denotes the g-dual vector of θ. Using (2.1) together with
(2.2), the Weyl connection ∇θ can be explicitly defined by the following formula:

(2.3) g(∇θ
xy, z) =

1

2
(g([x, y], z)− g([x, z], y)− g([y, z], x))

+ θ(x)g(y, z) + θ(y)g(x, z)− θ(z)g(x, y), ∀ x, y, z ∈ g.

Notice that ∇θ can be viewed as a linear map ∇θ : g → End(g), x 7→ ∇θ
x.

The curvature tensor Rθ of ∇θ is defined as

Rθ
x,y = [∇θ

x,∇θ
y]−∇θ

[x,y], ∀ x, y ∈ g.

A subspace u ⊂ g is called ∇θ-parallel if

∇θ
xu ∈ u, ∀ u ∈ u, ∀ x ∈ g,

and it is called ∇θ-flat if it is ∇θ-parallel and

Rθ
x,yu = 0, ∀ u ∈ u, ∀ x, y ∈ g.

We are now ready to introduce the objects of study of this paper.
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Definition 2.1. A locally conformally product (LCP for short) Lie algebra is a quadruple
(g, g, θ, u) where (g, g) is a metric Lie algebra, θ is a non-zero closed 1-form on g∗, and
u is a ∇θ-flat proper subspace of (g, g), that is, 0 ⊊ u ⊊ g. The LCP structure (g, θ, u)
is called adapted if θ|u = 0.

In [3, Theorem 4.2] it was shown that any LCP structure on a unimodular Lie algebra
is adapted (the assumption that the LCP structure is proper in [3, Theorem 4.2] is
now part of Definition 2.1, which no longer considers conformally flat Lie algebras as
LCP Lie algebras). In addition, from [3, Corollary 4.10] it follows that unimodular LCP
Lie algebras are in one-to-one correspondence with triples (h, h, β), where h is a non-
unimodular Lie algebra, h is an inner product on h and β is an orthogonal Lie algebra
representation β : h → so(Rq), with q ≥ 1. We briefly recall here this correspondence.

Given any such triple (h, h, β), set ξ := −1
q
Hh, where Hh ∈ h∗ is the trace form

Hh(x) := tr adx, for all x ∈ h. Moreover, define the representation α : h → gl(Rq) as
α(x) := ξ(x) IdRq +β(x), for all x ∈ h. Then, the Lie algebra

(2.4) g := Rq ⋊α h

with a metric g such that Rq⊥h and g|h = h, is an LCP Lie algebra with θ being the
extension by zero of ξ and flat factor u := Rq.

Conversely, if (g, g, θ, u) is a unimodular LCP Lie algebra, then u is an abelian ideal
of g and h := u⊥ is a subalgebra so g = Rq ⋊ h and this decomposition is orthogonal.
Moreover, for every x ∈ h, β(x) := adx |u − θ(x) Idu ∈ so(u) and one can easily check
that β : h → so(u) is a Lie algebra representation.

The following result allows us to define a maximal flat factor of an LCP structure on
a unimodular Lie algebra, when the metric and the Lee form are fixed.

Proposition 2.2. Let (g, g) be a unimodular metric Lie algebra and let θ ∈ g∗ be a
non-zero closed form such that ∇θ is not flat on g. Then, there exists a unique abelian
ideal u in g such that any LCP structure (g, θ, i) on g satisfies i ⊂ u.

Proof. If (g, g) does not admit any LCP structure with Lee form θ, it is clear that u = 0
satisfies the requirements. In the case where (g, g) admits an LCP structure, we define
u as the sum of all ∇θ-flat subspaces of g. Clearly u is a ∇θ-flat space, which is strictly
contained in g by the assumption that ∇θ is not flat. Thus (g, θ, u) is an LCP Lie
algebra, so [3, Theorem 4.9] and [1, Proposition 3.2] imply that u is an abelian ideal. □

Definition 2.3. Let g ba a unimodular Lie algebra. We say that an LCP structure
(g, θ, u) on g has maximal flat factor if ∇θ non-flat, and u is the ideal given by Proposition
2.2.

The above results are motivated by the more general notion of LCP structures on
Riemannian manifolds which we will now discuss.
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2.2. LCP structures on compact manifolds. Recall that an LCP structure on a
compact manifold M is a pair (g, θ) consisting on a Riemannian metric g and a closed
1-form θ which is not exact, and such that the Weyl connection ∇θ whose Lee form with
respect to g is equal to θ has reducible non-trivial holonomy (see [1, Definition 2.1]).

The pull-backs of θ and g to the universal cover M̃ of M will be denoted by the
same symbols for simplicity. On M̃ we can write θ = dφ for some φ ∈ C∞(M̃) which
is not π1(M)-invariant (as θ is not exact on M). The lift of ∇θ to M̃ is the Levi-
Civita connection of the metric h := e2φg, which is therefore reducible and not flat. A
fundamental result of Kourganoff is the following:

Theorem 2.4 ([11, Theorem 1.5]). The Riemannian manifold (M̃, h) has a de Rham
decomposition

(2.5) (M̃, h) ≃ Rq × (N, gN),

where Rq is a flat Euclidean space of dimension q ≥ 1 and (N, gN) is an irreducible and
incomplete Riemannian manifold of dimension at least 2.

The group Γ := π1(M) acts on M̃ isometrically with respect to g and by similarities
with respect to h. Indeed, every f ∈ Γ preserves dφ = θ, so d(f ∗φ − φ) = 0. This
shows that there exists a constant cf such that f ∗φ − φ = cf , whence f

∗h = e2cfh.
Since similarities preserve the de Rham decomposition (2.5), we have Γ ⊂ Sim(Rq) ×
Sim(N, gN). Correspondingly, we denote each f ∈ Γ by (f1, f2).

Following Kourganoff, we consider the group P := prSim(N,gN )(Γ), in other words

(2.6) P = {f2 ∈ Sim(N, gN) : ∃f1 ∈ Sim(Rq) such that (f1, f2) ∈ Γ}.

Lemma 2.5. The projection prSim(N,gN ) defines an isomorphism between Γ and P.

Proof. This fact is a consequence of the proof of Lemma 4.17 in [11]. Notice that the
proof of that lemma is incomplete, but it is sufficient to show our claim by taking u′′

there as the identity on N . □

We denote by P̄ the closure of P in Sim(N, gN) and by P̄0 its connected component
of the identity. The following result was already used by Kourganoff [11]. We give here
the proof for the reader’s convenience.

Lemma 2.6. Let P be a subgroup of a Lie subgroup of a Lie group G and let P̄0 denote
the connected component of the identity of the closure of P in G. Then for every sequence
(pn)n≥0 in P converging to p ∈ P̄0, there exists n0 ∈ N such that pn ∈ P̄0 ∩ P for every

n ≥ n0. That is, P ∩ P̄0 = P̄0.

Proof. If the conclusion does not hold, there exists a subsequence pkn in P\P̄0 converging
to some p ∈ P̄0. But pkn ∈ P̄ \ P̄0 which is closed in P̄ (since P̄ is a Lie group, and
the connected component of the identity in a Lie group is open). This implies that
p = limn→∞ pkn ∈ P̄ \ P̄0, which is a contradiction. □



THE CHARACTERISTIC GROUP OF LIE LCP MANIFOLDS 7

Set Γ0 := Γ∩ (Sim(Rq)× P̄0). By [11, Lemma 4.18], Γ0 is contained in Rq × P̄0 where
the inclusion Rq ⊂ Sim(Rq) is given by the translations. We recall the following result:

Proposition 2.7. [11, Lemmas 4.1 and 4.13] The group P̄0 is a connected abelian Lie
subgroup in Iso(N, gN) and Γ0 is a lattice in Rq × P̄0.

Note that throughout this paper, by lattice we mean a discrete co-compact subgroup.

Definition 2.8. The characteristic group of an LCP structure (g, θ) on the compact
manifold M is the connected abelian Lie group Rq × P̄0 ⊂ Iso(Rq) × Iso(N, gN). The
reduced characteristic group is the connected abelian Lie group P̄0 ⊂ Iso(N, gN).

A central question in the theory of LCP manifolds is the following:

Question 2.9 ([5, Remark 5.8]). Given an LCP structure on a compact manifold, is its
characteristic group simply connected?

Note that if this question holds true, then one can describe the corresponding LCP
structures in terms of some admissible data (see [5, Thm. 4.4 and 4.10] for details). We
will investigate this question in the particular case of Lie LCP manifolds, which we shall
introduce next.

Definition 2.10. Let (M, g, θ) be an LCP manifold. If M̃ = G is a simply connected
Lie group, the pull-backs to G of g and θ are left-invariant, and π1(M) =: Γ is a lattice
of G acting by left multiplication, the structure (g, θ) on M = Γ\G is called a Lie LCP
structure (see [6, Definition 4.8]).

The interest of this class of LCP structures is that it can be characterized algebraically:

Proposition 2.11. There is a one-to-one correspondence between Lie LCP structures
on M := Γ\G and LCP structures with flat maximal factor on the Lie algebra g of G.

Proof. In [1, Proposition 2.4] we have shown that if Γ is a lattice in a simply connected
Lie group G with Lie algebra g, then there is a correspondence between LCP structures
on g and Lie LCP structures on M := Γ\G. We recall here how this correspondence is
defined, and show that it is one-to-one if one restricts to LCP structures on g with flat
maximal factor.

Every LCP structure (g, θ, u) on g determines in an obvious way a Lie LCP structure
(g, θ) on Γ\G such that the left-invariant distribution determined on G by u is ∇θ-flat,
and thus contained in the flat distribution TRq ⊂ TG. In particular, this shows that

(2.7) dim(u) ≤ q.

Conversely, a Lie LCP structure (g, θ) on M = Γ\G, determines in an obvious way
a scalar product g ∈ Sym2g∗ and a non-zero closed 1-form θ ∈ g∗. Moreover, the flat
distribution TRq is left-invariant on G (as left translations are isometries, and every
isometry preserves the flat distribution in the de Rham decomposition), so it induces a
subspace u ⊂ g which is clearly ∇θ-flat and satisfies dim(u) = q. Thus (g, θ, u) is an LCP
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structure on g. This structure has maximal flat factor, since if u were not maximal, there
would exist an LCP structure (g, θ, ũ) on g with dim ũ > dim(u) = q, thus contradicting
(2.7). □

3. semi-direct products defined by conformal representations

We have seen in (2.4) that every LCP Lie algebra can be expressed in a canonical
way as a semi-direct product of Lie algebras. Correspondingly, the universal cover G of
any Lie LCP manifold M = Γ\G can be realized as a semi-direct product of Lie groups,
defined by a conformal representation (see Definition 3.1 below). We will therefore study
in more detail such ”conformal” direct products, and show that the conformal class of
the natural left-invariant metric carries a Riemannian product metric. We then apply
this result in order to make explicit the two factors in Kourganoff’s decomposition (2.5)
of the universal cover of any Lie LCP manifold.

We start with a general setting. Let U and H be Lie groups with Lie algebras u and h,
respectively. Assume that gu and gh are inner products on u and h, respectively, which
will also denote the induced left-invariant metrics on the corresponding Lie group.

Given a Lie group representation ρ : H → Aut(U), we denote α : h → Aut(u) the
induced Lie algebra representation.

We consider the semi-direct product of these Lie groups via ρ, G = U ⋊ρ H, whose
product law is given by

(3.1) (u, x)(u′, x′) = (uρ(x)u′, xx′), ∀ u, u′ ∈ U, ∀ x, x′ ∈ H.

In general, we will denote ux the pair (u, x) ∈ G. Notice that, with this notation,
xux−1 = ρ(x)u for all u ∈ U , x ∈ H.

Recall that the Lie algebra of G is g = u⋊α h. Let g denote the left invariant metric
on G induced by gu + gh on g.

Definition 3.1. We say that a representation ρ : H → Aut(U) is conformal if

(3.2) ρ(x)∗gu = e2φ(x)gu, ∀ x ∈ H,

for some positive function φ ∈ C∞(H), which is called the conformal function of ρ.

Remark 3.2. Notice that since gu is left-invariant in U , ρ being conformal is equivalent
to d(ρ(x))∗egu = e2φ(x)gu for all x ∈ H, where, in the last equality, gu is the inner product
in u.

Using the fact that ρ is a representation, it is straightforward to check that the con-
formal function φ in (3.2) is a group homomorphism from H to (R,+).

Proposition 3.3. If ρ : H → Aut(U) is a conformal representation with conformal
function φ, then the map f : U × H → G, defined by f(u, x) = ux, is an isometry
between the Riemannian manifolds (U ×H, h′ := gu + e2φgh) and (G, h := e2φg).

Notice that if the conformal function φ is non-constant, then the metrics h and h′ are
not left-invariant.
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Proof. For every V ∈ u, X ∈ h, u ∈ U , and x ∈ H, we have:

df(u,x)(d(Lu)eV, 0) =
d

dt
|t=0f(u exp tV, x) =

d

dt
|t=0uxρ(x

−1)(exp tV )

= d(Lux)ed(ρ(x
−1))eV

df(u,x)(0, d(Lx)eX) =
d

dt
|t=0f(u, x exp tX) =

d

dt
|t=0ux exp tX = d(Lux)eX.

Using these relations together with (3.2) we get:

(f ∗h)(u,x)((d(Lu)eV, 0), (d(Lu)eV, 0)) = hux(d(Lux)ed(ρ(x
−1))eV, d(Lux)ed(ρ(x

−1))eV )

= e2φ(x)ge(d(ρ(x
−1))eV, d(ρ(x

−1))eV )

= e2φ(x)e2φ(x
−1)ge(V, V )

= gu(V, V ) = (gu)u(d(Lu)eV, d(Lu)eV )

= h′(u,x)((d(Lu)eV, 0), (d(Lu)eV, 0)).

Similarly, one has:

(f ∗h)(u,x)((0, d(Lx)eX), (0, d(Lx)eX)) = hux(d(Lux)eX, d(Lux)eX)

= e2φ(x)g(X,X)

= e2φ(x)(gh)x(d(Lx)eX, d(Lx)eX)

= h′(u,x)((0, d(Lx)eX), (0, d(Lx)eX)).

Finally, we compute:

(f ∗h)(u,x)((d(Lu)eV, 0), (0, d(Lx)eX)) = hux(d(Lux)ed(ρ(x
−1))eV, d(Lux)eX)

= e2φ(x)g(d(ρ(x−1))eV,X) = 0

= h′(u,x)((d(Lu)eV, 0), (0, d(Lx)eX)).

Therefore f ∗h = h′ as claimed. □

Lemma 3.4. Assume φ : G→ R is a differentiable function such that φ(e) = 0 and dφ
is a left-invariant 1-form. Then, φ is a Lie group morphism into (R,+).

Proof. The left-invariance of dφ is equivalent to L∗
adφ = dφ for all a ∈ G. Since G is

connected, we obtain, for all a ∈ G, L∗
aφ− φ = ca where ca is a constant depending on

a. This implies φ(aa′)−φ(a′) = ca for all a, a′ ∈ G. Taking a′ = e we get φ(a) = ca and
thus φ(aa′) = φ(a) + φ(a′) as claimed. □

Let G be a Lie group with a left-invariant Riemannian metric g and let φ : G→ R be
a Lie group morphism. Then, for any a ∈ G,

(3.3) L∗
a(e

2φg) = e2φ(a)(e2φg).

This means that La is a similarity of e2φg for all a ∈ G. Moreover, La is an isometry of
e2φg if and only if a ∈ kerφ.
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Proposition 3.5. Suppose Γ is a closed Lie subgroup of G such that Γ\G is compact
and let φ : G→ R be a Lie group morphism. If the action of Γ on G by left-translations
preserves the metric e2φg then φ ≡ 0.

Proof. By (3.3), it clear that Lγ is an isometry of e2φg for all γ if and only if φ(Γ) = 0.
If that is the case, then Γ ⊂ kerφ and thus there is a well defined map Γ\G → R from
a compact space to R whose image is Imφ. Since φ is a group morphism, its image is
compact only when it is trivial. □

We will now apply the considerations above to the particular case of Lie LCP struc-
tures.

Let (g, θ) be a Lie LCP structure onM := Γ\G, and let (g, g, θ, u) be the corresponding
LCP Lie algebra with maximal factor, given by Proposition 2.11. The Lie algebra g of
G decomposes as g = u ⋊α h, where h = u⊥ and α(x) = θ(x) Idu +β(x), for some
representation β : h → so(u) (see Section 2.1). Recall that θ|u = 0 so we can assume
θ ∈ h∗.

Consider U and H the simply connected Lie groups corresponding to u and h, and let
gu, gh be the left-invariant metrics induced by g on U and H, respectively.

Since H and U are simply connected, the representation α : h → gl(u) induces Lie
group homomorphisms ρ0 : H → GL(u) and ρ : H → Aut(U). These satisfy the
following relations: d(ρ0)e = α and d(ρ(x))e = ρ0(x) for every x ∈ H. Notice that G is
(isomorphic to) the semi-direct product U ⋊ρ H.

Since θ is a closed 1-form in H, which is simply connected, one can write θ = dφ for
some function φ ∈ C∞(H) with φ(e) = 0. By Lemma 3.4, φ : H → (R,+) is a group
homomorphism.

Lemma 3.6. In the notation above, ρ is a conformal representation with conformal
function φ.

Proof. Since H is generated by products of elements in the image of the exponential
map and ρ and φ in (3.2) are homomorphisms, it is enough to prove that ρ is conformal
for elements in exp(h).

Let X ∈ h. Then,

ρ0(expX) = eα(X) = eθ(X)eβ(X),

where we used that d(ρ0)e = α = θ Idu +β. Since β(X) ∈ so(u, gu), e
β(X) ∈ SO(u, gu)

and thus

ρ0(expX)∗gu = e2θ(X)gu.

Using that φ : H → R is the primitive of θ which is an homomorphism, we obtain
φ(expX) = θ(X) so the previous equation reads

ρ0(expX)∗gu = e2φ(expX)gu,

thus proving d(ρ(x))∗egu = ρ0(x)
∗gu = e2φ(x)gu for all x ∈ H. The lemma follows from

Remark 3.2. □
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From Lemma 3.6 and Proposition 3.3 we obtain that (G, e2φg) is isometric to the
product (U, gu) × (H, e2φgh). The next result shows that this is actually the de Rham
decomposition of (G, e2φg).

Proposition 3.7. In the notation above, the de Rham decomposition of the universal
cover G of the Lie LCP manifold (M = Γ\G, g) endowed with the metric e2φg reads

(3.4) (G, e2φg) ≃ (U, gu)× (H, e2φgh).

Proof. By Theorem 2.4, the de Rham decomposition of (G, e2φg) has only two factors,
one of them being flat Euclidean of dimension q ≥ 1.
From Proposition 2.11 and the fact that (g, g, θ, u) is maximal, we get q = dimU and

thus Rq ≃ (U, gu). Consequently, (H, e2φgh) is the irreducible factor given by Theorem
2.4. □

4. The characteristic group of Lie LCP structures

We keep the notation from the previous section: (g, θ) is a Lie LCP structure on
M := Γ\G, (g, g, θ, u) is the corresponding LCP Lie algebra with maximal factor, and
g = u⋊α h is a semi-direct product defined by a conformal representation. The simply
connected Lie groups corresponding to u and h are denoted by U and H, and gu, gh
denote the left-invariant metrics induced by g on U and H, respectively. We denote by
φ the homomorphism from G to (R,+) that satisfies dφ = θ given by Lemma 3.4.

We identify U with the leaf of u through the identity of G (which is a normal abelian
subgroup of G) and write as before G = U ⋊ρ H.

Remark 4.1 (Projections in semi-direct products: notation). Assume that A is a group
and X,B ⊂ A are subgroups such that X is normal in A, A = XB and X ∩ B = 1A.
Then A can be written as the semi-direct product A = X⋊B, and there is a well-defined
group morphism prAB : A → B such that prAB(xb) = b for every x ∈ X and b ∈ B. If B
itself is a semi-direct product B = Y ⋊ C, then one can write

A = X ⋊ (Y ⋊ C) = (X ⋊ Y )⋊ C,

and clearly

(4.1) prAC = prBC ◦ prAB .

Since M = Γ\G, the fundamental group π1(M) can be identified to the subgroup Γ
of G, acting on G by left translations. However, we will make the distinction between
an element γ ∈ Γ and its action Lγ on G = M̃ .
We denote by pU : G → U the projection over the first factor with respect to the

identification of U ×H with G given by (u, x) 7→ ux. Note that, unlike prGH , pU is not
a group morphism in general. Given γ ∈ Γ, write γ = (γ1, γ2), with γ1 := pU(γ) and
γ2 := prGH(γ), so that for every a = (u, x) ∈ G with u ∈ U , x ∈ H, we have, by (3.1),

(4.2) γa = (γ1ρ(γ2)u, γ2x).
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We will now specialize the considerations about the characteristic group introduced
in §2.2 to the present setting of Lie LCP structures. As before, Γ acts on G = U ⋊ρ H
by homotheties of e2φg. Therefore, it preserves the de Rham decomposition (G, e2φg) =
(U, gu) × (H, e2φgh) given by Proposition 3.7 and thus Γ ⊂ Sim(U, gu) × Sim(H, e2φgh).
By denoting f1 ∈ Sim(U, gu) and f2 ∈ Sim(H, e2φgh) the components of Lγ ∈ Γ, (4.2)
yields f1(u) = γ1ρ(γ2)u and f2(h) = γ2h, for every u ∈ U and h ∈ H. In particular this
shows that each element γ ∈ Γ acts on H as the left-translation by γ2 = prGH(γ).
In the Lie LCP setting, the characteristic group reads

(4.3) P = {f2 ∈ Sim(H, e2φgh) : ∃f1 ∈ Sim(U, gu) such that (f1, f2) ∈ Γ}.

In other words, P = prGH(Γ) and by the above observation, P acts on H by left-
translations. By Lemma 2.5, the projection prGH defines an isomorphism between Γ
and P.

Since the inclusion H ⊂ Sim(H, e2φgh) given by left-translations is closed and contin-
uous, the closure of P in Sim(H, e2φgh) coincides with its closure in H. We denote as
before by P̄ this closure and by P̄0 its connected component of the identity. In particular,
by Proposition 2.7, P̄0 ⊂ H acts on H by isometries of e2φgh. From this we obtain:

Proposition 4.2. The Lee form θ vanishes on the Lie algebra p of P̄0.

Proof. Since P̄0 ⊂ H acts on H by left-translations which are isometries of e2φgh, Equa-
tion (3.3) applied to (H, e2φgh) shows that φ(x) = 0 for any x ∈ P̄0. Then for any X ∈ p,
θ(X) = d

dt
|t=0φ(exp tX) = 0 as claimed. □

A priori, we cannot realize the characteristic group Rq × P̄0 (see Definition 2.6) of a
Lie LCP manifoldM = Γ\G as a subgroup of G = U⋊ρH, since the elements of U ≃ Rq

and P̄0 may not commute in G. However, the next result shows that this is always the
case.

Proposition 4.3. For all u ∈ U , x ∈ P̄0, ux = xu in G = U ⋊ρ H.

Proof. This is equivalent to showing ρ(x) = IdU for all x ∈ P̄0.
Let γ2 ∈ P̄0∩P. By the definition of P, there exists γ1 ∈ Sim(U, gu) with γ = (γ1, γ2) ∈

Γ. Thus γ ∈ Γ ∩ (Sim(U, gu) × P̄0) = Γ0 and, by [11, Lemma 4.18], the restriction of γ
to U is a translation. Hence, there exists w ∈ U such that

γ1ρ(γ2)u = wu, ∀ u ∈ U.

Taking u as the identity in U in the last equation yields γ1 = w and thus ρ(γ2) = IdU

for all γ2 ∈ P̄0 ∩ P. Since P̄0 ∩ P is dense in P̄0 (Lemma 2.6), by continuity we get
ρ(x) = IdU for all x ∈ P̄0. □

Corollary 4.4. The characteristic group Rq × P̄0 of a Lie LCP manifold M = Γ\G is
an abelian subgroup of G = U ⋊ρ H.

Recall that Γ0 = Γ ∩ (U × P̄0) by Proposition 2.7.
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Proposition 4.5. Γ0 is a normal subgroup of Γ.

Proof. Since Γ0 is a subgroup of U × P̄0 and U is normal in G, by (3.1) it suffices to
show that P̄0 is preserved by conjugation with elements in P , which is obvious since P̄0

is normal in P̄. □

Lemma 4.6. P ∩ P̄0 = prGH(Γ0).

Proof. Let γ2 ∈ P ∩ P̄0, then there is γ1 ∈ U such that γ := (γ1, γ2) ∈ Γ. Since γ2 ∈ P̄0

we get γ ∈ U × P̄0 as well and thus γ ∈ Γ0, from which we obtain γ2 ∈ prGH(Γ0).
Conversely, let γ2 ∈ prGH(Γ0). Take γ1 ∈ U such that γ := (γ1, γ2) ∈ Γ0 = Γ∩(U×P̄0).

Then γ2 ∈ prGH(γ) = P and γ2 ∈ prGH(U × P̄0) = P̄0. □

Proposition 4.7. Assume that Γ admits a finite index subgroup Λ. Denote by Q :=
prGH(Λ). Then Λ is a lattice of G and (g, θ) is a Lie LCP structure on Λ\G whose reduced
characteristic group Q̄0 verifies Q̄0 = P̄0.

Proof. The fact that Λ is a subgroup of Γ implies that Λ is discrete and the map from
Λ\G to Γ\G defined as Λx → Γx is a well defined finite covering of a compact space.
Hence, Λ\G is compact.

Let ℓ1, . . . , ℓk be elements in Γ such that Γ =
⋃k

i=1 Λ ℓi and denote pi := prGH(ℓi) ∈ P.
Let x ∈ P̄, so that x = limn xn with xn ∈ P = prGH(Γ). Up to passing to a subsequence,
we may assume that there is some i0 ∈ {1, . . . , k} for which xn = ynpi0 , with yn ∈ Q for
all n ∈ N. Hence yn converges to some y ∈ Q̄, whence x ∈ Q̄ pi0 . This implies that

P̄ =
k⋃

i=1

Q̄ pi.

In this union, two sets either intersect or are disjoint since Q̄ is a subgroup of P̄. There-
fore, Q̄0 = P̄0. □

To finish the section we present specific results on Lie LCP solvmanifolds, that is, on
manifolds of the form M = Γ\R, where R is a simply connected solvable Lie group and
Γ ⊂ R a lattice.

First, we answer positively Question 2.9 for LCP structures on solvmanifolds:

Proposition 4.8. On a solvmanifold M = Γ\R, every Lie LCP structure has simply
connected characteristic group.

Proof. By Corollary 4.4, the characteristic group U × P̄0 of M is a Lie subgroup of
R. Since R is solvable and simply connected, U × P̄0 is simply connected as well [17,
Theorem 3.18.12]. □

The last result of this section involves a finite index subgroup of the lattice Γ0 of the
characteristic group of LCP solvmanifolds. For its proof, we make use of the following
technical result on lattices on vector spaces.
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Lemma 4.9. Let E be a real vector space, Γ0 ⊂ E a lattice, E1, E2 ⊂ E two vector
subspaces such that E = E1 ⊕ E2 and f an endomorphism of E such that f(Γ0) ⊂ Γ0,
f(Ei) ⊂ Ei for i = 1, 2, and such that the restriction to E1 of f−IdE is invertible. Denote
by πi : E → Ei the projections with respect to the above direct sum decomposition and
assume that π2(Γ0) is dense in E2. Then f − IdE is invertible.

Proof. Let k be the dimension of E. The lattice Γ0 is a free abelian group of rank k.
Let e1, . . . , ek be a system of generators of Γ0 (and in the same time a basis of E). The
matrix A of f with respect to this basis has integer coefficients. We endow E with the
scalar product such that {ei}ki=1 is an orthonormal basis.

Assume for a contradiction that f − IdE is not invertible and let x be a non-zero
vector in ker(AT − Ik). Since A ∈ Mk(Z), one can choose x such that it has integer
coefficients. By assumption, E1 ⊂ im(A − Ik), whence by duality, ker(AT − Ik) ⊂ E⊥

1 .
This shows that x ∈ E⊥

1 , so by duality again, E1 ⊂ x⊥. Every vector z ∈ Γ0 can be
written z = (z − ⟨x, z⟩ x

|x|2 ) + ⟨x, z⟩ x
|x|2 , thus showing that Γ0 is contained in x⊥ + x

|x|2Z.
Now, for every y ∈ x⊥, we have π2(y) = y − π1(y) ∈ x⊥, so π2(x

⊥) ⊂ x⊥ ∩ E2 =: W .
This intersection is not equal to E2 (otherwise, since we already have E1 ⊂ x⊥, we would
obtain E ⊂ x⊥, which is impossible), so W is a hyperplane in E2. Consequently, π2(x

⊥)
is contained in the hyperplaneW , whence π2(Γ0) is contained in the closed (strict) subset
W + π2(

x
|x|2 )Z of E2, contradicting the fact that it has to be dense in E2. □

Proposition 4.10. Let M = Γ\R be a Lie LCP solvmanifold defined by a solvable
LCP Lie algebra (r, g, θ, u) and a lattice Γ in the simply connected solvable Lie group R
with Lie algebra r. Denote as before by P̄0 the reduced characteristic group of the LCP
structure (which is simply connected by Proposition 4.8) and by Γ0 := Γ∩(U× P̄0) which
is normal in Γ by Proposition 4.5 and a lattice in U × P̄0 by Proposition 2.7. Then the
group [Γ,Γ0] of elements of Γ0 generated by commutators of an element in Γ and an
element of Γ0 has finite index in Γ0.

Proof. Let γ be an element of Γ ⊂ R which is a strict homothety of (R, e2φg) (where φ
is a primitive of θ on R). Then γ∗φ = φ + c for some non-zero constant c. We write
γ = (γ1, γ2), with γ1 = pU(γ) and γ2 = prGH(γ). For every u ∈ U , the adjoint action of γ
on a := (u, 1) ∈ R = U ⋊ρ H reads by (3.1):

Adγ(a) = Adγ1(Adγ2(a)) = Adγ1(ρ(γ2)a) = ρ(γ2)a.

Therefore, by (3.2), the adjoint action of γ on (U, gu) is a strict homothety. Moreover,
Adγ is a morphism of the characteristic group U × P̄0, which is abelian and simply
connected, so has a vector space structure. We denote by E this vector space. By
continuity, f := Adγ is a linear automorphism of E, which clearly preserves the two
vector subspaces E1 := U and E2 := P̄0, and verifies f(Γ0) ⊂ Γ0 by Proposition 4.5.
Moreover, if π2 denotes the projection from E to E2 parallel to E1, then π2(Γ0) is dense

in E2 by Lemma 2.6. In fact P ∩ P̄0 = π2(Γ0) due to Γ0 = Γ ∩ (U × P̄0) ⊂ U × (P ∩ P̄0)
by Lemma 2.6. We can thus apply Lemma 4.9 and obtain that f − IdE is invertible.
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Consequently, the image of Γ0 by f − IdE is a finite index subgroup of Γ0. On the other
hand, the commutator of γ and some x ∈ Γ0 reads [γ, x] = γxγ−1x−1 = Adγ(x) − x =
(f − IdE)(x). This shows that [Γ,Γ0] contains the finite index subgroup (f − IdE)(Γ0)
of Γ0, thus finishing the proof. □

5. Reduction to the radical of G

The aim of this section is to prove the main result of the paper:

Theorem 5.1. The characteristic group of a Lie LCP manifold M := Γ\G is contained
in the radical of G.

Let (g, θ) be a Lie LCP structure onM := Γ\G and let (g, g, θ, u) be the corresponding
LCP Lie algebra with maximal factor.

As in the previous sections we consider h := u⊥ so that g = u ⋊α h and the corre-
sponding simply connected Lie groups U,H so that G is isomorphic to U ⋊ρ H, where
ρ : H → Aut(U) is the conformal representation induced by α in (2.4). By Proposition
3.7, the de Rham decomposition of (G, e2φg) is (U, gu)× (H, e2φgh), where gu, gh are the
left-invariant metrics induced by the restriction of g to u, h, respectively, and φ : G→ R
is the homomorphism verifying dφ = θ given by Lemma 3.4.

Fix a Levi decomposition of H as follows. Let R0 be the radical of H (i.e. the maximal
connected solvable Lie subgroup) and let S be a semisimple Levi factor of H so that
H = R0S. Note that S is simply connected since H is so [17, Theorem 3.18.13]. We
denote by τ0 : S → Aut(R0) the action of S on R0 by conjugation and write

(5.1) H = R0 ⋊τ0 S.

Since U is abelian and normal in G, R := U ⋊ρ R0 is solvable and connected, and
G = RS, hence

(5.2) G = R⋊τ S = (U ⋊ρ R0)⋊τ S

is a Levi decomposition of G where we denote by τ : S → Aut(R) the action of S on R
by conjugation. Note that τ(s)|U = ρ(s) and τ(s)|R0 = τ0(s) for all s ∈ S.

The simply connected semisimple Lie group S has a unique decomposition (up to
order) as a product of simple Lie groups. Therefore, any connected normal subgroup is
a product of some of these factors. In particular, the connected component of the kernel
of τ , (ker τ)0 ⊂ S, can be written as such a product; we denote by K the product of
the compact factors of (ker τ)0. Let S1 be the product of simple and simply connected
factors of S which are not in K, so that

(5.3) S = S1 ×K.

Recall that the characteristic group U×P̄0 of the Lie LCP structure (g, θ) onM = Γ\G
is an abelian subgroup of G (by Corollary 4.4).

Theorem 5.1 is equivalent to showing that the reduced characteristic group P̄0 is
contained in R0. We start by showing that this holds in some particular case.
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Proposition 5.2. If the connected component of the identity of the kernel of τ has no
compact factor, then P̄0 ⊂ R0.

Proof. The hypothesis is equivalent to K in (5.3) being trivial, so one can write the
different semi-direct product decompositions of G as

(5.4) G = (U ⋊ρ R0)⋊τ S1 = U ⋊ρ (R0 ⋊τ0 S1),

with

R = U ⋊ρ R0 and H = R0 ⋊τ0 S1.

Since (ker τ)0 has no compact factors, prGS1
(Γ) is a lattice in S1 = R\G by [15, Corol-

lary 8.28] (see also [19, Proposition 1.3]). Using (4.1), this implies that prHS1
(P) =

prHS1
◦ prGH(Γ) = prGS1

(Γ) is also a lattice in S1.
Let x ∈ P̄ and let xn ∈ P ⊂ H such that xn → x. Then prHS1

(xn) ∈ prHS1
(P)

converges to prHS1
(x) ∈ prHS1

(P̄) ⊂ S1. Since prHS1
(P) a lattice in S1, the latter sequence

is stationary, i.e. there exists n0 ∈ N with prHS1
(xn) = prHS1

(x) for every n ≥ n0. This
implies prHS1

(P̄) = prHS1
(P) and thus prHS1

(P̄0) ⊂ prHS1
(P). As the former set is connected

and the latter is a lattice, this shows that prGH(P̄0) is trivial and therefore P̄0 ⊂ R0. □

We consider the group L := (U ⋊ρR0)⋊τ S1, so that G = L×K. We show next that
the projection of Γ in L is a lattice. This follows from a general argument:

Lemma 5.3. Let Γ be a lattice in a direct product of Lie groups G = L × K with K
compact. Then the subgroup ΓL := prGL(Γ) is a lattice in L.

Proof. It is clear that ΓL is a subgroup of L. We first show that ΓL is discrete. Assume
for a contradiction that there exists a sequence {γLn}n∈N ⊂ L such that γLn → x ∈ L and
γLn ̸= x for every n ∈ N. For each n ∈ N, there exists γKn ∈ K so that (γLn , γ

K
n ) ∈ Γ.

SinceK is compact, there exists a subsequence {γKnk
}k∈N which converges to some y ∈ K.

Thus (γLnk
, γKnk

) → (x, y) as k → ∞. However, Γ is discrete in G, so this last sequence is

stationary. In particular γLn = x for n large enough, which contradicts our assumption.
Thus ΓL is discrete in L.

To show that ΓL\L is compact, consider the continuous surjective map ψ : L×K →
ΓL\L, (x, y) 7→ ΓLx. For (γ1, γ2) ∈ Γ and (x, y) ∈ L×K, we can write ψ((γ1, γ2)(x, y)) =
ψ(γ1x, γ2y) = ΓLx = ψ(x, y). Hence ψ induces a continuous surjective map ψ̄ : Γ\G →
ΓL\L, so ΓL\L is compact. □

Recall that the group P = prGH(Γ) is a subset of H = R0 ⋊τ (S1 ×K). According to
this semi-direct product structure, elements in H will be denoted by (r, x, s) ∈ H, where
r ∈ R0, x ∈ S1, s ∈ K. We will now show that the elements of the reduced characteristic
group P̄0 have no component in S1:

Proposition 5.4. The projection of P̄0 on S1 is trivial.

Proof. We shall first prove that, in the notation above, prHS1
(P̄) = prHS1

(P) and this group
is a lattice is S1.
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By Lemma 5.3, ΓL = prGL(Γ) is a lattice in L, and since S1 has no compact factors
acting trivially on R via the representation τ |S1 : S1 → Aut(R), [15, Corollary 8.28]
implies that prLS1

(ΓL) is a lattice in S1.
On the other hand, by (4.1), we can express

prHS1
(P) = prHS1

(prGH(Γ)) = prGS1
(Γ) = prLS1

(prGL(Γ)) = prLS1
(ΓL).

Thus prHS1
(P) is a lattice in S1, whence

prHS1
(P̄) ⊂ prHS1

(P) = prHS1
(P).

Now, since P̄0 is connected, prHS1
(P̄0) is a connected subgroup of the lattice prHS1

(P),
so it is trivial. □

Using this result, we will now show that the characteristic group of M is isomorphic
to the one of a ”reduced” Lie LCP manifold, obtained by suppressing the semisimple
factor S1 form G. Below, we will identify R × K (resp. R0 × K) with the subgroup
R× {1} ×K (resp. R0 × {1} ×K) of G = (R⋊τ S1)×K.

Proposition 5.5. The subgroup Σ := Γ∩ (R×K) is a lattice in R×K and the compact
manifold Σ\(R×K) has a Lie LCP structure. Moreover, the Lie group P̄0 associated to
the LCP manifold Γ\G coincides with the reduced characteristic group of the Lie LCP
manifold Σ\(R×K).

Proof. The subgroup Σ is clearly discrete. To prove co-compactness, we use the fact
that ΓL = prGL(Γ) is a lattice in L = R × S1 by Lemma 5.3. Since τ|S1

: S1 → Aut(R)

has no compact factors in the kernel, ΓL ∩ R is a lattice in R by [15, Corollary 8.28].
Thus there exists a compact set C in R such that for every r ∈ R there exists an element
r′ ∈ ΓL ∩ R with r′r ∈ C. Since r′ ∈ ΓL, there exists s′ ∈ K such that (r′, s′) ∈ Γ.
Thus, for every (r, s) ∈ R ×K, there exists an element (r′, s′) ∈ Γ ∩ (R ×K) = Σ such
that (r′, s′) · (r, s) is in the compact set C ×K. Therefore, Σ\(R ×K) is the image of
C×K ⊂ R×K by the quotient map, hence it is compact. Thus Σ is a lattice of R×K.
To show that Σ\(R×K) has a Lie LCP structure, it is enough, by Proposition 2.11,

to check that the Lie algebra of R×K has an LCP structure. This follows directly from
[3, Corollary 4.8], provided that the restriction to the Lie algebra r⊕ k of R×K of the
Lee form θ of the LCP structure of g is non-zero. However, the restriction of θ to the
Lie algebra s1 of S1 vanishes (since S1 is semisimple and θ is closed), and g = r⊕ k⊕ s1
as vector spaces, showing that θ|r⊕k ̸= 0.

We denote by Q := prR×K
R0×K(Σ). Then Q̄0, the connected component of the identity

of its closure Q̄ in R0 ×K, is by definition the reduced characteristic group of the Lie
LCP manifold Σ\(R ×K). We will show that, under the identification of R0 ×K with
R0 × {1} ×K, one has P̄0 = Q̄0.
Proposition 5.4 implies P̄0 ⊂ R0×K and thus any element in P̄0 has the form (r, 1, s)

for some r ∈ R0, s ∈ K, where 1 is the identity in S1. By Lemma 2.6, there exist
sequences (rn) ⊂ R0, (sn) ⊂ K such that (rn, 1, sn) ∈ P ∩ P̄0 and (rn, 1, sn) → (r, 1, s)
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in R0 ⋊ (S1 × K). Since P = prGH(Γ), there exists a sequence (un) ⊂ U such that
(un, rn, 1, sn) ∈ Γ for all n. In particular, (un, rn, 1, sn) ∈ Γ ∩ (R × K) = Σ and
(rn, 1, sn) ∈ Q. Therefore, (r, 1, s) ∈ Q̄, because it is the limit of (rn, 1, sn). Hence
P̄0 ⊂ Q̄0.

Conversely, if (r, 1, s) ∈ Q̄0, then (r, 1, s) = limn→∞(rn, 1, sn), with (rn, 1, sn) ∈ Q =
prR×K

R0×K(Σ). Thus there exists a sequence (un) ⊂ U such that (un, rn, 1, sn) ∈ Σ =
Γ ∩ (R ×K), and consequently (un, rn, 1, sn) ∈ Γ. Projecting to H = R0 ⋊τ (S1 ×K)
we obtain (rn, 1, sn) ∈ P and therefore (r, 1, s) ∈ P̄. It follows that P̄0 = Q̄0. □

Due to Proposition 5.5, in order to prove Theorem 5.1 we can assume from now on
that S1 is trivial, i.e. M is a Lie LCP manifold of the formM = Γ\G, where G = R×K
with R solvable, K compact semisimple and Γ a lattice in G. Recall that R = U ⋊ρ R0

and in this case H = R0 ×K.
Consider the projection morphisms prGR : G → R and prGK : G → K and denote

ΓR := prGR(Γ), PK := prGK(Γ), which are subgroups of R and K, respectively. The
former is a lattice in R due to Lemma 5.3. Notice that Γ ∩K is a normal subgroup of
PK because the product R×K is direct. In addition, Γ ∩K is finite since it is discrete
and contained in the compact group K.

Lemma 5.6. The group PK is virtually abelian.

Proof. We need to show that PK contains an abelian subgroup of finite index.
For any γ1 ∈ ΓR, there exists γ2 ∈ PK such that (γ1, γ2) ∈ Γ. If γ′2 ∈ PK also verifies

(γ1, γ
′
2) ∈ Γ, then (1, γ−1

2 γ′2) ∈ Γ ∩ K since the product R × K is direct and Γ is a
subgroup. This implies that the following map

(5.5) ψ : ΓR → PK/(Γ ∩K), γ1 7→ ψ(γ1) := γ2(Γ ∩K)

is well defined and, one can easily check, that it is a surjective group homomorphism.
Being a subgroup of a solvable group, ΓR is itself solvable and so is its homomorphic

image by ψ, PK/(Γ ∩K).
As a consequence of Peter-Weyl’s Theorem, we know that K embeds into a linear

group [10, Corollary IV.4.22]. In addition, PK is finitely generated since Γ is so, being
the fundamental group of a compact manifold. Therefore, the image of PK under this
embedding (which we also denote by PK) is finitely generated. By the Tits alternative
[16], PK is either virtually solvable or contains a free group F on two generators.

Suppose for a contradiction that the latter statement holds. Then the composition
F ↪→ PK → PK/(Γ∩K) has kernel F ∩Γ∩K, which is finite (being a discrete subgroup
of K). Since every finite subgroup of a free group is trivial, the projection is injective.
Hence PK/(Γ ∩K) contains a free group on two generators, contradicting the fact that
it is solvable.

Consequently, PK is virtually solvable, that is, it contains a solvable subgroup D of
finite index. One has that D̄ ⊂ K is compact and solvable, and thus its connected
component D̄0 is abelian and of finite index in D̄.
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The kernel of the natural map D → D̄/D̄0 is D ∩ D̄0 which is abelian, and its image
is finite. Therefore the abelian group D∩ D̄0 has finite index in D, which has itself finite
index in PK . □

Proposition 5.7. There exists a finite index subgroup Λ ⊂ Γ such that prGK(Λ) is abelian
and Λ ∩K is trivial.

Proof. By Lemma 5.6, PK is virtually abelian, i.e. it contains an abelian subgroup A
of finite index. Moreover, PK is finitely generated since PK = prGK(Γ) and Γ is the
fundamental group of a compact manifold.

AsA is a finite index subgroup of a finitely generated group, it is also finitely generated.
Therefore, A = Zk ⊕ T for some k ∈ N, where T is a finite group. Notice that Zk has
finite index in PK . Set Λ := (prGK)

−1(Zk); clearly, Λ ⊂ Γ and prGK(Λ) is abelian. In
addition, Λ∩K ⊂ Γ∩K is discrete and contained in K, which is compact, so it is finite.
On the other hand, by the definition of Λ, the intersection Λ ∩K is a subgroup of Zk.
Therefore Λ ∩K is trivial. □

As mentioned before, it is enough to prove Theorem 5.1 for the case where the semisim-
ple part of G is compact and acts trivially on the radical of G. Therefore, Theorem 5.1
is a consequence of the following:

Proposition 5.8. The characteristic group of a Lie LCP manifold of the form M =
Γ\(R ×K) with R solvable, K compact, and both simply connected, is contained in the
radical R of G.

Proof. Let (g, θ) be a Lie LCP structure on M = Γ\G with G = R×K. By Proposition
4.7, the characteristic group of M coincides with that of the quotient of R × K by a
lattice of finite index inside Γ. Therefore, up to passing to a finite index subgroup and
using Proposition 5.7, we can assume that

(5.6) Γ ∩K is trivial and prGK(Γ) is abelian.

The LCP structure onM induces an LCP structure (g, θ, u) on the Lie algebra g = r⊕k
of G = R×K. In addition, g is unimodular, since G admits a lattice [14]. Consequently,
[3, Theorem 4.2] implies that (g, g, θ) is adapted, that is, θ|u = 0. Moreover, since r is
the radical of g, (r, g, θ) is an LCP Lie algebra by [3, Corollary 4.8].

We write R = U ⋊ρ R0 as in (5.2) and H = R0 ×K. Then, P = prGH(Γ) verifies

(5.7) P ⊂ PR × PK ,

where PR := prHR0
(P), PK := prHK(P) are the projections on each factor of R0 ×K. By

(4.1), PK is equal to prGK(Γ), thus it is abelian due to (5.6).
Let us denote by ΓR := prGR(Γ), which is a lattice in R due to Lemma 5.3. Then (g, θ)

is a Lie LCP structure on ΓR\R with reduced characteristic group (PR)0.
We claim that P ⊂ PR × PK can be written as the graph of a group homomor-

phism f : PR → PK . Indeed, if (r, s), (r, s′) ∈ P, then there exist u, u′ ∈ U such that
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(u, r, s), (u′, r, s′) ∈ Γ and thus (u−1u′, 1, s−1s′) ∈ Γ, which implies that (u−1u′, 1) ∈ ΓR

and therefore (u−1u′, 1) ∈ ker(prRR0
) ∩ ΓR. However, ΓR\R is a Lie LCP manifold, thus

by Lemma 2.5, we get u = u′ and therefore (1, 1, s−1s) ∈ Γ ∩K; the latter intersection
is trivial by the choice of Γ. Hence s = s′ and there is a well defined map f : PR → PK

such that for every r ∈ PR, f(r) is the unique s ∈ PK verifying (r, s) ∈ P. This is clearly
a group morphism and

(5.8) P = {(r, f(r)) : r ∈ PR} ⊂ PR × Im f.

as claimed. Moreover, prHR0
(P) = PR and thus prHR0

(P̄0) ⊂ (PR)0 implying that:

(5.9) P ∩ P̄0 ⊂ (PR ∩ (PR)0)× f(PR ∩ (PR)0).

We consider the lattice ΓR
0 of the characteristic group of the Lie LCP manifold ΓR\R

defined as before by ΓR
0 = ΓR ∩ (U × (PR)0). Lemma 4.6 applied to ΓR\R gives

PR ∩ (PR)0 = prRR0
(ΓR

0 ). The key point here is that [ΓR,ΓR
0 ] has finite index in ΓR

0

by Proposition 4.10, so prRR0
([ΓR,ΓR

0 ]) has finite index in prRR0
(ΓR

0 ) = PR ∩ (PR)0 and
thus

(5.10) PR ∩ (PR)0 =
m⋃
i=1

prR0
([ΓR,ΓR

0 ]) · pi

for some p1, . . . , pm ∈ PR. In addition,

(5.11) prRR0
([ΓR,ΓR

0 ]) = [PR,PR
0 ] ⊂ [PR,PR] ⊂ PR.

Moreover, since PK is abelian, f vanishes on the commutator subgroup of PR. This,
together with (5.10) and (5.11), implies f(PR ∩ (PR)0) ⊂ {f(p1), . . . , f(pm)}.

Finally, using (5.9) we get

P ∩ P̄0 ⊂ (PR ∩ (PR)0)× {f(p1), . . . , f(pm)}.

Since P̄0 = P ∩ P̄0 (see Lemma 2.6) is connected, we get P̄0 ⊂ PR ∩ (PR)0 × {1}. By
Lemma 2.6 applied to PR we thus get

(5.12) P̄0 ⊂ (PR)0 ⊂ R0.

□

As an immediate consequence of Theorem 5.1, we obtain a positive answer to Question
2.9 in the context of Lie LCP manifolds.

Corollary 5.9. Every Lie LCP manifold has simply connected characteristic group.

Proof. By Theorem 5.1, the characteristic group of a Lie LCP structure on M = Γ\G
is contained in the radical R of G. The group R is simply connected, since G is so. It
remains to notice that connected Lie subgroups of simply connected solvable Lie groups
are simply connected [17, Theorem 3.18.12]. □

We end up with an algebraic result on the characteristic group of Lie LCP manifolds.
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Corollary 5.10. The characteristic group of a Lie LCP manifoldM = Γ\G is contained
in the commutator subgroup G′ of G.

Proof. Note that G is unimodular, since it admits a lattice Γ. Hence the associated
LCP Lie algebra (g, g, θ, u) is adapted. By [3, Proposition 4.7], u is contained in the
commutator subalgebra g′ of g. Therefore, the corresponding connected Lie subgroups
satisfy U ⊂ G′. It remains to show that the reduced characteristic group P̄0 is also
contained in G′.

Consider the Levi decomposition of G, as in (5.2) and (5.3), that is,

G = (U ⋊R0)⋊ (S1 ×K).

By Proposition 5.5, P̄0 coincides with the reduced characteristic group of the LCP man-
ifold Σ\(R ×K). In addition, by (5.12) we have P̄0 ⊂ (PR)0 so it suffices to show that

the reduced characteristic group (PR)0 of the Lie LCP solvmanifold ΓR\R is contained
in R′ ⊂ G′. In order to simplify notation, we can thus assume that G = R is solvable.

Recall that prGH is an isomorphism from Γ to P, so by Proposition 4.10, [P, prGH(Γ0)]
has finite index in prGH(Γ0), which according to Lemma 4.6 is equal to P∩ P̄0. Therefore,
there exist elements γ1, . . . , γk ∈ P∩ P̄0 such that P∩ P̄0 = ∪k

i=1[P,P∩ P̄0]γi. By passing
to the closure and using Lemma 2.6 we get

(5.13) P̄0 = P ∩ P̄0 ⊂ ∪k
i=1[P̄,P ∩ P̄0]γi ⊂ ∪k

i=1G
′γi.

Note thatG′ is closed sinceG is simply connected, and connected [17, Theorem 3.18.8],
so each G′γi in (5.13) is open and closed. Therefore, P̄0 ⊂ G′ which is the connected
component of the identity in the union on the right hand side. □
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