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Abstract. We study the heterotic G2-system on 7-dimensional 2-step nilmanifoldsM = Γ\N endowed
with principal torus bundles. We first prove that every invariant G2-structure solving the system must
be coclosed (under an additional calibration assumption when the dimension of the derived Lie algebra
of N is 3). Then, we discuss the existence of solutions for all possible isomorphism classes of 7-
dimensional 2-step nilpotent Lie algebras, and we provide examples with constant dilaton function
both when the cosmological constant of the spacetime is zero and when it is nonzero.

1. Introduction

In this paper, we study the heterotic G2-system [4, 5, 6, 7, 10, 11, 13, 14, 15, 16, 17, 19, 21, 25] on
2-step nilmanifolds endowed with principal torus bundles.

Consider a 7-dimensional manifold M endowed with a G2-structure φ ∈ Ω3(M) and a K-principal
bundle P → M , where K is a k-dimensional real Lie group. Let θ ∈ Ω1(P ; k) be a connection on P
with curvature Fθ, and let ⟨·, ·⟩k be an Ad(K)-invariant non-degenerate symmetric bilinear form with
signature (k+, k−) on the Lie algebra k of K. Following the formalism of [5], the heterotic G2-system
is given by the following set of equations for the data (φ, P, θ, ⟨·, ·⟩k):

(1.1)

d ∗ φ = 4τ1 ∧ ∗φ,
Fθ ∧ ∗φ = 0,

dHφ = ⟨Fθ ∧ Fθ⟩k ,

where ∗ is the Hodge operator determined by the G2-structure φ, τ1 :=
1
12 ∗ (φ∧ ∗dφ) ∈ Ω1(M) is the

intrinsic torsion 1-form of φ, and the 3-form Hφ is given by

Hφ :=
1

6
∗(φ ∧ dφ)φ− ∗dφ+ ∗(4τ1 ∧ φ).

By [5, Thm. 4.9], the intrinsic torsion form τ0 := 1
7 ∗ (φ ∧ dφ) ∈ C∞(M) of the G2-structure φ is

constant for every solution of (1.1). As in [5], we introduce the notation λ := 7
12τ0.

The heterotic G2-system arises in the study of N = 1 supersymmetric compactifications of the
heterotic string to three dimensions in the supergravity limit. In this context, the dilaton field ϕ is a
potential for the intrinsic torsion 1-form of the G2-structure, τ1 =

1
2dϕ, and −λ2 is a non-zero multiple

of the cosmological constant of the 3-dimensional spacetime, which is constrained to be Minkowski (if
λ = 0) or Anti de Sitter (if λ ̸= 0) by supersymmetry and maximal symmetry [7]. The system admits
an alternative description in terms of Killing spinor equations (see e.g. [4, 5, 7]), and thus it can be
regarded as the analogue of the Hull–Strominger system [20, 26] in dimension 7. The complete bosonic
equations of heterotic supergravity were presented in [23] and [24], where the first compactification
backgrounds not locally isomorphic to a supersymmetric compactification background were obtained.

The first two equations of the heterotic G2-system (1.1) are equivalent to the gravitino equation [5,
Lemma 2.12]. The first one states that one of the components of the intrinsic torsion of φ, namely
the intrinsic torsion 2-form τ2, is zero. This condition characterizes the existence of a connection ∇
on TM that preserves the G2-structure and has totally skew-symmetric torsion [13, Thm. 4.7]; the
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latter corresponds to the 3-form Hφ under the musical isomorphism. G2-structures satisfying the
condition τ2 = 0 are known as integrable G2-structures [13, 14] or G2-structures with torsion (shortly
G2T -structures) [3] in the literature. The second equation in (1.1) states that the connection θ on P
is a G2-instanton [9]. The last equation is known as the heterotic Bianchi identity.

Special solutions to the heterotic G2-system are provided by torsion-free G2-structures, which are
characterized by the conditions dφ = 0 and d ∗ φ = 0. In this case, Hφ vanishes and any flat bundle
gives a solution to the system. More generally, G2T -structures satisfying the condition dHφ = 0
provide solutions to the system when the connection θ is flat. These G2-structures are known as
strong G2-structures with torsion [3, 12], in analogy to the terminology used in the Hermitian case.
In this context, they play the role that Calabi-Yau structures play in the Hull-Strominger system.

In the present paper, we study the heterotic G2-system on 2-step nilmanifolds M = Γ\N , where N
is a simply connected 2-step nilpotent 7-dimensional Lie group and Γ and is a cocompact lattice. We
will consider the case where P is a principal torus bundle over M . In this geometric setting, we refer
to an invariant solution to the system as a solution where φ and the curvature form Fθ (which can be
thought of as a 2-form on M with values in k) are induced by left-invariant forms on N . In this way,
the system can be regarded as a system for exterior forms on the Lie algebra n of N, and the analysis
can be performed in an algebraic fashion.

Note that if a solution of (1.1) exists for some signature (k+, k−) of ⟨·, ·⟩k, then one can obtain
solutions for any signature (k′+, k

′
−) with k

′
+ ≥ k+ and k′− ≥ k− simply by multiplying P with a trivial

bundle with flat connection. We will thus be interested in constructing solutions with smallest possible
k+ and k−. Note also that any solution must have k+ ≥ 1. This follows from [5, Thm. 3.9] and will
be discussed in Section 2.2.

Nilpotent Lie algebras n of dimension 7 are classified [18]. In the 2-step case, the possible dimensions
of the commutator n′ := [n, n] of n are 1, 2 or 3. In the case dim(n′) = 3 we focus on G2-structures
φ which calibrate n′, i.e., φ restricts to a volume form on n′. This is a technical assumption, already
considered in [8], which allows us to have a global description of the 3-form φ.

As a preliminary result of independent interest, we prove the following:

Proposition 1.1. Let φ be an invariant G2T -structure on a 2-step nilpotent Lie algebra n. Then φ
is coclosed, i.e., d ∗ φ = 0, if either dim(n′) ≤ 2, or dim(n′) = 3 and φ calibrates n′.

Note that the result does not hold without the calibration assumption when dim(n′) = 3: on 2-step
nilpotent Lie algebras n with dim(n′) = 3, it is possible to construct invariant G2T -structures φ (not
calibrating n′) which are not coclosed, see Example 5.2.

This result allows us to restrict our analysis to 2-step nilpotent Lie algebras admitting coclosed G2-
structures; such Lie algebras are classified [1, 8]. In detail: if dim(n′) = 1, the only three isomorphism
classes of 7-dimensional 2-step nilpotent Lie algebras are h3⊕R4, h5⊕R2 and h7 (here hn denotes the
n-dimensional Heinsenberg Lie algebra) and each class admits coclosed G2-structures; if dim(n′) = 2
there are four isomorphism classes of 2-step nilpotent Lie algebras admitting a coclosed G2-structure
(n5,2 ⊕ R2, h3 ⊕ h3 ⊕ R, hC3 ⊕ R, n6,2 ⊕ R); if dim(n′) = 3 all seven isomorphism classes of 2-step
nilpotent Lie algebras admit coclosed G2-structures (see Appendix B for a detailed description of
these Lie algebras).

When dim(n′) = 3 and the G2-structure is coclosed, our technical assumption is not restrictive from
the metric point of view: any metric induced by a coclosed G2-structure on n is also induced by a
coclosed G2-structure calibrating n′ [8, Lemma 4.9].

From the physical viewpoint, Proposition 1.1 implies that, in the setting we are considering, any
solution to the heterotic G2-system has constant dilaton function ϕ.

Our first main result focuses on invariant solutions in the case where dim(n′) = 1.

Theorem 1.2. Let M = Γ\N be a 7-dimensional 2-step nilmanifold such that dim(n′) = 1.

(i) If n ∼= h3 ⊕ R4, the heterotic G2-system (1.1) on M has no invariant solutions with λ = 0;
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(ii) If n ∼= h5 ⊕ R2, there are solutions with λ = 0, non-trivial torus bundle P , and with signature
(k+, k−) = (1, 0);

(iii) If n ∼= h7 there are solutions with λ = 0, signature (k+, k−) = (1, 0) and non-zero curvature.
Each solution with λ = 0 and either k+ = 1 or k− = 0 has trivial torus bundle, and there are
solutions with λ = 0, non-trivial torus bundle, and (k+, k−) = (2, 1);

(iv) The heterotic G2-system on M has no invariant solutions with λ ̸= 0 and k+ = 1, while there
are solutions to the system with λ ̸= 0 and (k+, k−) = (2, 0) for each of the three isomorphism
classes of n.

Our second main result focuses on the existence of invariant solutions in the case where dim(n′) ≥ 2.

Theorem 1.3. Let M = Γ\N be a 7-dimensional 2-step nilmanifold such that dim(n′) ≥ 2.

(i) The heterotic G2-system (1.1) has solutions with λ = 0 and k+ = 1 for every isomorphism
class of n admitting a coclosed G2-structure.

(ii) If dim(n′) = 2, there are no invariant solutions to the heterotic G2-system on M with λ ̸= 0
and k = k+ + k− ≤ 2. Moreover, if n ∼= n5,2 ⊕ R2 then the heterotic G2-system on M admits
invariant solutions with λ ̸= 0 and k ≥ 3.

(iii) If dim(n′) = 3, there are no invariant solutions to the heterotic G2-system on M with λ ̸= 0,
k = 1, and φ calibrating n′. Moreover, the heterotic G2-system onM admits invariant solutions
with λ ̸= 0, k = 2 and φ calibrating n′ if and only if n ∼= n6,3 ⊕ R.

The proof of the results is obtained as follows.

If dim(n′) = 1, then every G2-structure φ on n induces an SU(3)-structure (ω,Ω+) on the orthogonal

complement v of n′. The isomorphism class of n is determined by the rank of α := dz♭, where z is
a unit-norm generator of n′. The heterotic G2-system can then regarded as a system of forms on v
and the decomposition of 2- and 3-forms in SU(3)-modules can be used to simplify the equations. In
particular, the system can be reduced to the equation

α0 ∧ α0 − 4λ2ω ∧ ω =

k∑
r=1

εrσ
r ∧ σr ,

on R6 with the standard SU(3)-structure, where α0 ∈ Λ(1,1)(R6)∗, λ ∈ R, ε1 . . . , εk ∈ R ∖ {0},
σ1, . . . , σk ∈ Λ

(1,1)
0 (R6)∗.

If dim(n′) = 2 or if dim(n′) = 3 and φ calibrates n′, one can split n as v ⊕ ⟨z1, z2, z3⟩ with n′ ⊆
⟨z1, z2, z3⟩, so that the 4-dimensional space v inherits an SU(2)-structure ω1, ω2, ω3. In this case the
heterotic system can be written in terms of forms on v and the decompositions of forms in SU(2)-
modules allows us to the simplify the equations.

The paper is organized as follows. Section 2 contains preliminary material about G2-structures and
the heterotic G2-system. Section 3 shows how to reformulate the heterotic G2-system in the invariant
case in terms of invariant forms (see system 3.1). Section 4 focuses on the case dim(n′) = 1 and
provides a proof of Theorem 1.2, while Section 5 studies the cases dim(n′) = 2 and dim(n′) = 3 and
contains the proof of Theorem 1.3. Section 6 collects some problems arising from the results of the
present paper which remain open. The paper also contains two appendices: in the first one we recall
how to construct principal torus bundles on 2-step nilmanifolds from integral forms, and in the second
one we recall the classification of 7-dimensional 2-step nilpotent Lie algebras.
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2. Preliminaries

2.1. Basic properties of G2-structures. Let M be a 7-dimensional manifold with a G2-structure
φ ∈ Ω3(M). Recall that φ determines a Riemannian metric gφ and an orientation on M . We denote
by ∗ the corresponding Hodge operator and let ψ := ∗φ.

At each point x of M there exists an oriented gφ-orthonormal basis {e1, . . . , e7} of TxM with dual
basis {e1, . . . , e7} such that

φx = e127 + e347 + e567 + e135 − e245 − e146 − e236,

ψx = e1234 + e1256 + e3456 + e1367 + e1457 + e2357 − e2467.
(2.1)

These bases are said to be adapted to the G2-structure φ.
The spaces of 4- and 5-forms on M decompose as follows into G2-irreducible summands

Ω4(M) = Ω4
1 ⊕ Ω4

7 ⊕ Ω4
27 , Ω5(M) = Ω5

7 ⊕ Ω5
14 ,

where

Ω4
1 = {f ψ : f ∈ C∞(M)} , Ω4

7 = {α ∧ φ : α ∈ Ω1(M)} ,
Ω4
27 = {∗γ ∈ Ω4(M) : γ ∧ φ = 0, γ ∧ ψ = 0},
Ω5
7 = {α ∧ ψ : α ∈ Ω1(M)} , Ω5

14 = {∗β ∈ Ω5(M) : β ∧ φ = − ∗ β} .

The exterior differentials of φ and ψ decompose accordingly as

dφ = τ0 ψ + 3τ1 ∧ φ+ ∗τ3,
dψ =4τ1 ∧ ψ − ∗τ2 ,

(2.2)

where τ0 ∈ C∞(M), τ1 ∈ Ω1(M), τ2 ∈ Ω2
14 = ∗Ω5

14, and τ3 ∈ Ω3
27 = ∗Ω4

27 are called the intrinsic
torsion forms of φ, and the presence of τ1 in both expressions is shown in [2, Prop. 1].

A G2-structure φ is said to be

• torsion-free if all intrinsic torsion forms τ0, τ1, τ2, τ3 vanish, namely if φ is both closed and
coclosed;

• coclosed if d ∗ φ = 0, namely if both τ1 and τ2 are zero;
• G2T (G2 with torsion) if τ2 = 0.

From [13, Thm. 4.7], a 7-manifold M endowed with a G2-structure φ admits a G2-connection ∇
with totally skew-symmetric torsion if and only if τ2 = 0. In such a case, ∇ is unique and its torsion
3-form Hφ is given by

(2.3) Hφ =
1

6
τ0 φ− τ1 ⌟ ψ − τ3 .

For later use, we make the following observation:

Remark 2.1. If τ1 = 0, then the first equation in (2.2) implies Hφ = 7
6τ0 φ− ∗dφ.

2.2. The heterotic G2-system. Let M be a connected 7-dimensional manifold. Consider a G2-
structure φ ∈ Ω3(M) with dual 4-form ψ := ∗φ and intrinsic torsion forms τ0, τ1, τ2, τ3 defined in
(2.2), a K-principal bundle P → M , where K is a k-dimensional real Lie group with Lie algebra k,
a connection 1-form θ on P with curvature Fθ, and an Ad(K)-invariant non-degenerate symmetric
bilinear form

⟨·, ·⟩k : k× k → R.
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Following [5], the quadruple (φ, P, θ, ⟨·, ·⟩k) is a solution to the heterotic G2-system if the following
equations are satisfied:

(2.4)

τ2 = 0,

Fθ ∧ ψ = 0,

dHφ = ⟨Fθ ∧ Fθ⟩k ,

where the 3-form Hφ is defined by (2.3), and the extension of the bracket ⟨·, ·⟩k to k-valued differential
forms onM is defined as follows. Let {t1, . . . , tk} be a basis of k. For every k-valued forms α =

∑
αi⊗ti

and β =
∑
βj ⊗ tj , where α

i ∈ Ωr(M) and βj ∈ Ωs(M), we set

⟨α ∧ β⟩k :=
∑

1≤i,j≤k

αi ∧ βj⟨ti, tj⟩k.

In particular, if we consider an orthogonal basis {t1, . . . , tk} of k and let εi := ⟨ti, ti⟩k, then

⟨α ∧ β⟩k =
k∑

i=1

εi α
i ∧ βi.

As recalled in the introduction, the intrinsic torsion form τ0 of the G2-structure φ is constant for
every solution of (2.4), and we henceforth introduce the notation λ := 7

12τ0 as in [5].
The next result shows how λ is related to other quantities, such as the scalar curvature of gφ.

Theorem 2.2. [5, Thm. 3.9] Let (φ, P, θ, ⟨·, ·⟩k) be a solution to the heterotic G2-system on a 7-
manifold M. Then

Scalgφ − 1

2
|Hφ|2 + |Fθ|2k − 8d∗τ1 − 16|τ1|2 = 4λ2,

where |Fθ|2k := ∗⟨Fθ ∧ ∗Fθ⟩k.

We observe that this theorem readily implies the following.

Corollary 2.3. Let (φ, P, θ, ⟨·, ·⟩k) be a solution to the heterotic G2-system with negative definite ⟨·, ·⟩k,
d∗τ1 ≥ 0 and Scalgφ ≤ 0. Then, the G2-structure is torsion-free and the connection θ is flat.

Proof. Using Theorem 2.2 and the hypothesis, we have

0 = Scalgφ − 1

2
|Hφ|2 + |F |2k − 8d∗τ1 − 16|τ1|2 − 4λ2 ≤ 0.

Since all summands are non-positive, this implies that the intrinsic torsion forms τ0 = 12
7 λ, τ1 and τ3

are zero and that the connection θ has vanishing curvature F . □

Corollary 2.4. Let (φ, P, θ, ⟨·, ·⟩k) be a solution to the heterotic G2 system on a 7-dimensional uni-
modular solvable Lie group G. If the G2-structure φ is left-invariant and the bilinear form ⟨·, ·⟩k is
negative definite, then the G2-structure is torsion-free, the induced metric gφ is flat, and the connection
θ is flat.

Proof. Since φ is left-invariant, it induces a left-invariant metric gφ and the corresponding intrinsic
torsion forms τ0, τ1 and τ3 are left-invariant, too. Since G is unimodular, every left-invariant form of
degree 6 = dim(G) − 1 on it is closed, thus d∗τ1 = 0. Since G is solvable, then either gφ is flat or
Scalgφ < 0 [22]. The thesis then follows from Corollary 2.3. □

In the following, we shall look for invariant solutions to the heterotic G2-system on 7-dimensional 2-
step nilmanifolds endowed with principal torus bundles. The last corollary shows that, in this setting,
there are no solutions admitting a negative definite bilinear form ⟨·, ·⟩k. In other words, if we denote
by (k+, k−) the signature of ⟨·, ·⟩k, then k+ ≥ 1 whenever a solution of the heterotic G2-system exists.
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2.3. 2-step nilpotent metric Lie algebras. A real n-dimensional Lie algebra n with derived algebra
n′ := [n, n] is 2-step nilpotent if

{0} ≠ n′ ⊆ z,

where z is the center of n.
Given a metric g on n, one can consider the orthogonal splitting n = r ⊕ n′, where r := (n′)⊥.

Choosing a basis {z1, . . . , zn′} of n′ and a basis {e1, . . . , en−n′} of r, it is possible to describe the

structure of n in terms of the differentials of the dual basis {e1, . . . , en−n′
, z1, . . . , zn

′} of n∗:{
dei = 0, 1 ≤ i ≤ n− n′,

dzr =: αj , 1 ≤ j ≤ n′,

where αj ∈ Λ2r∗ for 1 ≤ j ≤ n′. Typically, the properties of the forms αj allow one to distinguish
between isomorphic and non-isomorphic Lie algebras (see, e.g., Remark 4.3 below).

3. The heterotic G2-system on 2-step nilmanifolds

We now consider the heterotic G2-system (2.4) on 2-step nilmanifolds endowed with principal torus
bundles. In this case, M = Γ\N is the quotient of a 7-dimensional, simply connected, 2-step nilpotent
Lie group N by a cocompact discrete subgroup Γ, and the Lie group K = Tk is a k-dimensional torus,
so k ∼= Rk and Fθ = dθ.

Given a 7-dimensional nilmanifoldM = Γ\N , we look for solutions (φ, P, θ, ⟨·, ·⟩k) of (2.4) such that
both the 3-form φ ∈ Ω3(M) and the curvature Fθ, thought as a k-valued 2-form on M, are induced by
left-invariant forms on N. This allows us to study the system (2.4) for a G2-structure φ ∈ Λ3n∗ and a
closed k-valued 2-form Fθ ∈ Λ2n∗⊗ k on the Lie algebra n of N. We refer to such solutions as invariant
solutions to the heterotic G2-system.

Note that every bilinear form on k is Ad(Tk)-invariant. It is convenient to fix an ⟨·, ·⟩k-orthogonal
basis {t1, . . . , tk} of k and set

εr := ⟨tr, tr⟩k, 1 ≤ r ≤ k.

We then have

Fθ =
k∑

r=1

F r tr,

where F r ∈ Λ2n∗ are closed 2-forms on n, for 1 ≤ r ≤ k, and

⟨Fθ ∧ Fθ⟩k =
k∑

r=1

εr F
r ∧ F r.

If φ is a left-invariant G2-structure on N , then its intrinsic torsion forms are left-invariant, too.
In particular, τ0 is constant independently of φ being a solution to the heterotic G2-system. The
study of invariant solutions to the heterotic G2-system on M = Γ\N can then be reduced to the
study of the following set of equations on the Lie algebra n of N for a G2-structure φ ∈ Λ3n∗, 2-forms
F 1, . . . , F r ∈ Λ2n∗ and non-zero constants ε1, . . . , εr ∈ R∖ {0}:

(3.1)


τ2 = 0 ,

dF r = 0, 1 ≤ r ≤ k ,

F r ∧ ψ = 0, 1 ≤ r ≤ k ,

dHφ =
∑k

r=1 εr F
r ∧ F r .

On the other hand, a suitable solution (φ, F 1, . . . , F k, ε1, . . . , εk) to system (3.1) on a 7-dimensional
2-step nilpotent Lie algebra n gives rise to an invariant solution to the heterotic G2-system on a
certain 2-step nilmanifold endowed with a principal torus bundle. In detail, consider the gφ-orthogonal
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splitting n = (n′)⊥⊕n′ and a basis B = {e1, . . . , e7−n′ , z1, . . . , zn′} of n for which the structure constants
are integers and such that {z1, . . . , zn′} is a basis of n′ (1 ≤ n′ ≤ 3). Then

Γ := exp (spanZ(6e1, . . . , 6e7−n′ , z1, . . . , zn′))

is a cocompact lattice of the simply connected nilpotent Lie group N = exp(n) and thus M = Γ\N is
a 2-step nilmanifold. The choice of this particular lattice is explained in Remark A.1.

The G2-structure φ ∈ Λ3n∗ solves the first equation of (3.1), so it gives rise to a left-invariant
G2T -structure on N with constant intrinsic torsion form τ0. This in turn defines a G2-structure of
the same type on the quotient M = Γ\N . If the 2-forms F 1, . . . , F k solving (3.1) are integral with
respect to B, namely F r(x, y) ∈ Z for every x, y ∈ B and 1 ≤ r ≤ k, then there exists a principal

Tk-bundle P → M endowed with a connection θ whose curvature is Fθ =
∑k

r=1 F
rtr (see Theorem

A.3 of Appendix A), and we can define

⟨·, ·⟩k :=
k∑

r=1

εrt
r ⊗ tr ,

where {t1, . . . , tk} is a basis of the Lie algebra of Tk and {t1, . . . , tk} is its dual basis. The data
(φ, P, θ, ⟨·, ·⟩k) is then an invariant solution to the heterotic G2-system on M = Γ\N.

We can then focus on the system (3.1). We study it by considering the cases dim(n′) = 1 and
dim(n′) = 2 or 3 separately.

4. The case dim(n′) = 1

Assume that n′ := [n, n] is 1-dimensional. Let φ be a G2-structure on n and let gφ be the associated
metric. Denote by v the gφ-orthogonal complement to n′. Then, once a unit vector z ∈ n′ is fixed, φ
induces an SU(3)-structure (ω,Ω+) ∈ Λ2v∗ × Λ3v∗ on v via the relation

(4.1) φ = ω ∧ z♭ +Ω+ ,

where z♭ is the dual covector of z with respect to gφ. Using the splitting n = v⊕ n′ = v⊕ ⟨z⟩, we can
write any 2-form F on n as

F = Fv + η ∧ z♭,
for some η ∈ Λ1v∗, where Fv is the projection of F onto Λ2v∗. By using this approach we can rewrite
system (3.1) as a system of forms in v. This is the goal of the present subsection.

We adopt the following notation:

• J is the complex structure on v induced by (ω,Ω+);

• ∗v is the Hodge star operator on v determined by the metric ω(·, J ·) and the orientation ω3;

• Ω− := ∗vΩ+.

From (4.1), we obtain

(4.2) ψ = ∗φ =
1

2
ω ∧ ω +Ω− ∧ z♭.

Since (ω,Ω+) is an SU(3)-structure on v, Λ2v∗ splits into orthogonal SU(3)-irreducible summands
as follows:

(4.3) Λ2v∗ = ⟨ω⟩ ⊕ Λ(2,0)+(0,2)v∗ ⊕ Λ
(1,1)
0 v∗ ,

where

⟨ω⟩ = Rω , Λ(2,0)+(0,2)v∗ := {∗v(η ∧ Ω+) : η ∈ Λ1v∗} , Λ
(1,1)
0 v∗ := {σ ∈ Λ2v∗ : σ ∧ ω = − ∗v σ} .



8 ANDREI MOROIANU, ALBERTO RAFFERO, AND LUIGI VEZZONI

Remark 4.1. The space Λ
(1,1)
0 v∗ can be described as the space of real 2-forms that are of type (1, 1) with

respect to J (i.e. commuting with J when viewed as skew-symmetric endomorphisms) and primitive

with respect to ω, i.e., their wedge product with ω∧ω is zero. Similarly, the space Λ(2,0)+(0,2)v∗ is the
space of J anti-invariant real 2-forms (identified with skew-symmetric endomorphisms anti-commuting
with J).

Lemma 4.2. The following formulas hold:

∗v(σ ∧ σ ∧ ω) = −|σ|2 , for all σ ∈ Λ
(1,1)
0 v∗ ,(4.4)

(∗v(η ∧ Ω+)) ∧ (∗v(η ∧ Ω+)) = 2 ∗v (η ∧ Jη) ,(4.5)

| ∗v (η ∧ Ω+)|2 = 2|η|2 ,(4.6)

for every η ∈ Λ1v∗, where by definition (Jη)(·) := −η(J ·).

Proof. For every SU(3)-structure (g, J, ω,Ω+) on a 6-dimensional vector space v, there exists an ori-
ented orthonormal basis {e1, . . . , e6} of v with dual basis {e1, . . . , e6} such that

(4.7) J(e2i−1) = e2i, ω = e12 + e34 + e56, Ω+ = e135 − e245 − e146 − e236 .

In order to check (4.4), we notice that the left hand side is proportional to |σ|2 by the Schur Lemma,

since Λ
(1,1)
0 v∗ is an irreducible SU(3) representation. In order to find the proportionality factor, we

pick an arbitrary σ ∈ Λ
(1,1)
0 v∗, e.g. σ = e12 − e34.

In order to check the other two relations, we use the fact that SU(3) acts transitively on the spheres
of v, so for every η ∈ v∗ one can choose the above basis so that η = ce1, for some c ∈ R. Then both
formulas can be checked directly from (4.7). □

Notice that any r-form γ ∈ Λrn∗ can be written as γ = γ1 + γ2 ∧ z♭, for some γ1 ∈ Λrv∗ and
γ2 ∈ Λr−1v∗. Since z ∈ n′ and n is 2-step nilpotent, we have that α := dz♭ lies in Λ2v∗, so it
decomposes according to the splitting Λ2v∗ = ⟨ω⟩ ⊕ ⟨ω⟩⊥ as follows

(4.8) α := dz♭ = bω + α0.

In particular, α0 ∈ Λ
(2,0)+(0,2)
0 v∗ ⊕ Λ

(1,1)
0 v∗.

Remark 4.3. The 2-form α ∈ Λ2v∗ is nonzero, since n is not abelian, and its rank determines the
isomorphism class of n: n ∼= h3 ⊕ R4 if rank(α) = 2, n ∼= h5 ⊕ R2 if rank(α) = 4 and n ∼= h7 if
rank(α) = 6.

Lemma 4.4. Consider the G2-structure φ given by (4.1). Then, denoting as before λ := 7
12τ0, one has

b = 2λ in the expression (4.8) of α. In addition, the condition τ2 = 0 implies τ1 = 0 and is equivalent
to

α ∈ Λ(1,1)v∗ = Rω ⊕ Λ
(1,1)
0 v∗ .

Proof. Using the expressions (4.1) and (4.2), we obtain

dφ = ω ∧ dz♭ = ω ∧ α , dψ = −Ω− ∧ dz♭ = −Ω− ∧ α .
Hence

7τ0 ∗ 1 = dφ ∧ φ = ω ∧ ω ∧ dz♭ ∧ z♭ = 6b ∗ 1.
From this, the first assertion follows.

Now, the first equation in (2.2) gives 12τ1 = ∗(φ ∧ ∗dφ), which in the present situation implies

τ1 =
1

12
∗
(
(ω ∧ z♭ +Ω+) ∧ ∗(ω ∧ dz♭)

)
.

This shows that τ1 ∈ Λ1v∗. The condition τ2 = 0 is equivalent to dψ = 4τ1 ∧ ψ, i.e., to

(4.9) dψ = 4τ1 ∧ ∗φ = 4τ1 ∧
(
1

2
ω ∧ ω +Ω− ∧ z♭

)
.
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Since dψ = −Ω− ∧ α ∈ Λ4v∗, (4.9) gives

τ1 ∧ Ω− = 0 ,

which in turn implies that τ1 = 0, so that φ is coclosed. Now, from

0 = dψ = −Ω− ∧ α,

we deduce that α ∈ Λ(1,1)v∗. □

Lemma 4.4 proves Proposition 1.1 when dim(n′) = 1: every G2T -structure φ ∈ Λ3n∗ is coclosed.
Moreover, it shows that

α = dz♭ = 2λω + α0,

with α0 ∈ Λ
(1,1)
0 v∗.

We next focus on the torsion form Hφ of φ and write its differential in terms of α0, ω and λ.

Lemma 4.5. Assume that the G2-structure φ given by (4.1) has τ2 = 0. Then

Hφ = 2λφ− (4λω − α0) ∧ z♭,
and

dHφ = α0 ∧ α0 − 4λ2ω ∧ ω .

Proof. From Lemma 4.4 we have τ1 = 0, so from (2.2) we get:

∗τ3 = dφ− 12

7
λ ∗ φ = ω ∧ α− 12

7
λ ∗ φ,

and thus

τ3 = ∗ (ω ∧ α)− 12

7
λφ = (−α0 + 4λω) ∧ z♭ − 12

7
λφ.

We then obtain

Hφ =
2

7
λφ− τ3 =

2

7
λφ− (−α0 + 4λω) ∧ z♭ + 12

7
λφ = 2λφ− (−α0 + 4λω) ∧ z♭ ,

and therefore

dHφ = 2λω ∧ α− (−α0 + 4λω) ∧ α = −2λω ∧ (α0 + 2λω) + α0 ∧ (α0 + 2λω)

= −4λ2ω ∧ ω + α0 ∧ α0 ,

as required. □

In order to study the instanton equation, we prove the following.

Lemma 4.6. Consider the G2-structure φ given by (4.1). A 2-form F = Fv + η ∧ z♭ ∈ Λ2n∗ =

Λ2v∗ ⊕ v∗ ∧ z♭ satisfies {
dF = 0 ,

F ∧ ψ = 0 ,

if and only if

η ∧ α = 0 , and Fv =
1

2
∗v (η ∧ Ω+) + σ , σ ∈ Λ

(1,1)
0 v∗ .

In particular, if rank(α) ∈ {4, 6}, then η = 0 and F = Fv ∈ Λ
(1,1)
0 v∗.

Proof. Since both Fv and η are closed, the condition dF = 0 is equivalent to

η ∧ α = 0 ,

which implies η = 0 if rank(α) ∈ {4, 6}. Next we impose F ∧ ψ = 0. Since

F ∧ ψ =
1

2
Fv ∧ ω ∧ ω +

1

2
η ∧ z♭ ∧ ω ∧ ω + Fv ∧ Ω− ∧ z♭ ,
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we get

F ∧ ψ = 0 ⇐⇒

{
Fv ∧ ω ∧ ω = 0 ,

Fv ∧ Ω− = −1
2η ∧ ω ∧ ω .

The first equation shows that one can write Fv = ∗v(x ∧ Ω+) + σ for some σ ∈ Λ
(1,1)
0 v∗ and x ∈ v∗.

Using the general formula ∗v(x ∧ Ω+) ∧ Ω− = −x ∧ ω ∧ ω, we get x = 1
2η. □

Lemma 4.7. Assume that the G2-structure φ given by (4.1) has τ2 = 0, and let Hφ be the correspond-

ing torsion 3-form. Let ε1, . . . , εk ∈ R∖{0}. Then the 2-forms F r = F r
v +η

r∧z♭ ∈ Λ2n∗, r = 1, . . . , k,
satisfy

(4.10)


dF r = 0 for every r ,

F r ∧ ψ = 0 for every r ,

dHφ =
∑k

r=1 εr F
r ∧ F r ,

if and only if

(4.11)


ηr ∧ α = 0,∑k

r=1 εr ∗v (ηr ∧ Ω+) ∧ σr = 0 =
∑
εr(∗v(ηr ∧ Ω+)) ∧ (∗v(ηr ∧ Ω+)),

α0 ∧ α0 − 4λ2ω ∧ ω =
∑k

r=1 εrσ
r ∧ σr,∑k

r=1 εr (∗v(ηr ∧ Ω+) ∧ ηr + 2σr ∧ ηr) = 0 ,

where σr is the component of F r in Λ
(1,1)
0 v∗ according to the decomposition (4.3).

Proof. Lemma 4.6 implies that each F r can be written as

F r =
1

2
∗v (ηr ∧ Ω+) + σr + ηr ∧ z♭ ,

with ηr ∧ α = 0. It follows

F r∧F r = ∗v(ηr∧Ω+)∧ηr∧z♭+2σr∧ηr∧z♭+∗v(ηr∧Ω+)∧σr+
1

4
(∗v(ηr∧Ω+))∧(∗v(ηr∧Ω+))+σ

r∧σr.

By Lemma 4.5, the last equation of system (3.1) is equivalent to the system{
α0 ∧ α0 − 4λ2ω ∧ ω =

∑k
r=1 εr

(
1
4(∗v(η

r ∧ Ω+)) ∧ (∗v(ηr ∧ Ω+)) + σr ∧ σr + ∗v(ηr ∧ Ω+) ∧ σr
)
,

0 =
∑k

r=1 εr (∗v(ηr ∧ Ω+) ∧ ηr + 2σr ∧ ηr) .

Since the forms

α0 ∧ α0 , ω ∧ ω , (∗v(ηr ∧ Ω+)) ∧ (∗v(ηr ∧ Ω+)) , σr ∧ σr

belong to Λ(2,2)v∗, while

∗v(ηr ∧ Ω+) ∧ σr

belongs to Λ(3,1)+(1,3)v∗, the above system splits into

(4.12)


0 =

∑k
r=1 εr ∗v (ηr ∧ Ω+) ∧ σr,

α0 ∧ α0 − 4λ2ω ∧ ω =
∑k

r=1 εr
(
1
4(∗v(η

r ∧ Ω+)) ∧ (∗v(ηr ∧ Ω+)) + σr ∧ σr
)
,

0 =
∑k

r=1 εr (∗v(ηr ∧ Ω+) ∧ ηr + 2σr ∧ ηr) .

Taking the wedge product of the last equation with Ω+ and using σr ∧ Ω+ = 0 and (4.6) we get

(4.13)
k∑

r=1

εr|ηr|2 = 0 .

Next we show that
∑k

r=1 εr(∗v(ηr∧Ω+))∧(∗v(ηr∧Ω+)) = 0. We can assume that rank(α) = 2 since

otherwise ηr = 0 for all r. From the fact that α∧ ηr = 0 and α ∈ Λ(1,1)v∗, we also get α∧ Jηr = 0 for
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every r, thus showing that for every r there exists cr with crα = ηr ∧ Jηr. Taking the scalar product
with ω yields

(4.14) |ηr|2 = 6λcr ,

so from (4.13) we obtain λ
∑
εrcr = 0. Note that we can assume λ ̸= 0 since otherwise (4.14) yields

ηr = 0 for all r. Therefore, we get

(4.15)

k∑
r=1

εrη
r ∧ Jηr = 0.

On the other hand, using (4.5), we have that (4.15) yields

(4.16)
∑

εr(∗v(ηr ∧ Ω+)) ∧ (∗v(ηr ∧ Ω+)) = 0,

showing that the middle equation in the system (4.12) decouples into (4.16) and

(4.17) α0 ∧ α0 − 4λ2ω ∧ ω =

k∑
r=1

εrσ
r ∧ σr.

Hence the claim follows. □

Remark 4.8. We observe that Equation (4.17) has no solution if all εr’s are negative. Indeed, wedging
both sides of equation (4.17) by ω, we obtain

−|α0|2 − 24λ2 = −
k∑

r=1

εr|σr|2 .

If all εr’s are negative, we then get |α0| = λ = 0, whence α = 0 by (4.8) and Lemma 4.4, contradicting
the assumption that n is not abelian. This is consistent with Corollary 2.4.

If ηk = 0, for all 1 ≤ k ≤ r, then the system (4.11) reduces to Equation (4.17). This happens, for
instance, when rank(α) ∈ {4, 6} by Lemma 4.6. In this case, in order to find solutions to the heterotic
G2-system, we can focus on Equation (4.17) on R6 equipped with the standard basis B = {e1, . . . , e6}
and the standard SU(3)-structure

(4.18) ω = e12 + e34 + e56 , Ω+ = e135 − e146 − e236 − e245 ,

and use the next result.

Proposition 4.9. Consider the vector space R6 endowed with the with the standard SU(3)-structure

(4.18). Assume that α0, σ
1, . . . , σk ∈ Λ

(1,1)
0 (R6)∗, λ ∈ R, ε1 . . . , εk ∈ R ∖ {0}, is a solution to (4.17),

and that the forms 2λω + α0 and σ1, . . . , σk are integral with respect to the standard basis B of R6.
Then, this solution gives rise to a 2-step nilmanifold endowed with a k-torus bundle and admitting an
invariant solution to the heterotic G2-system.

Proof. Consider the 7-dimensional vector space n := R6 ⊕ ⟨z⟩ and endow it with the product metric g
for which z is a unit vector. Then, imposing

dz♭ := 2λω + α0, dei = 0, 1 ≤ i ≤ 6,

gives n the structure of a 2-step nilpotent Lie algebra with 1-dimensional derived algebra n′ = ⟨z⟩.
Since the 2-form 2λω + α0 is integral, the simply connected 2-step nilpotent Lie group N = exp(n)
has a cocompact lattice given by Γ = spanZ(6e1, . . . , 6e6, z), and M = Γ\N is a 2-step nilmanifold.
Moreover, since the σr’s are integral, Theorem A.3 ensures the existence of a principal Tk-bundle

P →M = Γ\N endowed with a connection θ whose curvature is Fθ =
∑k

r=1 σ
rtr, where {t1, . . . , tk} is

a basis of the Lie algebra of Tk. The 3-form φ := ω∧ z♭+Ω+ defines a G2-structure on n inducing the
product metric g. By Lemma 4.4, φ is coclosed and has τ0 =

12
7 λ, so it gives rise to a G2-structure of
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the same type on M = Γ\N . If we define ⟨·, ·⟩k :=
∑k

r=1 εrt
r⊗ tr, we then obtain an invariant solution

(φ, P, θ, ⟨·, ·⟩k) to the heterotic G2-system on M = Γ\N .
□

Motivated by the last result, we now consider a 6-dimensional vector space v equipped with an
SU(3)-structure (ω,Ω+), and we focus on Equation (4.17)

α0 ∧ α0 − 4λ2ω ∧ ω =

k∑
r=1

εrσ
r ∧ σr

for the unknowns α0, σ
1, . . . , σk ∈ Λ

(1,1)
0 v∗, λ ∈ R, and ε1, . . . , εk ∈ R ∖ {0}. Note that λ and α0

cannot be both zero, as otherwise the Lie algebra n would be abelian.
In order to study Equation (4.17), which involves 4-forms on v, we rewrite it in terms of endomor-

phisms of v. To do this, we use the dual Lefschetz operator, which can we written using an orthonormal
basis {e1 . . . , e6} of v as

Λ =
1

2

6∑
i=1

Jei⌟ei⌟ .

This operator is an isomorphism from Λ4v∗ to Λ2v∗.

One can easily check that Λ(ω∧ω) = 4ω and Λ(σ∧σ)(·, ·) = 2⟨A2J ·, ·⟩, for every σ ∈ Λ
(1,1)
0 v∗, where

A is the skew-symmetric endomorphism commuting with J defined by σ(·, ·) = ⟨A·, ·⟩. Applying Λ,
Equation (4.17) can be rewritten in the following, equivalent, form

(4.19) L2
0 −

k∑
r=1

εrL
2
r = −8λ2Id ,

where the Lr’s are the trace-free symmetric endomorphisms commuting with J defined by

α0(·, ·) = ⟨L0J ·, ·⟩ , σr(·, ·) = ⟨LrJ ·, ·⟩ .

We now discuss some properties of the solutions of (4.19) that will be useful in the proof of Theorem
1.2. Assume that one of the εr’s, say ε1, is positive, and all the others are negative. In this case, by
setting

(4.20) A =

√
ε1
8
L1 , B1 =

√
1

8
L0 , Br =

√
−εr
8

Lr , 2 ≤ r ≤ k ,

we can rewrite (4.19) as

(4.21) A2 = λ2 Id +
k∑

r=1

B2
r .

Proposition 4.10. Let A,B1, . . . , Bk be trace-free symmetric endomorphisms of a 6-dimensional Her-
mitian vector space (v, J) commuting with J and satisfying Equation (4.21). Then λ = 0 and the
endomorphisms A2, B2

1 , . . . , B
2
k are positively collinear.

Proof. Composing A2 with itself and using (4.21), we get

(4.22) A4 = λ4Id + 2λ2
k∑

r=1

B2
r +

k∑
r=1

B4
r +

∑
r ̸=s

B2
rB

2
s .

Next, we observe that if X is a trace-free symmetric endomorphism, then

(4.23) tr (X4) =
(tr(X2))2

4
.
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Indeed, if x1, x2,−x1 − x2 ∈ R are the eigenvalues of X (all of algebraic multiplicity 2), we have

tr (X2) = 2(x21 + x22 + (x1 + x2)
2) = 4(x21 + x22 + x1x2)

and

tr (X4) = 2(x41 + x42 + (x1 + x2)
4) = 4(x41 + x42 + 2x31x2 + 2x1x

3
2 + 3x21x

2
2) = 4(x21 + x22 + x1x2)

2 ,

from which (4.23) follows. Taking the trace of both sides of (4.22) and applying (4.23), we obtain:

(tr(A2))2

4
= tr(A4) = 6λ4 + 2λ2

k∑
r=1

tr (B2
r ) +

k∑
r=1

tr (B4
r ) +

∑
r ̸=s

tr(B2
rB

2
s ) .

Moreover, from (4.21) and (4.23), we have

(tr(A2))2

4
=
1

4

(
tr

(
λ2Id +

k∑
r=1

B2
r

))2

= 9λ4 + 3λ2
k∑

r=1

tr(B2
r ) +

1

4

k∑
r=1

(tr(B2
r ))

2 +
1

4

∑
r ̸=s

tr(B2
r )tr(B

2
s )

= 9λ4 + 3λ2
k∑

r=1

tr(B2
r ) +

k∑
r=1

tr(B4
r ) +

1

4

∑
r ̸=s

tr(B2
r )tr(B

2
s ) .

Comparing these two equations yields

(4.24) 3λ4 + λ2
k∑

r=1

tr (B2
r ) +

1

4

∑
r ̸=s

tr(B2
r )tr(B

2
s )−

∑
r ̸=s

tr(B2
rB

2
s ) = 0 .

Now, we observe that (4.23) and the Cauchy-Schwarz inequality imply:

tr(B2
sB

2
r ) ≤

√
tr(B4

r )
√

tr(B4
s ) =

1

4
tr(B2

r )tr(B
2
s ) .

so (4.24) yields

3λ4 + λ2
k∑

r=1

tr(B2
r ) ≤ 0

which forces λ = 0.
Moreover, the equality case in the Cauchy-Schwarz inequality implies that the symmetric endomor-

phisms B2
r are positively collinear for 1 ≤ r ≤ k. Finally, since A2 =

∑k
r=1B

2
r , the same conclusion

holds for A2 as well. □

We apply the previous proposition in our case. Since λ = 0, the 2-form α0 is equal to the 2-
form α = dz♭, which is non-zero. Thus the endomorphism B1 defined in (4.20) must be non-zero.
Consequently, there exist a2, . . . , ak ∈ R such that

B2
r = a2rB

2
1 ,

for all 2 ≤ r ≤ k, and therefore

A2 =

(
1 +

k∑
r=2

a2r

)
B2

1 .

Lemma 4.11. Let A and B be trace-free symmetric endomorphisms of v commuting with the complex
structure J and satisfying

A2 = a2B2,

for a some a ∈ R. If B is invertible, then A = ±aB.
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Proof. If a = 0 the statement is obvious. We can then focus on the case a ̸= 0, where it is not restrictive
assuming a = 1, so that A2 = B2. One can find a basis of v such that the matrices representing B and

J with respect to it are the following: B =

(
D 03
03 D

)
, where D =

d1 0 0
0 d2 0
0 0 d3

 with d1+d2+d3 = 0

and d1d2d3 ̸= 0, and J =

(
03 −I3
I3 03

)
. Since A is symmetric, trace-free, and commutes with J , it

is represented by a block-diagonal matrix of the form A =

(
X −Y
Y X

)
, where X is a symmetric and

trace-free 3× 3 matrix, and Y is a skew-symmetric 3× 3 matrix. The condition A2 = B2 reads then

(4.25)

{
X2 − Y 2 = D2,

XY + Y X = 03.

If X = 0, the first equation of (4.25) shows that Y is invertible, which is impossible for a skew-
symmetric 3× 3 matrix. Since X is trace-free, its kernel can be at most 1-dimensional. Assume that
ker(X) is a line. The second equation of the system (4.25) shows that Y preserves the kernel of X,
and since Y is skew-symmetric, it must vanish on ker(X). This contradicts the first equation, since D
would then also vanish on ker(X). Therefore, X is invertible.

Since tr(X) = 0, if λ is an eigenvalue of X, then −λ is not an eigenvalue of X. The second equation
of (4.25) thus shows that Y vanishes on the eigenspaces of X, so Y = 03 and X2 = D2. The spectrum
of X is therefore {ε1d1, ε2d2, ε3d3}, where εi ∈ {±1}. Since X and D are trace-free, all signs εi
are equal. If D2 has three different eigenvalues, clearly X preserves the three eigenspaces, so it has
diagonal form in the given basis, whence X = ±D. If D2 has a double eigenvalue, then one can assume

d1 = d2 and d3 = −2d1, so X has block-diagonal form X =

(
U 0
0 εd3,

)
, where ε ∈ {±1} and U is a

2 × 2 symmetric matrix satisfying tr(U) = −εd3 = 2εd1 and U2 = d21I2. Then clearly U = εd1I2, so
X = εD, and thus A = εB. □

We are now ready to give the proof of Theorem 1.2.

4.1. Proof of Theorem 1.2-(i). If M = Γ\N admits an invariant solution (φ, P, θ, ⟨·, ·⟩k) to the
heterotic G2-system and dim(n′) = 1, then the above discussion shows that there exists a gφ-orthogonal

decomposition n = v ⊕ n′, with n′ = ⟨z⟩ and dz♭ = α = 2λω + α0, where α0 ∈ Λ
(1,1)
0 v∗ is a primitive

form of type (1, 1). If λ = 0, then α = α0, so α∧α ̸= 0 by (4.4). Consequently, n cannot be isomorphic
to h3⊕R4, and thus n ∼= h5 ⊕ R2 if rank(α) = 4 or n ∼= h7 if rank(α) = 6. Note that, in both cases, the
heterotic G2-system reduces to Equation (4.17) by Lemma 4.6, as all of the ηr’s appearing in (4.11)
must be zero.

4.2. Proof of Theorem 1.2-(ii). By Proposition 4.9, if we consider R6 endowed with the standard

SU(3)-structure, then a solution to Equation (4.17) with λ = 0, k = k+ = 1, α0, σ
1 ∈ Λ

(1,1)
0 (R6)∗

integral 2-forms with respect to the standard basis of R6, and rank(α0) = 4 gives rise to a solution
to the heterotic G2-system on a 2-step nilmanifold endowed with a principal S1-bundle and with
corresponding Lie algebra n ∼= h5 ⊕ R2. The S1-bundle is non-trivial if the curvature form F = σ1 is
not exact, namely if α0 and σ1 are not proportional.

Equation (4.17) is equivalent to (4.19), which now reads

(4.26) L2
0 = ε1L

2
1,

where L0 and L1 are trace-free symmetric endomorphisms of R6 commuting with J such that α0 =
⟨L0J ·, ·⟩ and σ1 = ⟨L1J ·, ·⟩. We can take ε1 = 1 and search for solutions for which L0 has rank 4 and
L1 is not proportional to L0.



THE HETEROTIC G2-SYSTEM ON 2-STEP NILMANIFOLDS ENDOWED WITH PRINCIPAL TORUS BUNDLES 15

A solution is given, for instance, by the endomorphisms represented by the following integer matrices
with respect to the standard basis of R6 :

L0 = diag (5, 5,−5,−5, 0, 0) , L1 =


0 0 3 4 0 0
0 0 −4 3 0 0
3 −4 0 0 0 0
4 3 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 .

The corresponding 2-forms are

α0 = 5 e12 − 5 e34, F = σ1 = −4 e13 + 3 e14 − 3 e23 − 4 e24.

We can now conclude as in the proof of Proposition 4.9. For the reader’s convenience, we sketch
the argument here. The 7-dimensional 2-step nilpotent Lie algebra is obtained considering the vector
space n := R6 ⊕ ⟨z⟩ endowed with the product metric g for which z has unit length, and setting

dei = 0, 1 ≤ i ≤ 6, dz♭ = α0 = 5 e12 − 5 e34.

The coclosed G2-structure on n is defined by the 3-form φ = ω ∧ z♭ + Ω+, which induces the metric
g. Since both α0 and the closed 2-form F are integral with respect to the basis {e1, . . . , e6, z} of n, we
can apply Theorem A.3 and obtain the desired solution on the 2-step nilmanifold M = Γ\N , where
N = exp(n) and Γ = exp(spanZ(6e1, 6e2, 6e3, 6e4, 6e5, 6e6, z)).

4.3. Proof of Theorem 1.2-(iii). We now study the existence of solutions to equation (4.17) satis-
fying the requirements of Proposition 4.9 and such that rank(α0) = 6, so that n ∼= h7. By Proposition
4.10, if we take either k = k+ = 1 or k > 1 and k+ = 1, then every solution must have λ = 0. Without
loss of generality, we may assume ε1 > 0 and, if k > 1, ε2, . . . , εk < 0. We can then rewrite equation
(4.17) as (4.21) with λ = 0, i.e.,

A2 =

k∑
r=1

B2
r ,

where A and Br’s are the trace-free symmetric endomorphisms of R6 commuting with J defined in
(4.20). If rank(α0) = 6, the endomorphism B1 must be invertible. In particular, A must be non-zero,
so the component F 1 = σ1 of the curvature is non-zero. Combining Proposition 4.10 and Lemma 4.11
(or applying just the latter if k = k+ = 1), we obtain that A, and Br, for 2 ≤ r ≤ k, in (4.21), are

proportional to B1, showing that all curvature forms F r are proportional to the exact 2-form α = dz♭.
It follows that every solution to the heterotic G2-system has trivial torus bundle and non-zero curvature
if k+ = 1.

Assume now that λ = 0 and k− = 0. Then, Equation (4.19) becomes

L2
0 =

k∑
r=1

εrL
2
r ,

with εr > 0, for 1 ≤ r ≤ k. Since L0 is invertible, at least one of the endomorphisms Lr is non-zero,
so at least one component of the curvature is non-zero. Moreover, Proposition 4.10 implies that the
endomorphisms L2

0, ε1L
2
1, . . . , εkL

2
k are positively collinear. We then have

L2
r =

1

εr
a2rL

2
0,

for certain ar ∈ R, 1 ≤ r ≤ k, with at least one of them different from zero. By Lemma 4.11, the
endomorphisms Lr are either zero or non-zero multiples of L0. This shows that all non-zero curvature
forms F r are proportional to the exact 2-form α = dz♭, whence it follows that every solution to the
heterotic G2-system has trivial torus bundle and non-zero curvature.
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To conclude the proof, it is sufficient to construct an example with k+ = 2, k− = 1 and non-trivial
torus bundle. This is equivalent to finding a suitable solution to Equation (4.19) with k = 3 and with
two positive and one negative εr, 1 ≤ r ≤ 3. Without loss of generality, we assume ε1, ε2 > 0, ε3 < 0,
and look for solutions of the equation

L2
0 − ε3L

2
3 = ε1L

2
1 + ε2L

2
2,

such that rank(L0) = 6 and at least one of the endomorphisms L1, L2, L3 is not proportional to L0.
We can take, for instance, ε1 = ε2 = −ε3 = 1 and the endomorphisms represented by the following
matrices with respect to the standard basis of R6

L0 = L2 = diag (1, 1,−2,−2, 1, 1) , L1 = L3 = diag (1, 1,−1,−1, 0, 0) .

They correspond to the following 2-forms

α0 = σ2 = e12 − 2 e34 + e56, σ1 = σ3 = e12 − e34.

We can now conclude as in the proof of Proposition 4.9.

4.4. Proof of Theorem 1.2-(iv). Proposition 4.10 implies that there are no invariant solutions to
the heterotic G2-system with k+ = 1 and λ ̸= 0 on a 2-step nilmanifold with dim(n′) = 1.

To conclude the proof of Theorem 1.2-(iv) it is then sufficient to show that when k = k+ = 2, the
heterotic G2-system can be solved for each of the three isomorphism classes of 2-step nilpotent Lie
algebras n with dim(n′) = 1. In view of Proposition 4.9, the problem reduces to finding a solution
(λ, α0, σ

1, σ2, ε1, ε2) to equation (4.17) on R6 equipped the standard SU(3)-structure (4.18), where
λ ∈ R∖ {0} and the forms α = 2λω+α0, σ

1, σ2 are integral. The rank of the form α = 2λω+α0 then
determines the isomorphism class of the corresponding Lie algebra.

A straightforward computation shows that we have the following solutions:

• λ = 1
2 , α0 = −e12 − e34 + 2 e56, σ1 = e12 − e56, σ2 = e34 − e56, ε1 = ε2 = 3.

In this case α = 3e56, so the corresponding Lie algebra is isomorphic to h3 ⊕ R4.

• λ = 1
2 , α0 = −e12 + e56, σ1 = −e12 + 2 e34 − e56, σ2 = e12 − e56, ε1 =

1
2 , ε2 =

5
2 .

In this case α = e34 + 2 e56, so the corresponding Lie algebra is isomorphic to h5 ⊕ R2.

• λ = 1
2 , α0 = 0 , σ1 = −2 e12 + e34 + e56 , σ2 = e34 − e56, ε1 =

1
2 , ε2 =

3
2 .

In this case α = e12 + e34 + e56, so the corresponding Lie algebra is isomorphic to h7.

5. The case dim(n′) = 2 or 3.

We now consider the case dim(n′) ≥ 2. We use an approach that is similar to one of the previous
section, but in this case we will decompose the Lie algebra n as the orthogonal direct sum of a 3-
dimensional subspace calibrated by φ and its orthogonal complement r. The latter naturally inherits
an SU(2)-structure induced by φ, which can be used to rewrite (3.1) as a system of exterior forms on
r.

Let φ be a G2-structure on n. If dim(n′) = 3, we assume that φ calibrates n′, that is, there exists
an orthonormal basis {z1, z2, z3} of n′ such that |φ(z1, z2, z3)| = 1. Recall that φ(z1, z2, z3) = 1 if and
only if z1 ×φ z2 = z3, where ×φ denotes the vector cross product induced by φ.

Let us consider two orthonormal vectors z1, z2 ∈ n′ and let

z3 := φ(z1, z2, ·)♯ = z1 ×φ z2.

The vector z3 has unit length and is orthogonal to z1 and z2. The subspace ⟨z1, z2, z3⟩ is calibrated by
φ and it is contained in the center of n, but does not necessarily coincide with it. When dim(n′) = 2,

we have n′ = ⟨z1, z2⟩ and we will show that dz♭3 = 0. If dim(n′) = 3 and φ calibrates n′, we have

n′ = ⟨z1, z2, z3⟩ and dz♭3 ̸= 0.
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Let r := ⟨z1, z2, z3⟩⊥, so that n = r ⊕ ⟨z1, z2, z3⟩. Since G2 acts transitively on orthonormal pairs
of vectors, there exists an adapted basis {e1, . . . , e7} of n (i.e. a basis where φ is expressed by (2.1)),
such that e5 = z1 and e6 = z2. Then by (2.1) we get z3 = φ(z1, z2, ·)♯ = e7, and denoting by
{e1, e2, e3, e4, z1, z2, z3} the dual basis, we have

(5.1) φ =

3∑
i=1

ωi ∧ zi + z1 ∧ z2 ∧ z3,

where ω1 = e13 − e24, ω2 = −e14 − e23 and ω3 = e12 + e34 define an SU(2)-structure on r. The
metric corresponding to the SU(2)-structure is the restriction of gφ to r. Moreover, since ⟨z1, z2, z3⟩ is
calibrated by φ, its orthogonal complement r is calibrated by ψ = ∗φ, so it is oriented by the volume
form ψ|r. We denote by ∗r the Hodge operator corresponding to this metric and orientation on r. The
closed 2-forms ω1, ω2, ω3 are self-dual and pairwise orthogonal:

∗rωi = ωi, ωi ∧ ωj = 2δij ∗r 1 , ∀i, j ∈ {1, 2, 3} .
From this observation and the expression of φ, we deduce that

(5.2) ψ = ∗φ = ω1 ∧ z2 ∧ z3 + ω2 ∧ z3 ∧ z1 + ω3 ∧ z1 ∧ z2 + ∗r1 .
We introduce the following notation

αi := dzi ∈ Λ2r∗, 1 ≤ i ≤ 3,

and
aij := ⟨ωi, αj⟩ = ∗r(ωi ∧ αj) , 1 ≤ i, j ≤ 3 .

If dim(n′) = 2, then α1 and α2 are linearly independent and α3 = 0, since z3 is orthogonal to n′.
Consequently, ai3 = 0 for all 1 ≤ i ≤ 3. If dim(n′) = 3, then α1, α2 and α3 are linearly independent.

Lemma 5.1. Consider the G2-structure φ given by (5.1). Then

(5.3) λ =
1

6
(a11 + a22 + a33) .

Moreover, the condition τ2 = 0 is equivalent to

(5.4) aij = aji , ∀i, j ∈ {1, 2, 3} .
and implies τ1 = 0.

Proof. We have

(5.5) dφ =
3∑

i=1

ωi ∧ αi + α1 ∧ z2 ∧ z3 + α2 ∧ z3 ∧ z1 + α3 ∧ z1 ∧ z2 ,

which together with (5.1) and the fact that ωi ∧ αi = aii ∗r 1 gives

(5.6) φ ∧ dφ = 2(a11 + a22 + a33) ∗ 1 .
On the other hand, from the first equation in (2.2) we obtain φ∧dφ = 7τ0 ∗1 = 12λ∗1, which together
with (5.6) implies (5.3). Moreover,

dψ =ω1 ∧ α2 ∧ z3 − ω1 ∧ α3 ∧ z2 + ω2 ∧ α3 ∧ z1 − ω2 ∧ α1 ∧ z3 + ω3 ∧ α1 ∧ z2 − ω3 ∧ α2 ∧ z1

=(a12 − a21) ∗r 1 ∧ z3 + (a31 − a13) ∗r 1 ∧ z2 + (a23 − a32) ∗r 1 ∧ z1,
and

12τ1 = ψ ⌟ dψ = (a12 − a21)z
3 + (a31 − a13)z

2 + (a23 − a32)z
1,

which implies

12τ1 ∧ ψ = ((a23 − a32)ω1 + (a31 − a13)ω2 + (a12 − a21)ω3) ∧ z1 ∧ z2 ∧ z3 .
Hence, the condition τ2 = 0, which by (2.2) is equivalent to 4τ1 ∧ ψ = dψ, is satisfied if and only if

aij = aji , ∀i, j ∈ {1, 2, 3} ,
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and, consequently, implies τ1 = 0. □

The previous result proves Proposition 1.1: if dim(n′) = 2 or dim(n′) = 3 and n′ is calibrated by φ,
every G2T -structure on n is coclosed. Note however that, when dim(n′) = 3, there exist G2T -structures
with n′ not calibrated by φ that are not coclosed:

Example 5.2. For any real numbers x, y consider the 2-step nilpotent Lie algebra structure on R7

with n′ = ⟨e4, e6, e7⟩ and structure 2-forms

de4 = e13 + xe12 + ye23, de6 = e15 − ye25, de7 = −e35 + xe25.

Then the G2 structure defined by (2.1) satisfies dψ = e2 ∧ψ, so it has τ2 = 0 and τ1 =
1
4e

2. Note that
the Lie algebra is isomorphic to n6,3 ⊕ R if x = y = 0, and to n7,3,B otherwise.

Combining Lemma 5.1 with [8, Prop. 4.4], we obtain the following.

Corollary 5.3. If dim(n′) = 2 and φ is a G2T -structure on n, then n is decomposable. In particular,
n is isomorphic to one of the following Lie algebras: n5,2 ⊕ R2, h3 ⊕ h3 ⊕ R, hC3 ⊕ R, n6,2 ⊕ R.

Lemma 5.4. Assume that the G2-structure φ given by (5.1) has τ2 = 0 (and thus τ1 = 0 by Lemma
5.1). Then

dHφ = −4λ
(
α1 ∧ z2 ∧ z3 + α2 ∧ z3 ∧ z1 + α3 ∧ z1 ∧ z2

)
+

(
12λ2 −

3∑
i=1

|αi|2
)

∗r 1 .

Proof. Using (5.5) and (5.3), we compute

∗dφ = ∗

(
3∑

i=1

ωi ∧ αi + α1 ∧ z2 ∧ z3 + α2 ∧ z3 ∧ z1 + α3 ∧ z1 ∧ z2
)

=
3∑

i=1

aii z
1 ∧ z2 ∧ z1 +

3∑
i=1

(∗rαi) ∧ zi

=6λ z1 ∧ z2 ∧ z3 +
3∑

i=1

(∗rαi) ∧ zi .

Since Hφ = 2λφ− ∗dφ (cf. Remark 2.1), it follows that

Hφ = −6λ z1 ∧ z2 ∧ z3 −
3∑

i=1

(∗rαi) ∧ zi + 2λ

3∑
i=1

ωi ∧ zi + 2λ z1 ∧ z2 ∧ z3 .

We then compute using again (5.3):

dHφ = − 6λ
(
α1 ∧ z2 ∧ z3 − α2 ∧ z1 ∧ z3 + α3 ∧ z1 ∧ z2

)
−

3∑
i=1

|αi|2 ∗r 1

+ 2λ
3∑

i=1

ωi ∧ αi + 2λα1 ∧ z2 ∧ z3 − 2λα2 ∧ z1 ∧ z3 + 2λα3 ∧ z1 ∧ z2

= −4λ
(
α1 ∧ z2 ∧ z3 + α2 ∧ z3 ∧ z1 + α3 ∧ z1 ∧ z2

)
+

(
12λ2 −

3∑
i=1

|αi|2
)

∗r 1 ,

□

We now focus on the instanton equation. We first note that any F ∈ Λ2n∗ can be written as

(5.7) F = F0 + v1 ∧ z1 + v2 ∧ z2 + v3 ∧ z3 + a1 z
2 ∧ z3 + a2 z

3 ∧ z1 + a3 z
1 ∧ z2 ,

for some F0 ∈ Λ2r∗, v1, v2, v3 ∈ r∗, and a1, a2, a3 ∈ R.
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Lemma 5.5. Let F ∈ Λ2n∗ be any 2-form, expressed as in (5.7). Then

{
dF = 0 ,

F ∧ ψ = 0,
⇐⇒


F0 ∧ ωi = 0 , ∀i ∈ {1, 2, 3},∑3

i=1 vi ∧ αi = 0,∑3
i=1 vi ∧ ωi = 0,

a1 = a2 = a3 = 0.

Proof. Since F0, v1, v2, v3 are closed, we have

dF = −v1 ∧ α1 − v2 ∧ α2 − v3 ∧ α3 + (a2 α3 − a3α2) ∧ z1 + (a3 α1 − a1 α3) ∧ z2 + (a1 α2 − a2 α1) ∧ z3,
and then

dF = 0 ⇐⇒


v1 ∧ α1 + v2 ∧ α2 + v3 ∧ α3 = 0,

a2 α3 − a3 α2 = 0,

a3 α1 − a1 α3 = 0,

a1 α2 − a2 α1 = 0.

If dim(n′) = 2, then α3 = 0 and α1 and α2 are linearly independent. If dim(n′) = 3, then α1, α2 and
α3 are linearly independent. In both cases, the previous system shows that a1 = a2 = a3 = 0, hence

dF = 0 ⇐⇒

{
v1 ∧ α1 + v2 ∧ α2 + v3 ∧ α3 = 0,

a1 = a2 = a3 = 0.

Moreover,

F ∧ ψ =(F0 + v1 ∧ z1 + v2 ∧ z2 + v3 ∧ z3) ∧ (ω1 ∧ z2 ∧ z3 + ω2 ∧ z3 ∧ z1 + ω3 ∧ z1 ∧ z2 + ∗r1)

=F0 ∧ ω1 ∧ z2 ∧ z3 + F0 ∧ ω2 ∧ z3 ∧ z1 + F0 ∧ ω3 ∧ z1 ∧ z2 +

(
3∑

i=1

ωi ∧ vi

)
∧ z1 ∧ z2 ∧ z3 ,

whence

F ∧ ψ = 0 ⇐⇒

{
F0 ∧ ωi = 0 , ∀i ∈ {1, 2, 3}∑3

i=1 vi ∧ ωi = 0

which implies the claim. □

Proposition 5.6. Assume that the G2-structure φ given by (5.1) has τ2 = 0 (and thus τ1 = 0 by

Lemma 5.1). Consider ε1, . . . , εk ∈ R ∖ {0}. Then the 2-forms F r = F r
0 +

∑3
i=1 v

r
i ∧ zi ∈ Λ2n∗,

1 ≤ r ≤ k, satisfy

(5.8)


dF r = 0 ,

F r ∧ ψ = 0 ,

dHφ =
∑k

r=1 εr F
r ∧ F r ,

if and only if the following equations are satisfied

F r
0 ∧ ωi = 0 , ∀i ∈ {1, 2, 3}, ∀r ∈ {1, . . . , k} ,(5.9) ∑k

r=1 εr F
r
0 ∧ vri = 0 , ∀i ∈ {1, 2, 3} ,(5.10) ∑3

i=1 v
r
i ∧ αi = 0 , ∀r ∈ {1, . . . , k},(5.11) ∑3

i=1 v
r
i ∧ ωi = 0 , ∀r ∈ {1, . . . , k},(5.12) ∑k

r=1 εr |F r
0 |2 =

∑3
i=1 |αi|2 − 12λ2 ,(5.13) ∑k

r=1 εr v
r
1 ∧ vr2 = 2λα3 ,(5.14) ∑k

r=1 εr v
r
3 ∧ vr1 = 2λα2 ,(5.15) ∑k

r=1 εr v
r
2 ∧ vr3 = 2λα1 .(5.16)
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Proof. Equations (5.9), (5.11), (5.12) come from Lemma 5.5. The first one shows that F r
0 ∈ Λ2r∗ is

anti-self-dual, so F r
0 ∧ F r

0 = −|F r
0 |2 ∗r 1, for all 1 ≤ r ≤ k. We then have

F r ∧ F r =− |F r
0 |2 ∗r 1− 2vr1 ∧ vr2 ∧ z1 ∧ z2 − 2vr1 ∧ vr3 ∧ z1 ∧ z3

− 2vr2 ∧ vr3 ∧ z2 ∧ z3 +
3∑

i=1

F r
0 ∧ vri ∧ zi.

(5.17)

Taking into account Lemma 5.4, we obtain that the equation dHφ =
∑k

r=1 εr F
r ∧F r is equivalent to

(5.10) and (5.13)–(5.16).
□

Remark 5.7.

• Equation (5.12) implies that, for every r, vr3 is determined by vr1 and v
r
2. Indeed, if we denote by

{J1, J2, J3} the hypercomplex structure on r induced by {ω1, ω2, ω3}, then (5.12) is equivalent
to

vr3 = −J2vr1 + J1v
r
2 .

• When λ ̸= 0, Equations (5.14)–(5.16) together with (5.12) imply (5.4). Indeed, we have

α1 ∧ ω2 =
1

2λ

(
k∑

r=1

εr v
r
2 ∧ vr3

)
∧ ω2 = − 1

2λ

k∑
r=1

εr v
r
3 ∧ vr2 ∧ ω2

= − 1

2λ

k∑
r=1

εr v
r
3 ∧ (−vr1 ∧ ω1 − vr3 ∧ ω3) =

1

2λ

k∑
r=1

εr v
r
3 ∧ vr1 ∧ ω1 = α2 ∧ ω1,

and, similarly, α1 ∧ ω3 = α3 ∧ ω1 and α2 ∧ ω3 = α3 ∧ ω2.

In summary, if a 2-step nilmanifold M = Γ\N admits an invariant solution (φ, P, θ, ⟨·, ·⟩k) to the
heterotic G2-system and either dim(n′) = 2 or dim(n′) = 3 and φ calibrates n′, then equations (5.3),
(5.4) and (5.9)-(5.16) must hold. This will allow us to determine certain constraints on the Lie algebra
n or on the signature of the bilinear form ⟨·, ·⟩k imposed by the existence of solutions. Conversely, we
can state the following existence result, which is analogous to Proposition 4.9.

Proposition 5.8. Consider the vector space R4 endowed with the standard basis {e1, e2, e3, e4} and
the standard SU(2)-structure (ω1 = e13 − e24, ω2 = −e14 − e23, ω3 = e12 + e34). Then, any solution
of the equations (5.3), (5.4) and (5.9)-(5.16) such that the 1-forms v1, v2, v3 ∈ (R4)∗, the 2-forms
α1, α2, α3 ∈ Λ2(R4)∗ and F r

0 ∈ Λ2(R4)∗, 1 ≤ r ≤ k, are integral with respect to the standard basis
of R4, gives rise to a 2-step nilmanifold endowed with a k-torus bundle and admitting an invariant
solution to the heterotic G2-system.

Proof. Consider the 7-dimensional vector space n := R4 ⊕ ⟨z1, z2, z3⟩ and endow it with the product
metric g for which the vectors z1, z2, z3 are orthonormal. Then, if {e1, e2, e3, e4, z1, z2, z3} denotes the
dual basis, n becomes a 2-step nilpotent Lie algebra by imposing

(de1, de2, de3, de4, dz1, dz2, dz3) = (0, 0, 0, 0, α1, α2, α3),

where the 2-forms α1, α2, α3 are extended to n in the obvious way. The derived algebra of n is
n′ = ⟨z1, z2⟩ if α3 = 0 and n′ = ⟨z1, z2, z3⟩ otherwise. Since the 2-forms α1, α2, α3 are integral with
respect to the basis B = {e1, e2, e3, e4, z1, z2, z3} of n, the simply connected 2-step nilpotent Lie group
N = exp(n) has the cocompact lattice Γ := exp(spanZ(6e1, 6e2, 6e3, 6e4, z1, z2, z3)), and we can consider
the 2-step nilmanifold M = Γ\N . Moreover, the hypothesis on v1, v2, v3 and on the F r

0 ’s ensures that

the 2-forms F r = F r
0 +

∑3
i=1 v

r
i ∧ zi, 1 ≤ r ≤ k, are integral with respect to the basis B. Therefore,

Theorem A.3 ensures then the existence of a principal Tk-bundle P → M = Γ\N endowed with a

connection θ whose curvature is Fθ =
∑k

r=1 F
rtr, where {t1, . . . , tk} is a basis of the Lie algebra of Tk.

The 3-form φ given by (5.1),

φ = ω1 ∧ z1 + ω2 ∧ z2 + ω3 ∧ z3 + z1 ∧ z2 ∧ z3 ,



THE HETEROTIC G2-SYSTEM ON 2-STEP NILMANIFOLDS ENDOWED WITH PRINCIPAL TORUS BUNDLES 21

defines a G2-structure on n inducing the product metric g. Since equations (5.3) and (5.4) hold, φ
is coclosed and has τ0 = 12

7 λ, so it gives rise to a G2-structure of the same type on M = Γ\N . If

we define ⟨·, ·⟩k :=
∑k

r=1 εrt
r ⊗ tr, we then obtain an invariant solution (φ, P, θ, ⟨·, ·⟩k) to the heterotic

G2-system on M = Γ\N . □

5.1. Proof of Theorem 1.3-(i). As we observed in the introduction, it is sufficient to construct a
solution to the heterotic G2-system when k+ = 1, k− = 0, and with n′ calibrated by φ if dim(n′) = 3.
We consider R4 endowed with the standard SU(2)-structure (ω1 = e13 − e24, ω2 = −e14 − e23, ω3 =
e12 + e34), and we apply Proposition 5.8. We first express α1, α2 (and α3) by solving (5.3) with λ = 0
and (5.4). Then, we choose v1 = v2 = v3 = 0, so that most of the equations given in Proposition 5.6
are satisfied. We are left with equations (5.9) and (5.13), which are easy to solve: it is sufficient to
consider any self-dual 2-form F 1

0 ∈ Λ2(R4)∗ and scale it appropriately. If dim(n′) = 2, we obtain the
following solutions to (5.3) and (5.4):

• α1 = e13, α2 = e23, which gives a solution for n ∼= n5,2 ⊕ R2;
• α1 = e13 + e14, α2 = −e23 + e24, which gives a solution for n ∼= h3 ⊕ h3 ⊕ R;
• α1 = e13 − e24, α2 = e14 + e23, which gives a solution for n ∼= hC3 ⊕ R;
• α1 = 2 e13, α2 = e14 + e23, which gives a solution for n ∼= n6,2 ⊕ R.

If dim(n′) = 3, we have

• α1 = e13, α2 = 2e23, α3 = e12, which gives a solution for n ∼= n6,3 ⊕ R;
• α1 = e24, α2 = e23, α3 = 2e12, which gives a solution for n ∼= n7,3,A;
• α1 = e12 + e13, α2 = 2e14, α3 = −e24 + e34, which gives a solution for n ∼= n7,3,B;
• α1 = −e14, α2 = 2e13 + e24, α3 = e12 − e34, which gives a solution for n ∼= n7,3,B1 ;
• α1 = e24, α2 = e23, α3 = e12 + e34, which gives a solution for n ∼= n7,3,C ;
• α1 = e12 + e14 + e34, α2 = −e13, α3 = 2e24, which gives a solution for n ∼= n7,3,D;
• α1 = e12 − e34, α2 = e13 + e24, α3 = e14 − e23, which gives a solution for n ∼= n7,3,D1 .

By Proposition 5.8, the above algebraic data provide a solution to the heterotic G2-system on nilman-
ifolds associated to each of the Lie algebras above and endowed with principal S1-bundles.

5.2. Proof of Theorem 1.3-(ii). Assume dim(n′) = 2.

5.2.1. The case k = 1 and λ ̸= 0. Since k = 1, we can drop the superscript in F r
0 , v

r
1, v

r
2, v

r
3, in

equations (5.9)–(5.16), and consider them as a system in the unknowns F0, v1, v2, v3.
It is easy to check that there are no solutions in this case. Indeed, since F0 ∈ Λ2r∗ is anti-self-dual,

Equation (5.10) implies that either F0 = 0 or all vi’s are 0. The condition vi = 0 for every i implies
that the αi’s vanish, which gives a contradiction, since n is not abelian. Hence, we must have F0 = 0.
Combining (5.14)–(5.16) with (5.11) we get

v1 ∧ v2 ∧ v3 = 0 .

This means that v1, v2, v3 are linearly dependent. Hence, by (5.14)–(5.16), α1, α2 and α3 are collinear,
which contradicts the assumption dim(n′) = 2.

Remark 5.9. The same argument shows that there are no invariant solutions with k = 1 and λ ̸= 0
when dim(n′) = 3 and n′ is calibrated by φ.

5.2.2. The case k = 2 and λ ̸= 0. We show that there are no solutions in this case either. Here we
consider equation (5.3) (see Remark 5.7) together with the system (5.9)–(5.16) with α3 = 0 in the
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variables vi := v1i and wi := v2i :

F r
0 ∧ ωi = 0 , ∀i ∈ {1, 2, 3}, ∀r ∈ {1, 2} ,(5.18)

ε1 F
1
0 ∧ vi + ε2 F

2
0 ∧ wi = 0 , ∀i ∈ {1, 2, 3},(5.19)

v1 ∧ α1 + v2 ∧ α2 = w1 ∧ α1 + w2 ∧ α2 = 0 ,(5.20)

v1 ∧ ω1 + v2 ∧ ω2 + v3 ∧ ω3 = w1 ∧ ω1 + w2 ∧ ω2 + w3 ∧ ω3 = 0 ,(5.21)

ε1 |F 1
0 |2 + ε2 |F 2

0 |2 = −12λ2 + |α1|2 + |α2|2 ,(5.22)

ε1 v1 ∧ v2 + ε2w1 ∧ w2 = 0 ,(5.23)

ε1 v3 ∧ v1 + ε2w3 ∧ w1 = 2λα2 ,(5.24)

ε1 v2 ∧ v3 + ε2w2 ∧ w3 = 2λα1 .(5.25)

Equation (5.23) implies that v1, v2, w1, w2 belong to the same plane, which we denote by P . Moreover,
since we are assuming λ ̸= 0, (5.24) and (5.25) give

(5.26) α2 = − 1

2λ
(ε1 v1 ∧ v3 + ε2w1 ∧ w3) , α1 =

1

2λ
(ε1 v2 ∧ v3 + ε2w2 ∧ w3) .

Let {f1, f2, f3, f4} be an orthonormal basis of r∗ such that {f1, f2} is a basis of P and write

(5.27) v1 ∧ v2 = a f1 ∧ f2 , v1 ∧ w2 + w1 ∧ v2 = 2b f1 ∧ f2 .

Lemma 5.10. The following relation holds

ε1 a
2 + ε2 b

2 = 0 .

Proof. Equations (5.20) and (5.26) imply the two relations

2ε1 v1 ∧ v2 ∧ v3 + ε2w3 ∧ (v1 ∧ w2 + w1 ∧ v2) = 0 ,(5.28)

2ε2w1 ∧ w2 ∧ w3 + ε1v3 ∧ (v1 ∧ w2 + w1 ∧ v2) = 0 .(5.29)

Using (5.23), equation (5.29) becomes

(5.30) 2 v1 ∧ v2 ∧ w3 − v3 ∧ (v1 ∧ w2 + w1 ∧ v2) = 0 .

We can rewrite (5.28) and (5.30) as

(ε1 a v3 + ε2 bw3) ∧ f1 ∧ f2 = 0,(5.31)

(aw3 − b v3) ∧ f1 ∧ f2 = 0 .(5.32)

Moreover by setting

(5.33)
v3 = v′3 + xf3 + x′f4 ,

w3 = w′
3 + yf3 + y′f4 ,

with v′3, w
′
3 ∈ P and x, x′, y, y′ ∈ R, system (5.31)–(5.32) becomes

(5.34)


ε1 a x+ ε2 b y = 0

b x− a y = 0

ε1 a x
′ + ε2 b y

′ = 0

b x′ − a y′ = 0

which implies

x = y = x′ = y′ = 0 or ε1a
2 + ε2b

2 = 0 .

If x = y = x′ = y′ = 0, then both v3 and w3 belong to P , so by (5.26) the structure 2-forms α1 and
α2 are proportional, which contradicts dim(n′) = 2. Hence, ε1a

2 + ε2b
2 = 0, as claimed. □

Lemma 5.11. The forms v1∧v2 and v1∧w2+w1∧v2 are nonzero, namely ab ̸= 0 in Equation (5.27).
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Proof. Assume by contradiction that ab = 0. Then, Lemma 5.10 implies a = b = 0. Thus

(5.35) v1 ∧ v2 = w1 ∧ w2 = v1 ∧ w2 + w1 ∧ v2 = 0 .

Therefore, v1 is collinear with v2 and w1 is collinear with w2.
We claim that in this case the four vectors v1, v2, w1, w2 are all collinear. Assume first that v1 and

w1 are nonzero. Then, we can write

v2 = sv1 , w2 = tw1,

for some s, t ∈ R. Hence
0 = v1 ∧ w2 + w1 ∧ v2 = (t− s)v1 ∧ w1.

Since α1 and α2 are not proportional, t ̸= s and then v1 and w1 have to be collinear. Hence, the four
vectors v1, v2, w1, w2 are collinear. The case v1 = w1 = 0 is impossible since it would imply α2 = 0. If
v1 = 0, w1 ̸= 0, we get w1 ∧w2 = w1 ∧ v2 = 0 from (5.35), which implies that w2, v2 ∈ ⟨w1⟩. The case
v1 ̸= 0, w1 = 0 is similar. This proves the claim.

Using the SU(2)-freedom on r∗, we can choose an orthonormal basis {e1, e2, e3, e4} of r∗ in order to
have ω1 = e13 − e24, ω2 = −e14 − e23, ω3 = e12 + e34, and

v1 = a1e1 , v2 = a2e1 , v3 = a1e4 + a2e3 ,
w1 = b1e1 , w2 = b2e1 , w3 = b1e4 + b2e3 ,

where a1, a2, b1, b2 ∈ R with a1b1 ̸= 0 ̸= a2b2. The expressions of v3 and w3 follow from Remark 5.7.
Now, the second equation of (5.26) gives

α1 =
1

2λ
(ε1 v2 ∧ v3 + ε2w2 ∧ w3) =

1

2λ
(ε1a2 e1 ∧ (a1e4 + a2e3) + ε2b2 e1 ∧ (b1e4 + b2e3))

=
1

2λ

(
(a22ε1 + b22ε2) e1 ∧ e3 + (a1a2ε1 + b1b2ε2) e1 ∧ e4

)
,

and, analogously, the first equation in (5.26) implies

α2 = − 1

2λ

(
(a21ε1 + b21ε2) e1 ∧ e4 + (a1a2ε1 + b1b2ε2) e1 ∧ e3

)
.

Hence, from (5.3) we obtain

6λ = ⟨ω1, α1⟩+ ⟨ω2, α2⟩ =
1

2λ
(ε1a

2
2 + ε2b

2
2) +

1

2λ
(ε1a

2
1 + ε2b

2
1) ,

whence it follows that

(5.36) 12λ2 = ε1(a
2
1 + a22) + ε2(b

2
1 + b22) .

We now consider Equation (5.19), which gives

e1 ∧ (a1F
1
0 + b1F

2
0 ) = 0, e1 ∧ (a2F

1
0 + b2F

2
0 ) = 0 .

Since the wedge product with a non-zero vector maps the space Λ−r∗ of anti-self-dual forms on r
injectively into Λ3r∗, we get

a1F
1
0 + b1F

2
0 = 0 = a2F

1
0 + b2F

2
0 .

The determinant of the matrix

(
a1 a2
b1 b2

)
is non-zero, as otherwise α1 and α2 would be proportional.

Therefore, we obtain F 1
0 = F 2

0 = 0, so (5.22) becomes

(5.37) |α1|2 + |α2|2 = 12λ2 .
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From (5.36), (5.37), and the explicit formulas of α1 and α2 above, it follows that

12λ2 = |α1|2 + |α2|2 =
1

4λ2
(
(a21ε1 + b21ε2)

2 + (a22ε1 + b22ε2)
2 + 2(a1a2ε1 + b1b2ε2)

2
)

=
1

4λ2

((
(a21ε1 + b21ε2) + (a22ε1 + b22ε2)

)2 − 2ε1ε2(a1b2 − a2b1)
2
)

=
1

4λ2

((
ε1(a

2
1 + a22) + ε2(b

2
1 + b22)

)2 − 2ε1ε2(a1b2 − a2b1)
2
)

=
1

4λ2
(
144λ4 − 2ε1ε2(a1b2 − a2b1)

2
)

= 36λ2 − 1

2λ2
ε1ε2(a1b2 − a2b1)

2 ,

thus

(5.38) ε1ε2(a1b2 − a2b1)
2 = 48λ4 .

In particular, (5.37) and (5.38) show that ε1ε2 > 0. Using this and (5.36), we get

|ε1ε2(a1b2 − a2b1)
2| ≤ |ε1(a21 + a22)| · |ε2(b21 + b22)| ≤

1

4
(ε1(a

2
1 + a22) + ε2(b

2
1 + b22))

2 = 36λ4,

which contradicts (5.38). This finishes the proof. □

Corollary 5.12. If dim(n′) = 2, there are no invariant solutions to the heterotic G2-system with
k = 2, λ ̸= 0 and definite ⟨·, ·⟩k.

Proof. If ⟨·, ·⟩k is definite, Lemma 5.10 implies a = b = 0 which contradicts Lemma 5.11. □

We now claim that having a solution to the system (5.18)–(5.25) implies

α1 ∧ α1 = α2 ∧ α2 = α1 ∧ α2 = 0,

so that n is isomorphic to n5,2 ⊕R2 (cf. Appendix B). Since λ ̸= 0, from the expressions of α1 and α2

given in (5.26) we obtain

α1 ∧ α1 =
ε1ε2
2λ2

v2 ∧ v3 ∧ w2 ∧ w3 ,(5.39)

α2 ∧ α2 =
ε1ε2
2λ2

v1 ∧ v3 ∧ w1 ∧ w3 ,(5.40)

α1 ∧ α2 =
ε1ε2
4λ2

v3 ∧ w3 ∧ (v2 ∧ w1 + v1 ∧ w2) .(5.41)

Equation (5.20) implies then

0 = w3 ∧ (v1 ∧ α1 + v2 ∧ α2) =
ε1
2λ
w3 ∧ v3 ∧ (v1 ∧ v2 − v2 ∧ v1) =

ε1
λ
w3 ∧ v3 ∧ v1 ∧ v2 ,

0 = w3 ∧ (w1 ∧ α1 + w2 ∧ α2) =
ε1
2λ
w3 ∧ v3 ∧ (v1 ∧ w2 + w1 ∧ v2).

By Lemma 5.11 we know that v1 ∧ v2 and v1 ∧ w2 + w1 ∧ v2 are non-zero multiples of f1 ∧ f2,
so we have w3 ∧ v3 ∧ f1 ∧ f2 = 0. Since v1, v2, w1, w2 belong to P = ⟨f1, f2⟩, we deduce that
α1 ∧ α1 = α2 ∧ α2 = α1 ∧ α2 = 0, whence n ∼= n5,2 ⊕ R2.

To conclude the proof, we show that there are no solutions in the only remaining case: n ∼= n5,2⊕R2

and ε1ε2 < 0. We consider the decomposition of α1 and α2 into self-dual and anti-self-dual parts:

α1 = α+
1 + α−

1 , α2 = α+
2 + α−

2 .

Then

0 = α1 ∧ α1 = (|α+
1 |

2 − |α−
1 |

2) ∗r 1,
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implies |α+
1 |2 = |α−

1 |2. Similarly, |α+
2 |2 = |α−

2 |2. From (5.3) it follows that

|α1|2 + |α2|2 = 2(|α+
1 |

2 + |α+
2 |

2) ≥ ⟨α+
1 , ω1⟩2 + ⟨α+

2 , ω2⟩2 = ⟨α1, ω1⟩2 + ⟨α2, ω2⟩2

≥ 1

2
(⟨α1, ω1⟩+ ⟨α2, ω2⟩)2 = 18λ2.

Using (5.22) we then have

ε1 |F 1
0 |2 + ε2 |F 2

0 |2 = −12λ2 + |α1|2 + |α2|2 ≥ 6λ2,

whence we deduce that at least one of the anti-self-dual forms F 1
0 and F 2

0 is non-vanishing. We assume
F 2
0 ̸= 0. Taking the Hodge dual of (5.19) yields

ε1 F
1
0 (vi) + ε2 F

2
0 (wi) = 0 , ∀i ∈ {1, 2, 3} ,

showing that there exists an endomorphism A := − ε1
ε2
(F 2

0 )
−1 ◦ F 1

0 ∈ End(r∗) such that wi = A(vi)

for all i ∈ {1, 2, 3}. Moreover, since F 1
0 and F 2

0 belong to Λ−r∗, the endomorphism A is of the form
µI4 +B, with µ ∈ R and B ∈ Λ−r∗.

In view of Lemma 5.11 v1 ∧ v2 ̸= 0, so from (5.23) it follows that A preserves the plane P and its
orthogonal complement P⊥. Therefore, using the fact that w3 = A(v3) together with (5.33), we obtain
A(xf3 + x′f4) = yf3 + y′f4. On the other hand, the second and fourth equations in the system (5.34)
together with Lemma 5.11 show that the couples (x, x′) and (y, y′) are proportional: (x, x′) = a

b (y, y
′).

Moreover, we must have (y, y′) ̸= (0, 0), since otherwise v3, w3 would belong to P and α1, α2 would
be proportional. Therefore, xf3 + x′f4 ∈ P⊥ is an eigenvector for A, and thus also for B = A − µI4.
Since B is skew-symmetric, its only possible real eigenvalue is 0, so B has non-trivial kernel. However,
the only element in Λ−r∗ with non-trivial kernel is 0. This shows that B = 0 and thus wi = µvi for
all i ∈ {1, 2, 3}. By (5.23) we thus get ε1 + µ2ε2 = 0, so (5.24) gives α2 = 0, which is a contradiction.

This concludes the proof of Theorem 1.3-(ii): there are no invariant solutions to the heterotic G2-
system with k = 2 and λ ̸= 0 when dim(n′) = 2.

5.2.3. The case k = 3 and λ ̸= 0. In this case, we show that there is a solution when n ∼= n5,2⊕R2. We
may assume α3 = 0 and rewrite system (5.9)–(5.16) in the variables vi := v1i , wi := v2i , and ui := v3i ,
1 ≤ i ≤ 3 as follows:

F r
0 ∧ ωi = 0 , ∀i, r ∈ {1, 2, 3} ,(5.42)

ε1 F
1
0 ∧ vi + ε2 F

2
0 ∧ wi + ε3 F

3
0 ∧ ui = 0 , ∀i ∈ {1, 2, 3} ,(5.43)

v1 ∧ α1 + v2 ∧ α2 = w1 ∧ α1 + w2 ∧ α2 = u1 ∧ α1 + u2 ∧ α2 = 0 ,(5.44) ∑3
i=1 vi ∧ ωi =

∑3
i=1wi ∧ ωi =

∑3
i=1 ui ∧ ωi = 0 ,(5.45)

ε1 |F 1
0 |2 + ε2 |F 2

0 |2 + ε3 |F 3
0 |2 = −12λ2 + |α1|2 + |α2|2 ,(5.46)

ε1 v1 ∧ v2 + ε2w1 ∧ w2 + ε3 u1 ∧ u2 = 0 ,(5.47)

ε1 v3 ∧ v1 + ε2w3 ∧ w1 + ε3 u3 ∧ u1 = 2λα2 ,(5.48)

ε1 v2 ∧ v3 + ε2w2 ∧ w3 + ε3 u2 ∧ u3 = 2λα1 .(5.49)

According to Proposition 5.8 and Remark 5.7, it is sufficient to provide a suitable solution to
equations (5.3) and (5.42)-(5.49) on the vector space R4 = ⟨e1, e2, e3, e4⟩ endowed with the standard
SU(2)-structure (ω1 = e13 − e24, ω2 = −e14 − e23, ω3 = e12 + e34). One such solution is the following:

v1 = e1, v2 = 0, v3 = e4, w1 = 0, w2 = e1, w3 = e3, u1 = u2 = u3 = 0,

ε1 = 12λ2 − t, ε2 = t, ε3 = 12λ2 − 3t+
1

4λ2
t2, (t ∈ R),

F 1
0 = F 2

0 = 0, F 3
0 = e13 + e24.

On the 7-dimensional vector space n = ⟨e1, e2, e3, e4⟩ ⊕ ⟨z1, z2, z3⟩ we then have

α1 =
t

2λ
e13, α2 =

t− 12λ2

2λ
e14,
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and

F 1 = e1 ∧ z1 + e4 ∧ z3, F 2 = e1 ∧ z2 + e3 ∧ z3, F 3 = e13 + e24.

We note that the 2-forms F 1, F 2, F 3 are integral with respect to the considered basis of n. Since we
also want the 2-forms α1 and α2 to be integral with respect to the same basis, we let t = 2λ, with
λ ∈ Z ∖ {0}. The 2-step nilpotent Lie algebra n has then structure equations

(de1, de2, de3, de4, dz1, dz2, dz3) = (0, 0, 0, 0, e13, (1− 6λ) e14, 0),

2-dimensional derived algebra n′, and it is easily seen to be isomorphic to n5,2⊕R2. We also note that
the choice t = 2λ implies

ε1 = 12λ2 − 2λ, ε2 = 2λ, ε3 = 12λ2 − 6λ+ 1,

so that the possible bilinear forms ⟨·, ·⟩k on k = Lie(T3) corresponding to this solution have signature
(k+, k−) = (3, 0) when λ ≥ 1 and (k+, k−) = (2, 1) when λ ≤ −1.

5.3. Proof of Theorem 1.3-(iii). Finally we assume dim(n′) = 3 and that φ calibrates n′.

By Remark 5.9, there are no invariant solutions with λ ̸= 0 and k = 1, so we directly focus on the
case k = 2 and λ ̸= 0. In this case, the system (5.9)–(5.16) can be written in the variables vi := v1i
and wi := v2i as follows

F r
0 ∧ ωi = 0 , ∀i ∈ {1, 2, 3}, ∀r ∈ {1, 2} ,(5.50)

ε1 F
1
0 ∧ vi + ε2 F

2
0 ∧ wi = 0 , ∀i ∈ {1, 2, 3}(5.51)

v1 ∧ α1 + v2 ∧ α2 + v3 ∧ α3 = w1 ∧ α1 + w2 ∧ α2 + w3 ∧ α3 = 0 ,(5.52)

v1 ∧ ω1 + v2 ∧ ω2 + v3 ∧ ω3 = w1 ∧ ω1 + w2 ∧ ω2 + w3 ∧ ω3 = 0 ,(5.53)

ε1 |F 1
0 |2 + ε2 |F 2

0 |2 = −12λ2 + |α1|2 + |α2|2 + |α3|2 ,(5.54)

ε1 v1 ∧ v2 + ε2w1 ∧ w2 = 2λα3 ,(5.55)

ε1 v3 ∧ v1 + ε2w3 ∧ w1 = 2λα2 ,(5.56)

ε1 v2 ∧ v3 + ε2w2 ∧ w3 = 2λα1 .(5.57)

We first prove that the existence of a solution of the system with λ ̸= 0 forces the 7-dimensional
Lie algebra n to be isomorphic either to n6,3 ⊕ R or to n7,3,A. Then, we provide an example for the
first possibility and show that the second one cannot occur.

Since we assume λ ̸= 0, we can write from (5.55)-(5.57):

α1 =
1

2λ
(ε1 v2 ∧ v3 + ε2w2 ∧w3), α2 =

1

2λ
(ε1 v3 ∧ v1 + ε2w3 ∧w1), α3 =

1

2λ
(ε1 v1 ∧ v2 + ε2w1 ∧w2).

Using these expressions in (5.52), we obtain

3ε1 v1 ∧ v2 ∧ v3 + ε2 v1 ∧ w2 ∧ w3 + ε2 v2 ∧ w3 ∧ w1 + ε2 v3 ∧ w1 ∧ w2 = 0,(5.58)

3ε2w1 ∧ w2 ∧ w3 + ε1w1 ∧ v2 ∧ v3 + ε1w2 ∧ v3 ∧ v1 + ε1w3 ∧ v1 ∧ v2 = 0.(5.59)

Next we show that αi ∧ αi = 0 for 1 ≤ i ≤ 3. Assume by contradiction that

α3 ∧ α3 =
ε1ε2
2λ2

v1 ∧ w1 ∧ w2 ∧ v2 ̸= 0.

Then {v1, v2, w1, w2} is a basis of r∗, and we can write

v3 = a1v1 + a2v2 + a3w1 + a4w2, w3 = b1v1 + b2v2 + b3w1 + b4w2,
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for some real numbers ak, bk, 1 ≤ k ≤ 4. Substituting these expressions into (5.58) and (5.59), we
obtain

0 = (3a3ε1 − b1ε2) v1 ∧ v2 ∧ w1 + (3a4ε1 − b2ε2) v1 ∧ v2 ∧ w2

+ (b3 − a1)ε2 v1 ∧ w2 ∧ w1 + (b4 − a2)ε2 v2 ∧ w2 ∧ w1,

0 = (3b1ε2 − a3ε1)w1 ∧ w2 ∧ v1 + (3b2ε2 − a4ε1)w1 ∧ w2 ∧ v2
+ (a1 − b3)ε1w1 ∧ v2 ∧ v1 + (a2 − b4)ε1w2 ∧ v2 ∧ v1.

These equations give

b4 = a2, b3 = a1, b1 = b2 = a3 = a4 = 0,

and thus

v3 = a1v1 + a2v2, w3 = a1w1 + a2w2.

From (5.56) and (5.57) we then get

2λα2 = ε1 v3 ∧ v1 + ε2w3 ∧ w1 = a2(ε1 v2 ∧ v1 + ε2w2 ∧ w1) ,

2λα1 = ε1 v2 ∧ v3 + ε2w2 ∧ w3 = a1(ε1 v2 ∧ v1 + ε2w2 ∧ w1) .

Since λ ̸= 0, this contradicts the fact that α1 and α2 are linearly independent. Consequently, α3∧α3 =
0. By similar arguments, we also obtain α2 ∧ α2 = α1 ∧ α1 = 0.

Replacing the orthonormal basis {z1, z2, z3} of n′ with
{

1√
2
(z1 + z2),

1√
2
(z1 − z2), z3

}
, the structure

form α1 is replaced by 1√
2
(α1 +α2), so the same argument as before shows that 0 = (α1 +α2)∧ (α1 +

α2) = 2α1∧α2, and similarly 0 = α1∧α3 = α2∧α3. This shows that either n ∼= n6,3⊕R or n ∼= n7,3,A.

To conclude the discussion, we provide an invariant solution to the heterotic G2-system with λ ̸= 0
and k = 2 for n ∼= n6,3 ⊕ R and show that there are no such solutions when n ∼= n7,3,A.

5.3.1. The case n ∼= n6,3 ⊕ R. We describe here an invariant solution to the heterotic G2-system with
λ ̸= 0 on a 2-step nilmanifold M = Γ\N corresponding to a Lie algebra n ∼= n6,3 ⊕ R and endowed
with a T2-bundle. By Proposition 5.8 and Remark 5.7, it is sufficient to provide a suitable solution to
equations (5.3) and (5.50)-(5.57) on the vector space R4 = ⟨e1, e2, e3, e4⟩ endowed with the standard
SU(2)-structure (ω1, ω2, ω3). We consider the following solution:

v1 = 2e1, v2 = e2, v3 = e4, w1 = 0, w2 = 2e4, w3 = 2e2,

ε1 = 2λ2, ε2 =
3

2
λ2, F 1

0 = F 2
0 = 0,

so that on the 7-dimensional vector space n = ⟨e1, e2, e3, e4⟩ ⊕ ⟨z1, z2, z3⟩ we have

α1 = −2λ e24, α2 = −2λ e14, α3 = 2λ e12,

F 1 = 2e1 ∧ z1 + e2 ∧ z2 + e4 ∧ z3, F 2 = 2e4 ∧ z2 + 2e2 ∧ z3.

Now, n is a 7-dimensional 2-step nilpotent Lie algebra with structure equations

(de1, de2, de3, de4, dz1, dz2, dz3) = (0, 0, 0, 0,−2λ e24,−2λ e14, 2λ e12),

and 3-dimensional derived algebra n′ = ⟨e5, e6, e7⟩; it is isomorphic to the decomposable Lie algebra
n6,2 ⊕ R. The choice λ ∈ Z ∖ {0} ensures that the 2-forms α1, α2 and α3 are integral with respect to
the basis {e1, e2, e3, e4} of R4. Since also the 1-forms vi, wi, 1 ≤ i ≤ 3, and the 2-forms F 1

0 and F 2
0

are integral with respect to the same basis, the existence of the solution follows from Proposition 5.8.
Note that the bilinear form ⟨·, ·⟩k on k = Lie(T2) has signature (2, 0).
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5.3.2. The case n ∼= n7,3,A. We finally show that there are no solutions when n ∼= n7,3,A, λ ̸= 0 and
k = 2.

Proposition 5.13. Every invariant solution (φ, P, θ, ⟨·, ·⟩k) to the heterotic G2-system on a 2-step
nilmanifold M = Γ\N , where P is a principal T2-bundle, n ∼= n7,3,A and φ calibrates n′, has λ = 0.

Proof. Assume that there exists a solution to the system (5.50)–(5.57) with λ ̸= 0. Since n ∼= n7,3,A,
there exists a basis {f0, f1, f2, f3} of r∗ such that the structure forms αi are given by αi = f0 ∧ fi for
all i ∈ {1, 2, 3}. We decompose

vi = aif0 + v′i, wi = bif0 + w′
i,

with ai, bi ∈ R and v′i, w
′
i ∈ ⟨f1, f2, f3⟩. Then the system (5.55)–(5.57) decouples into

ε1 (a1v
′
2 − a2v

′
1) + ε2 (b1w

′
2 − b2w

′
1) = 2λf3 ,(5.60)

ε1 (a3v
′
1 − a1v

′
3) + ε2 (b3w

′
1 − b1w

′
3) = 2λf2 ,(5.61)

ε1 (a2v
′
3 − a3v

′
2) + ε2 (b2w

′
3 − b3w

′
2) = 2λf1 ,(5.62)

and

ε1 v
′
1 ∧ v′2 + ε2w

′
1 ∧ w′

2 = 0 ,(5.63)

ε1 v
′
3 ∧ v′1 + ε2w

′
3 ∧ w′

1 = 0 ,(5.64)

ε1 v
′
2 ∧ v′3 + ε2w

′
2 ∧ w′

3 = 0 .(5.65)

Assume that v′1 and w′
1 are linearly independent, spanning a plane P ⊂ r∗. Then by (5.63), v′2

and w′
2 belong to P , and by (5.64) v′3 and w′

3 belong to P as well. Then by (5.60)–(5.62), f1, f2, f3
belong to P , a contradiction. Consequently, there exists a nonzero form x1 ∈ r∗ and real numbers
t1, s1 ∈ R such that v′1 = t1x1 and w′

1 = s1x1. A similar discussion shows the existence of nonzero
forms x2, x3 ∈ r∗ and real numbers t2, t3, s2, s3 ∈ R such that v′i = tixi and w

′
i = sixi for i ∈ {2, 3}.

Note that x1, x2, x3 are linearly independent, as otherwise (5.60)–(5.62) would again contradict the
linear independence of f1, f2, f3. Substituting the new expressions of the v′i’s and w

′
i’s in (5.63)–(5.65),

we get

(5.66) ε1titj + ε2sisj = 0 , ∀i ̸= j ∈ {1, 2, 3} .

We also remark that (ti, si) ̸= (0, 0) for every i ∈ {1, 2, 3}. Indeed, otherwise we would get from
(5.60)–(5.62) that f1, f2, f3 belong to the plane generated by xj , xk, where {j, k} := {1, 2, 3}∖ {i}.

We claim that siti ̸= 0 for every i ∈ {1, 2, 3}. Assume, for instance, that s1 = 0. Then we
must have t1 ̸= 0, so from (5.66) we get t2 = t3 = 0, and thus s2s3 = 0, which is impossible since
(t2, s2) ̸= (0, 0) ̸= (t3, s3). This proves our claim for i = 1; the proof in the remaining cases is
analogous.

Dividing each equation of (5.66) by titj immediately shows that si
ti
=

sj
tj

for every i, j ∈ {1, 2, 3}, so
there exists a real number c such that si = cti, and consequently w′

i = cv′i for every i ∈ {1, 2, 3}.
Using this, the system (5.60)–(5.62) becomes

c1v
′
2 − c2v

′
1 = 2λf3 ,(5.67)

c3v
′
1 − c1v

′
3 = 2λf2 ,(5.68)

c2v
′
3 − c3v

′
2 = 2λf1 ,(5.69)

where ci := ε1ai+cε2bi for i ∈ {1, 2, 3}. Multiplying (5.67) by c3, (5.68) by c2, (5.69) by c1 and summing
the results, gives 0 = 2λ(c1f1 + c2f2 + c3f3). Since we assumed λ ̸= 0, by the linear independence
of f1, f2, f3 we must have c1 = c2 = c3 = 0, which by (5.67)–(5.69) again gives f1 = f2 = f3 = 0, a
contradiction. Thus, λ = 0. □

Remark 5.14. We notice that in fact we only used the equations (5.55)–(5.57) in order to prove
Proposition 5.13.
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6. Open questions

In this final section, we collect some open problems related to our results:

• Theorem 1.3-ii. When n ∼= n5,2 ⊕ R2, we prove the existence of invariant solutions to the
heterotic G2-system with λ ̸= 0 and k = 3 (see Subsection 5.2.3). We suspect that the existence
of invariant solutions to the system when dim(n′) = 2, λ ̸= 0 and k = 3 might force the Lie
algebra n to be isomorphic to n5,2 ⊕ R2. Moreover, the solution described in Subsection 5.2.3
depends on 1 integer parameter which determines the signature of ⟨·, ·⟩k: it can be (2, 1) or
(3, 0). The existence of invariant solutions for which ⟨·, ·⟩k has signature (1, 2) is an open
problem.

• Theorem 1.3-iii. The heterotic G2-system admits invariant solutions on a 7-dimensional 2-
step nilmanifold M = Γ\N with λ ̸= 0, k = 2 and φ calibrating n′ if and only if n ∼= n6,3 ⊕ R.
In Subsection 5.3.1 we described an invariant solution such that ⟨·, ·⟩k has signature (2, 0). The
existence of invariant solutions for which ⟨·, ·⟩k has signature (1, 1) is an open problem.

• dim(n′) = 3. In this case we only considered invariant solutions with φ calibrating n′. It might
be interesting investigating whether solutions occur only in this case or whether there exist
invariant solutions such that n′ is not calibrated by φ. Moreover, the existence of invariant
solutions with a principal Tk-bundle is an open problem for k ≥ 3.

Appendix A. A construction of principal torus bundles over 2-step nilmanifolds

The aim of this section is to show how to construct a principal torus bundle over a 2-step nilmanifold
starting with a suitable 2-form. We first introduce the setting, and then we state and prove the result.

Let N be a simply connected n-dimensional 2-step nilpotent Lie group with Lie algebra n. Consider
a complementary subspace v of the derived algebra n′ := [n, n], so that n = v ⊕ n′. Assume that n
has integer structure constants with respect to a basis B = {e1, . . . , en−n′ , z1, . . . , zn′} adapted to the
splitting n = v⊕ n′, where n′ = dim(n′). Then

(A.1) Γ := exp (spanZ(6e1, . . . , 6en−n′ , z1, . . . , zn′))

is a cocompact lattice in N , andM = Γ\N is a 2-step nilmanifold. We shall refer to Γ as the cocompact
lattice determined by the basis B.

Remark A.1. Clearly, the cocompact lattice Γ defined in (A.1) is not the only one contained in N that
one can construct starting from the basis B. It is however the simplest one for which the construction
discussed in this appendix works, as we will see in the proof of Lemma A.10.

Definition A.2. An Rk-valued p-form F ∈ Λpn∗ ⊗ Rk is said to be integral with respect to the basis

B of n if there exists a basis {t1, . . . , tk} of Rk such that F =
∑k

r=1 F
r ⊗ tr, where F

r ∈ Λpn∗, and
F r(x1, . . . , xp) ∈ Z for every x1, . . . , xp ∈ B and 1 ≤ r ≤ k.

The main result of this appendix is the following.

Theorem A.3. Let n be a 2-step nilpotent Lie algebra having integer structure constants with respect
to a basis B. Let N be the simply connected nilpotent Lie group with Lie algebra n, and let Γ ⊆ N be
the cocompact lattice determined by B. Then, for every integral closed 2-form F ∈ Λ2n∗ ⊗ Rk there
exists a principal Tk-bundle over M = Γ\N admitting a connection 1-form θ with curvature Fθ = F .

It is sufficient to prove Theorem A.3 for principal S1-bundles, namely for F ∈ Λ2n∗. In the following,
we shall denote a k-form or a vector on the Lie algebra n and the corresponding left-invariant form or
left-invariant vector field on N using the same symbol.

Since N is contractible, we have F = dσ for some (not necessarily left-invariant) 1-form σ on N .
Let γ ∈ Γ. Since

dσ = γ∗(dσ) = d(γ∗(σ)),
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we have d(γ∗(σ)− σ) = 0. Hence there exists a function fγ ∈ C∞(N) such that

(A.2) dfγ = γ∗(σ)− σ.

Moreover, we can take f1N ≡ 0.
For γ1, γ2 ∈ Γ, we have both

(γ1γ2)
∗(σ) = σ + dfγ1γ2

and
(γ1γ2)

∗(σ) = (γ2)
∗(σ + dfγ1) = σ + dfγ2 + dγ∗2fγ1 ,

whence it follows that
dfγ2 + dγ∗2fγ1 − dfγ1γ2 = 0.

Consequently,

(A.3) fγ2 + γ∗2fγ1 − fγ1γ2 = cγ1γ2 ∈ R
is constant.

In summary: for every γ ∈ Γ, the potential σ ∈ Ω1(N) gives rise to a function fγ through the
identity (A.2). Moreover, the functions corresponding to different elements of Γ are related by the
identity (A.3).

Next consider N × S1. For γ ∈ Γ let γ̃ : N × S1 → N × S1 be the map

(A.4) γ̃(x, e2πit) :=
(
γx, e2πi(t−fγ(x))

)
.

Lemma A.4. If cγ1γ2 is an integer for all γ1, γ2 ∈ Γ, then (A.4) defines an action of Γ on N × S1.

Proof. Let γ1, γ2 ∈ Γ. We have

γ̃1γ2(x, e
2πit) =

(
γ1γ2x, e

2πi(t−fγ1γ2 (x))
)
=
(
γ1γ2x, e

2πi(t−fγ2 (x)−fγ1 (γ2x)+cγ1γ2 )
)

and

γ̃1
(
γ̃2(x, e

2πit)
)
= γ̃1

(
γ2x, e

2πi(t−fγ2 (x))
)
=
(
γ1γ2x, e

2πi(t−fγ2 (x)−fγ1 (γ2x))
)
,

whence it follows that

γ̃1γ2(x, e
2πit) = γ̃1

(
γ̃2(x, e

2πit)
)

⇐⇒ cγ1γ2 ∈ Z .
□

Proposition A.5. If cγ1γ2 is an integer for all γ1, γ2 ∈ Γ, then there exists a principal S1-bundle
Γ\(N × S1) → Γ\N endowed with a connection form θ with curvature dθ = F .

Proof. We know that Γ acts on N × S1 as in (A.4) and it is clear that this action commutes with the
action of S1 on itself by left multiplication. Thus, Γ\(N × S1) is the total space of a principal S1

bundle over Γ\N . The 1-form θ = σ+dt on N ×S1, with σ ∈ Ω1(N) such that F = dσ, is Γ-invariant.
Indeed, for all γ ∈ Γ

γ∗(θ) = γ∗(σ) + dγ∗(t) = σ + dfγ + d(t− fγ) = dt+ σ = θ .

This shows that θ defines a connection 1-form on Γ\(N × S1) with curvature dθ = dσ = F . □

We now show that the assumption of the previous result holds when the closed 2-form F is integral
with respect to the basis B = {e1, . . . , en−n′ , z1, . . . , zn′} of n = v ⊕ n′. This will prove Theorem A.3
for S1 bundles.

We denote by {e1, . . . , en−n′
, z1, . . . , zn

′} the dual basis of B, so that {z1, . . . , zn′} is a basis of (n′)∗

and {e1, . . . , en−n′} is a basis of v∗. Since n is 2-step nilpotent, we have dzr ∈ Λ2v∗ and dei = 0.

Since Λ2n∗ ∼= Λ2(n′)∗ ⊕ Λ2v∗ ⊕ v∗ ⊗ (n′)∗, a 2-form F ∈ Λ2n∗ is closed if and only if F ∈ Λ2v∗ ⊕
v∗ ⊗ (n′)∗. We can then write an integral closed 2-form F as follows

F = F1 + F2,
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where

F1 =
∑

1≤r<s≤n−n′

Frse
r ∧ es ∈ Λ2v∗, F2 =

∑
1≤i≤n−n′

∑
1≤r≤n′

F̃ire
i ∧ zr ∈ v∗ ⊗ (n′)∗,

and Frs, F̃ir ∈ Z.
We claim that the left-invariant 2-form F has a potential σ ∈ Ω1(N) giving rise to functions fγ for

which the constants cγ1γ2 given by (A.3) are integers for all γ1, γ2 ∈ Γ. By linearity, it is sufficient to
prove this for F1 and F2 separately. This will be done in Lemma A.7 and Lemma A.10, respectively,
and will complete the proof of Theorem A.3 for S1 bundles.

We begin with a preliminary result.

Lemma A.6. Let β ∈ n∗ and define the scalar function uβ ∈ C∞(N) via the identity

uβ(e
X) = β(X),

for all X ∈ n. Then dβ = 1
2

∑
1≤i,j≤n−n′ bije

i ∧ ej =
∑

1≤i,j≤n−n′ bije
i⊗ ej, for certain bij = −bji ∈ R,

and

β = duβ +
1

2

∑
1≤i,j≤n−n′

bijueie
j .

In particular, if β ∈ v∗, so that dβ = 0, then

β = duβ.

Proof. Since n is 2-step nilpotent, for every A,B ∈ n the following identity holds

eAeB = eA+B+
1
2 [A,B] ,

by the Baker-Campbell-Hausdorff formula.
Let Y be a left-invariant vector field on N and p = eZ ∈ N . Then, we have

Yp(uβ) =
d

dt

∣∣∣∣
t=0

uβ
(
p etY

)
=

d

dt

∣∣∣∣
t=0

uβ

(
eZ+tY+ 1

2
t[Z,Y ]

)
=

d

dt

∣∣∣∣
t=0

β

(
Z + tY +

1

2
t[Z, Y ]

)
= β(Y ) +

1

2
β([Z, Y ]) = β(Y )− 1

2
dβ(Z, Y ) = β(Y )− 1

2

∑
1≤i,j≤n−n′

bije
i(Z)ej(Y )

= β(Y )− 1

2

∑
1≤i,j≤n−n′

bijuei(p)e
j(Y ) =

β − 1

2

∑
1≤i,j≤n−n′

bijueie
j


p

(Y ).

The thesis then follows. □

Lemma A.7. The left-invariant integral closed 2-form F1 has the following potential

σ1 =
∑

1≤r<s≤n−n′

Frsuer e
s ∈ Ω1(N).

It gives rise to functions fγ for which cγ1γ2 ∈ Z, for all γ1, γ2 ∈ Γ.

Proof. By Lemma A.6 we have er = duer , so we can write

F1 =
∑

1≤r<s≤n−n′

Frse
r ∧ es =

∑
1≤r<s≤n−n′

Frsd(uer e
s) = dσ1,

where

σ1 :=
∑

1≤r<s≤n−n′

Frsuer e
s.

Let us focus on the 1-form σrs := uer e
s and let us consider γ = eC ∈ Γ. We claim that

(A.5) γ∗uer = uer + er(C).
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Indeed, for all p = eY ∈ N , we have

γ∗uer(p) = uer(γp) = uer(e
CeY ) = uer

(
eC+Y+

1
2 [C,Y ]

)
= er(C) + er(Y ) = uer(p) + er(C),

since er|n′ = 0. We now compute

γ∗σrs = γ∗(uer e
s) = (γ∗uer) e

s = (uer + er(C)) es = σrs + er(C)es = σrs + er(C)dues .

Using this, we obtain

γ∗σ1 − σ1 =
∑

1≤r<s≤n−n′

Frse
r(C)dues = dfγ ,

where
fγ :=

∑
1≤r<s≤n−n′

Frse
r(C)ues .

For every γ1 = eC1 , γ2 = eC2 ∈ Γ, we have γ1γ2 = eC1+C2+
1
2
[C1,C2], and we then obtain

cγ1γ2 = fγ2 + γ∗2fγ1 − fγ1γ2 =
∑

1≤r<s≤n−n′

Frs (e
r(C2)ues + er(C1)γ

∗
2ues − er(C1 + C2)ues)

=
∑

1≤r<s≤n−n′

Frse
r(C1)e

s(C2).

Since Frs ∈ Z and er(C) ∈ Z for all C ∈ spanZ(6e1, . . . , 6en−n′ , z1, . . . , zn′), the thesis follows. □

We now focus on the summand F2 ∈ v∗ ⊗ (n′)∗. First, we rewrite it as follows

F2 =
∑

1≤i≤n−n′

∑
1≤r≤n′

F̃ire
i ∧ zr =

∑
1≤i≤n−n′

ei ∧ ηi,

where
ηi :=

∑
1≤r≤n′

F̃irz
r ∈ (n′)∗.

For 1 ≤ i ≤ n− n′, we let

(A.6) αi := dηi =
1

2

∑
1≤j,k≤n−n′

cijke
j ∧ ek =

∑
1≤j,k≤n−n′

cijke
j ⊗ ek,

where the components cijk ∈ Z are skew symmetric in the last two indices: cijk = −cikj .

Remark A.8. Since dzr = −1
2

∑
1≤j,k≤n−n′ crjke

j ∧ ek, where crjk ∈ Z are the structure constants of n
with respect to the basis B, we have

cijk = −
n′∑
r=1

F̃irc
r
jk.

The closure of F2 gives

0 = dF2 = −
∑

1≤i≤n−n′

ei ∧ αi = −1

2

∑
1≤i,j,k≤n−n′

cijke
i ∧ ej ∧ ek,

hence it is equivalent to the cocycle condition

(A.7) 0 = c[ijk] = cijk + cjki + ckij ,

for all 1 ≤ i, j, k ≤ n− n′.
The next lemma will be useful in the proof of the last result.

Lemma A.9. Let γ = eC ∈ Γ, then for all 1 ≤ i ≤ n− n′ the following identity holds

γ∗uηi = uηi + ηi(C)− 1

2

∑
j,k

cijke
j(C)uek .
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Proof. Let p = eY ∈ N , then

γ∗uηi(p) = uηi(γp) = uηi(e
CeY ) = uηi

(
eC+Y+ 1

2
[C,Y ]

)
= ηi(C) + ηi(Y ) +

1

2
ηi([C, Y ])

= uηi(p) + ηi(C)− 1

2
dηi(C, Y ) = uηi(p) + ηi(C)− 1

2

∑
1≤j,k≤n−n′

cijke
j ⊗ ek(C, Y )

= uηi(p) + ηi(C)− 1

2

∑
1≤j,k≤n−n′

cijke
j(C)uek(p).

□

Lemma A.10. The left-invariant integral closed 2-form F2 has the following potential

σ2 =
∑
i

ueiη
i − 1

3

∑
i,j,k

cijkueiueje
k.

It gives rise to functions fγ for which cγ1γ2 ∈ Z, for all γ1, γ2 ∈ Γ.

Proof. Using the definition of αi and the cocycle condition (A.7), we obtain∑
i

ueiα
i =

1

2

∑
i,j,k

cijkueie
j ∧ ek =

1

2

∑
i,j,k

(cjik + ckji)ueie
j ∧ ek =

∑
i,j,k

cijkueje
i ∧ ek.

This identity and equation (A.6) imply that

d

∑
i,j,k

cijkueiueje
k

 =
∑
i,j,k

cijk(ueje
i ∧ ek + ueie

j ∧ ek) = 3
∑
i

ueiα
i.

Therefore, since αi = dηi, we have

dσ2 =
∑
i

ei ∧ ηi +
∑
i

ueidη
i −
∑
i

ueiα
i = F2,

which shows the first assertion.

Let γ = eC ∈ Γ. Then, using (A.5) we obtain

γ∗σ2 − σ2 =
∑
i

(uei + ei(C))ηi − 1

3

∑
i,j,k

cijk(uei + ei(C))(uej + ej(C))ek − σ2

=
∑
i

ei(C)ηi − 1

3

∑
i,j,k

cijk(ueie
j(C) + ueje

i(C) + ei(C)ej(C))ek.

We claim that γ∗σ2 − σ2 = dfγ , where

fγ :=
∑
i

ei(C)uηi −
1

6

∑
i,j,k

cijke
j(C)ueiuek −

1

3

∑
i,j,k

cijke
i(C)ej(C)uek .

First, applying Lemma A.6 to ηi ∈ (n′)∗ and using (A.6), we obtain

duηi = ηi − 1

2

∑
1≤j,k≤n−n′

cijkueje
k.

Using this identity, we get

d

(∑
i

ei(C)uηi

)
=
∑
i

ei(C)ηi − 1

2

∑
i,j,k

cijke
i(C)ueje

k.
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Moreover, recalling that duei = ei and using the cocycle condition cijk + cjki + ckij = 0, we have

d

∑
i,j,k

cijke
j(C)ueiuek

 =
∑
i,j,k

cijke
j(C)(ueke

i + ueie
k)

=
∑
i,j,k

ckjie
j(C)ueie

k +
∑
i,j,k

cijke
j(C)ueie

k

=
∑
i,j,k

(−cjik − cikj)e
j(C)ueie

k +
∑
i,j,k

cijke
j(C)ueie

k

= −
∑
i,j,k

cijke
i(C)ueje

k + 2
∑
i,j,k

cijke
j(C)ueie

k.

An easy computation using the expression of fγ and the last two identities proves the claim: dfγ =
γ∗σ2 − σ2.

Now, consider γ1 = eC1 , γ2 = eC2 ∈ Γ. Using equation (A.5) and Lemma A.9, we obtain

γ∗2fγ1 =
∑
i

ei(C1)γ
∗
2uηi −

1

6

∑
i,j,k

cijke
j(C1)γ

∗
2ueiγ

∗
2uek −

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)γ
∗
2uek

=
∑
i

ei(C1)uηi +
∑
i

ei(C1)η
i(C2)−

1

2

∑
i,j,k

cijke
i(C1)e

j(C2)uek

− 1

6

∑
i,j,k

cijke
j(C1)(uei + ei(C2))(uek + ek(C2))−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)(uek + ek(C2))

=
∑
i

ei(C1)uηi +
∑
i

ei(C1)η
i(C2)−

1

2

∑
i,j,k

cijke
i(C1)e

j(C2)uek

− 1

6

∑
i,j,k

cijke
j(C1)ueiuek −

1

6

∑
i,j,k

cijke
j(C1)e

k(C2)uei −
1

6

∑
i,j,k

cijke
j(C1)e

i(C2)uek

− 1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)uek −
1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2).

Moreover, since γ1γ2 = eC1+C2+
1
2
[C1,C2] and ei|n′ = 0, we obtain

fγ1γ2 =
∑
i

ei(C1 + C2)uηi −
1

6

∑
i,j,k

cijke
j(C1 + C2)ueiuek −

1

3

∑
i,j,k

cijke
i(C1 + C2)e

j(C1 + C2)uek

=
∑
i

ei(C1)uηi +
∑
i

ei(C2)uηi −
1

6

∑
i,j,k

cijke
j(C1)ueiuek −

1

6

∑
i,j,k

cijke
j(C2)ueiuek

− 1

3

∑
i,j,k

cijk
(
ei(C1)e

j(C1) + ei(C1)e
j(C2) + ei(C2)e

j(C1) + ei(C2)e
j(C2)

)
uek .

Also, by definition

fγ2 =
∑
i

ei(C2)uηi −
1

6

∑
i,j,k

cijke
j(C2)ueiuek −

1

3

∑
i,j,k

cijke
i(C2)e

j(C2)uek
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Combining all these expressions, we finally get

cγ1γ2 = fγ2 + γ∗2fγ1 − fγ1γ2

=
∑
i

ei(C1)η
i(C2)−

1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2)

− 1

2

∑
i,j,k

cijke
i(C1)e

j(C2)uek −
1

6

∑
i,j,k

cijke
j(C1)e

k(C2)uei −
1

6

∑
i,j,k

cijke
j(C1)e

i(C2)uek

+
1

3

∑
i,j,k

cijke
i(C1)e

j(C2)uek +
1

3

∑
i,j,k

cijke
i(C2)e

j(C1)uek

=
∑
i

ei(C1)η
i(C2)−

1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2)

− 1

6

∑
i,j,k

cijke
i(C1)e

j(C2)uek −
1

6

∑
i,j,k

cijke
j(C1)e

k(C2)uei +
1

6

∑
i,j,k

cijke
j(C1)e

i(C2)uek

=
∑
i

ei(C1)η
i(C2)−

1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2)

− 1

6

∑
i,j,k

cijke
i(C1)e

j(C2)uek −
1

6

∑
i,j,k

ckije
i(C1)e

j(C2)uek −
1

6

∑
i,j,k

cjkie
i(C1)e

j(C2)uek

=
∑
i

ei(C1)η
i(C2)−

1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2)

− 1

6

∑
i,j,k

(cijk + ckij + cjki)e
i(C1)e

j(C2)uek

=
∑
i

ei(C1)η
i(C2)−

1

6

∑
i,j,k

cijke
j(C1)e

i(C2)e
k(C2)−

1

3

∑
i,j,k

cijke
i(C1)e

j(C1)e
k(C2).

Since cijk ∈ Z and C1, C2 ∈ spanZ(6e1, . . . , 6en−n′ , z1, . . . , zn′), the thesis follows. □

Appendix B. The classification of 7-dimensional 2-step nilpotent Lie algebras

In this appendix, we recall the classification of real 7-dimensional 2-step nilpotent Lie algebras from
[18]. For each Lie algebra n, the structure equations are written with respect to a basis {e1, . . . , e7}
of the dual Lie algebra n∗.

The notation nn,n′ or nn,n′,• means that the Lie algebra has dimension n and derived algebra
of dimension n′, while different capital letters in the third argument are used to distinguish non-
isomorphic Lie algebras whose derived algebras have the same dimension. Moreover, hn denotes the
Heisenberg Lie algebra of dimension n (for odd n), and hC3 denotes the real Lie algebra underlying the
complex 3-dimensional Heisenberg Lie algebra.

• 7-dimensional 2-step nilpotent Lie algebras n with dim(n′) = 1:

h3 ⊕ R4 =
(
0, 0, 0, 0, 0, 0, e12

)
,

h5 ⊕ R2 =
(
0, 0, 0, 0, 0, 0, e12 + e34

)
,

h7 =
(
0, 0, 0, 0, 0, 0, e12 + e34 + e56

)
.
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• 7-dimensional 2-step nilpotent Lie algebras n with dim(n′) = 2:

n5,2 ⊕ R2 =
(
0, 0, 0, 0, e12, e13, 0

)
,

h3 ⊕ h3 ⊕ R =
(
0, 0, 0, 0, e12, e34, 0

)
,

hC3 ⊕ R =
(
0, 0, 0, 0, e13 − e24, e14 + e23, 0

)
,

n6,2 ⊕ R =
(
0, 0, 0, 0, e12, e14 + e23, 0

)
,

n7,2,A =
(
0, 0, 0, 0, 0, e12, e14 + e35

)
,

n7,2,B =
(
0, 0, 0, 0, 0, e12 + e34, e15 + e23

)
.

• 7-dimensional 2-step nilpotent Lie algebras n with dim(n′) = 3:

n6,3 ⊕ R =
(
0, 0, 0, 0, e12, e13, e23

)
,

n7,3,A =
(
0, 0, 0, 0, e12, e23, e24

)
,

n7,3,B =
(
0, 0, 0, 0, e12, e23, e34

)
,

n7,3,B1 =
(
0, 0, 0, 0, e12 − e34, e13 + e24, e14

)
n7,3,C =

(
0, 0, 0, 0, e12 + e34, e23, e24

)
,

n7,3,D =
(
0, 0, 0, 0, e12 + e34, e13, e24

)
,

n7,3,D1 =
(
0, 0, 0, 0, e12 − e34, e13 + e24, e14 − e23

)
.
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Math. doi:10.1142/S0129167X25420029, 2025. (Cited on pages 1, 2, and 5).

[6] X. de la Ossa and M. Galdeano, Families of solutions of the heterotic G2 system. arxiv: 2111.13221. (Cited
on page 1).

[7] X. de La Ossa, M. Larfors, M. Magill and E. E. Svanes. Superpotential of three dimensional N = 1 heterotic
supergravity. Journal of High Energy Physics 195, 2020. (Cited on page 1).

[8] V. del Barco, A. Moroianu, A. Raffero. Purely coclosed G2-structures on 2-step nilpotent Lie groups.
Rev. Mat. Complut. 35, 323–359, 2022. (Cited on pages 2 and 18).

[9] S. K. Donaldson and R. P. Thomas, Gauge Theory in Higher Dimensions, in The Geometric Universe: Science,
Geometry, and the Work of Roger Penrose (Oxford, 1998). (Cited on page 2).

[10] M. Fernandez, S. Ivanov, L. Ugarte and D. Vassilev, Quaternionic Heisenberg Group and Heterotic String
Solutions with Non-Constant Dilaton in Dimensions 7 and 5. Commun. Math. Phys. 339, 199–219, 2015. (Cited
on page 1).

[11] M. Fernandez, S. Ivanov, L. Ugarte and R. Villacampa, Compact supersymmetric solutions of the heterotic
equations of motion in dimensions 7 and 8. Adv. Theor. Math. Phys. 15, 2011. (Cited on page 1).

[12] A. Fino, L. Mart́ın Merchán, A. Raffero. The twisted G2 equation for strong G2-structures with torsion.
Pure Appl. Math. Q. 20, 2711–2767, 2024. (Cited on page 2).

[13] T. Friedrich and S. Ivanov. Parallel spinors and connections with skew-symmetric torsion in string theory.
Asian J. Math. 6, 303–335, 2002. (Cited on pages 1, 2, and 4).

[14] T. Friedrich and S. Ivanov, Killing spinor equations in dimension 7 and geometry of integrable G2 manifolds.
J. Geom. Phys. 48, 1–11, 2003. (Cited on pages 1 and 2).

[15] M. Galdeano, L. Stecker. The heterotic G2 system with reducible characteristic holonomy. arXiv:2403.00084
(Cited on page 1).

[16] J. P. Gauntlett, D. Martelli, S. Pakis, D. Waldram. G-Structures and Wrapped NS5-Branes. Com-
mun. Math. Phys. 247, 421–445, 2004. (Cited on page 1).

https://doi.org/10.1142/S0129167X25420029
https://arxiv.org/abs/2403.00084


THE HETEROTIC G2-SYSTEM ON 2-STEP NILMANIFOLDS ENDOWED WITH PRINCIPAL TORUS BUNDLES 37

[17] J.P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion. Phys. Rev. D 69 (2004).
(Cited on page 1).

[18] M.-P. Gong. Classification of Nilpotent Lie Algebras of Dimension 7 (Over Algebraically Closed Fields and R).
PhD thesis, University of Waterloo (Canada), 1998. (Cited on pages 2 and 35).

[19] M. Gunaydin and H. Nicolai, Seven-dimensional octonionic Yang-Mills instanton and its extension to an het-
erotic string soliton. Phys. Lett. B351 (1995) 169 [hep-th/9502009]. (Cited on page 1).

[20] C.M. Hull, Compactifications of the Heterotic Superstring. Phys. Lett. B 178, 1986. (Cited on page 1).
[21] J.D. Lotay and H.N.S. Earp, The heterotic G2 system on contact Calabi–Yau 7-manifolds. Trans. Amer. Math.

Soc. 10, 907–943, 2023. (Cited on page 1).
[22] J. Milnor. Curvatures of left invariant metrics on Lie groups. Adv. Math. 21, 293–329, 1976. (Cited on page 5).
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