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ABSTRACT. We study the heterotic G2-system on 7-dimensional 2-step nilmanifolds M = I'\ N endowed
with principal torus bundles. We first prove that every invariant Gs-structure solving the system must
be coclosed (under an additional calibration assumption when the dimension of the derived Lie algebra
of N is 3). Then, we discuss the existence of solutions for all possible isomorphism classes of 7-
dimensional 2-step nilpotent Lie algebras, and we provide examples with constant dilaton function
both when the cosmological constant of the spacetime is zero and when it is nonzero.

1. INTRODUCTION

In this paper, we study the heterotic Go-system [4, 5, 6, 7, 10, 11, 13, 14, 15, 16, 17, 19, 21, 25] on
2-step nilmanifolds endowed with principal torus bundles.

Consider a 7-dimensional manifold M endowed with a Ga-structure ¢ € Q3(M) and a K-principal
bundle P — M, where K is a k-dimensional real Lie group. Let 6 € Q!(P;£) be a connection on P
with curvature Fy, and let (-,-)¢ be an Ad(K)-invariant non-degenerate symmetric bilinear form with
signature (k4,k_) on the Lie algebra ¢ of K. Following the formalism of [5], the heterotic Ga-system
is given by the following set of equations for the data (¢, P, 8, (-, )¢):

d* @ =41 N\ x,
(1.1) Fy ANxp =0,
dH, = (Fy A\ Fp)e,

where * is the Hodge operator determined by the Go-structure ¢, 71 = 15 * (p A *dp) € QL(M) is the
intrinsic torsion 1-form of ¢, and the 3-form H, is given by

1
H, = 6*(@ Ndp)p — *dp + *(411 A\ p).

By [5, Thm. 4.9], the intrinsic torsion form 7 = 1 * (¢ A dp) € C>°(M) of the Ga-structure ¢ is
constant for every solution of (1.1). As in [5], we introduce the notation A := L.

The heterotic Go-system arises in the study of A/ = 1 supersymmetric compactifications of the
heterotic string to three dimensions in the supergravity limit. In this context, the dilaton field ¢ is a
potential for the intrinsic torsion 1-form of the Go-structure, m = %dqb, and —\? is a non-zero multiple
of the cosmological constant of the 3-dimensional spacetime, which is constrained to be Minkowski (if
A = 0) or Anti de Sitter (if A # 0) by supersymmetry and maximal symmetry [7]. The system admits
an alternative description in terms of Killing spinor equations (see e.g. [4, 5, 7]), and thus it can be
regarded as the analogue of the Hull-Strominger system [20, 26] in dimension 7. The complete bosonic
equations of heterotic supergravity were presented in [23] and [24], where the first compactification
backgrounds not locally isomorphic to a supersymmetric compactification background were obtained.

The first two equations of the heterotic Ga-system (1.1) are equivalent to the gravitino equation [5,
Lemma 2.12]. The first one states that one of the components of the intrinsic torsion of ¢, namely
the intrinsic torsion 2-form 7o, is zero. This condition characterizes the existence of a connection V
on T'M that preserves the Go-structure and has totally skew-symmetric torsion [13, Thm. 4.7]; the
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latter corresponds to the 3-form H, under the musical isomorphism. Go-structures satisfying the
condition 79 = 0 are known as integrable Go-structures [13, 14] or Ga-structures with torsion (shortly
GoT-structures) [3] in the literature. The second equation in (1.1) states that the connection 6 on P
is a Go-instanton [9]. The last equation is known as the heterotic Bianchi identity.

Special solutions to the heterotic Go-system are provided by torsion-free Go-structures, which are
characterized by the conditions dy = 0 and d x ¢ = 0. In this case, H, vanishes and any flat bundle
gives a solution to the system. More generally, GoT-structures satisfying the condition dH, = 0
provide solutions to the system when the connection 6 is flat. These Ga-structures are known as
strong Ga-structures with torsion [3, 12], in analogy to the terminology used in the Hermitian case.
In this context, they play the role that Calabi-Yau structures play in the Hull-Strominger system.

In the present paper, we study the heterotic Ga-system on 2-step nilmanifolds M = I'\ IV, where N
is a simply connected 2-step nilpotent 7-dimensional Lie group and I' and is a cocompact lattice. We
will consider the case where P is a principal torus bundle over M. In this geometric setting, we refer
to an invariant solution to the system as a solution where ¢ and the curvature form Fy (which can be
thought of as a 2-form on M with values in £) are induced by left-invariant forms on N. In this way,
the system can be regarded as a system for exterior forms on the Lie algebra n of N, and the analysis
can be performed in an algebraic fashion.

Note that if a solution of (1.1) exists for some signature (ky,k_) of (-,-)¢, then one can obtain
solutions for any signature (k, k) with k¥, > k4 and k’_ > k_ simply by multiplying P with a trivial
bundle with flat connection. We will thus be interested in constructing solutions with smallest possible
k4 and k_. Note also that any solution must have ky > 1. This follows from [5, Thm. 3.9] and will
be discussed in Section 2.2.

Nilpotent Lie algebras n of dimension 7 are classified [18]. In the 2-step case, the possible dimensions
of the commutator n’ := [n,n] of n are 1, 2 or 3. In the case dim(n’) = 3 we focus on Ga-structures
© which calibrate 0, i.e., ¢ restricts to a volume form on n’. This is a technical assumption, already
considered in [8], which allows us to have a global description of the 3-form ¢.

As a preliminary result of independent interest, we prove the following:

Proposition 1.1. Let ¢ be an invariant GoT'-structure on a 2-step nilpotent Lie algebra n. Then ¢
is coclosed, i.e., dx @ = 0, if either dim(n') <2, or dim(n’) = 3 and ¢ calibrates n'.

Note that the result does not hold without the calibration assumption when dim(n’) = 3: on 2-step
nilpotent Lie algebras n with dim(n’) = 3, it is possible to construct invariant GoT-structures ¢ (not
calibrating n’) which are not coclosed, see Example 5.2.

This result allows us to restrict our analysis to 2-step nilpotent Lie algebras admitting coclosed Go-
structures; such Lie algebras are classified [1, 8]. In detail: if dim(n’) = 1, the only three isomorphism
classes of 7-dimensional 2-step nilpotent Lie algebras are hz @ R*, h5 ©R? and b7 (here b,, denotes the
n-dimensional Heinsenberg Lie algebra) and each class admits coclosed Ga-structures; if dim(n’) = 2
there are four isomorphism classes of 2-step nilpotent Lie algebras admitting a coclosed Ga-structure
(ns2 @ R2, h3 @ b3 D R, hS @ R, ngo @ R); if dim(n’) = 3 all seven isomorphism classes of 2-step
nilpotent Lie algebras admit coclosed Ga-structures (see Appendix B for a detailed description of
these Lie algebras).

When dim(n’) = 3 and the Ga-structure is coclosed, our technical assumption is not restrictive from
the metric point of view: any metric induced by a coclosed Go-structure on n is also induced by a
coclosed Go-structure calibrating n’ [8, Lemma 4.9].

From the physical viewpoint, Proposition 1.1 implies that, in the setting we are considering, any
solution to the heterotic Go-system has constant dilaton function ¢.

Our first main result focuses on invariant solutions in the case where dim(n’) = 1.

Theorem 1.2. Let M = T\N be a 7-dimensional 2-step nilmanifold such that dim(n’) = 1.
(i) If n =2 b3 @ R?, the heterotic Go-system (1.1) on M has no invariant solutions with A = 0;
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(ii) If n = b5 ® R?, there are solutions with A = 0, non-trivial torus bundle P, and with signature

(k-‘r? k—) - (170)7
(131) If n = by there are solutions with A = 0, signature (ki,k_) = (1,0) and non-zero curvature.
FEach solution with A = 0 and either ky =1 or k— = 0 has trivial torus bundle, and there are

solutions with A\ = 0, non-trivial torus bundle, and (k+,k_) = (2,1);

(iv) The heterotic Go-system on M has no invariant solutions with A # 0 and ky = 1, while there
are solutions to the system with A # 0 and (ky,k_) = (2,0) for each of the three isomorphism
classes of n.

Our second main result focuses on the existence of invariant solutions in the case where dim(n’) > 2.

Theorem 1.3. Let M = T\N be a 7-dimensional 2-step nilmanifold such that dim(n’) > 2.

(1) The heterotic Ga-system (1.1) has solutions with A = 0 and ky = 1 for every isomorphism
class of n admitting a coclosed Go-structure.

(1) If dim(n’) = 2, there are no invariant solutions to the heterotic Ga-system on M with X # 0
and k = ki +k_ < 2. Moreover, if n = n52 @ R? then the heterotic Go-system on M admits
invariant solutions with A # 0 and k > 3.

(i4i) If dim(n’) = 3, there are no invariant solutions to the heterotic Go-system on M with X\ # 0,
k =1, and ¢ calibratingv'. Moreover, the heterotic Go-system on M admits invariant solutions
with X\ # 0, k =2 and ¢ calibrating v if and only if n = ng3 ® R.

The proof of the results is obtained as follows.

If dim(n’) = 1, then every Ga-structure ¢ on n induces an SU(3)-structure (w, Q4 ) on the orthogonal
complement v of n’. The isomorphism class of n is determined by the rank of a := dz’, where z is
a unit-norm generator of n’. The heterotic Go-system can then regarded as a system of forms on b
and the decomposition of 2- and 3-forms in SU(3)-modules can be used to simplify the equations. In
particular, the system can be reduced to the equation

k
ao/\a0—4)\2w/\w:Za€rJTAaT,

r=1

on R with the standard SU(3)-structure, where ag € ALD(RO* X € R, e1...,6, € R~ {0},
o1, . op € ASPD (RE)*

If dim(n’) = 2 or if dim(n’) = 3 and ¢ calibrates n’, one can split n as v @ (z1, 22, z3) with n’ C
(21, 22, z3), so that the 4-dimensional space v inherits an SU(2)-structure wq,ws,ws. In this case the

heterotic system can be written in terms of forms on v and the decompositions of forms in SU(2)-
modules allows us to the simplify the equations.

The paper is organized as follows. Section 2 contains preliminary material about Go-structures and
the heterotic Ga-system. Section 3 shows how to reformulate the heterotic Ga-system in the invariant
case in terms of invariant forms (see system 3.1). Section 4 focuses on the case dim(n’) = 1 and
provides a proof of Theorem 1.2, while Section 5 studies the cases dim(n’) = 2 and dim(n’) = 3 and
contains the proof of Theorem 1.3. Section 6 collects some problems arising from the results of the
present paper which remain open. The paper also contains two appendices: in the first one we recall
how to construct principal torus bundles on 2-step nilmanifolds from integral forms, and in the second
one we recall the classification of 7-dimensional 2-step nilpotent Lie algebras.
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2. PRELIMINARIES

2.1. Basic properties of Go-structures. Let M be a 7-dimensional manifold with a Ga-structure
¢ € Q3(M). Recall that ¢ determines a Riemannian metric g, and an orientation on M. We denote
by * the corresponding Hodge operator and let v = .

At each point = of M there exists an oriented g -orthonormal basis {ei,...,er} of T, M with dual

basis {e!,...,e"} such that
op = €127 3T 4 0T 4 o135 245 146 _ ;236

(2.1)
d}m — 61234 + 61256 + 63456 + 61367 + 61457 + 62357 _ 62467.

These bases are said to be adapted to the Go-structure .
The spaces of 4- and 5-forms on M decompose as follows into Ga-irreducible summands

QM) = Q1o 03,, BPM)=La0l,,
where
Q={fy : fec()}, Q={any: acQ (M)},
Qg = {1 € QM) : YA =0, yAy =0},
B ={ary : acQ (M)}, Q) ={+:B€Q°(M) : BAp=—xpB}.
The exterior differentials of ¢ and 1 decompose accordingly as

dp =79 + 311 N\ @ + 73,

(2:2) dyp =411 N — *T9

where 79 € C®(M), 11 € QYM), 7 € O3, = xQ},, and 73 € O3, = Q3. are called the intrinsic
torsion forms of ¢, and the presence of 71 in both expressions is shown in [2, Prop. 1].
A Gg-structure ¢ is said to be

e torsion-free if all intrinsic torsion forms 7g, 71, 70, 73 vanish, namely if ¢ is both closed and
coclosed;

e coclosed if d x ¢ = 0, namely if both 71 and 75 are zero;

o GoT (Gg with torsion) if 79 = 0.

From [13, Thm. 4.7], a 7-manifold M endowed with a Gg-structure ¢ admits a Gg-connection V
with totally skew-symmetric torsion if and only if 79 = 0. In such a case, V is unique and its torsion
3-form H,, is given by

1
(2.3) H ZETOSO—TlJ@b—Tg-

For later use, we make the following observation:
Remark 2.1. If 71 = 0, then the first equation in (2.2) implies H, = %To © — *dp.

2.2. The heterotic Gs-system. Let M be a connected 7-dimensional manifold. Consider a Gs-
structure ¢ € Q3(M) with dual 4-form v := *¢ and intrinsic torsion forms 79,71, 72,73 defined in
(2.2), a K-principal bundle P — M, where K is a k-dimensional real Lie group with Lie algebra £,
a connection 1-form 6 on P with curvature Fy, and an Ad(K)-invariant non-degenerate symmetric
bilinear form

<','>gifXE—>R.
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Following [5], the quadruple (¢, P, 0, (-, -)¢) is a solution to the heterotic Go-system if the following
equations are satisfied:
=0,
(2.4) Fy Ap =0,
dH, = (Fp \ Fp)e,

where the 3-form H, is defined by (2.3), and the extension of the bracket (-, -)¢ to €-valued differential

forms on M is defined as follows. Let {t1,...,t;} be a basis of £&. For every £-valued forms a =} ' ®t;
and f =) 7 ®t;, where o' € Q" (M) and 7 € Q°(M), we set

(@ABYe= > o AR (ti L))

1<4,j<k

In particular, if we consider an orthogonal basis {¢1,...,tx} of € and let g; := (t;,¢;)¢, then

k
(A BYe = Zsiai A B
i=1
As recalled in the introduction, the intrinsic torsion form 7y of the Gg structure ¢ is constant for
every solution of (2.4), and we henceforth introduce the notation A := 579 as in [5].
The next result shows how A is related to other quantities, such as the scalar curvature of g,.

Theorem 2.2. [5, Thm. 3.9] Let (¢, P,0,(-,-)¢) be a solution to the heterotic Ga-system on a T-
manifold M. Then

1
Scal,, — §\H¢,|2 + |Fp|? — 8d*my — 16]11|* = 4\?%,
where |Fy|2 := «(Fp A xFp)y.
We observe that this theorem readily implies the following.

Corollary 2.3. Let (¢, P, 6, (-, -)¢) be a solution to the heterotic Ga-system with negative definite (-, )¢,
d*11 > 0 and Scalg, < 0. Then, the Go-structure is torsion-free and the connection 0 is flat.

Proof. Using Theorem 2.2 and the hypothesis, we have
1
0 = Scaly, — §\H¢|2 + |F|? — 8d*r — 16|71 |> — 4\ < 0.

Since all summands are non-positive, this implies that the intrinsic torsion forms 7y = 1—72>\, 71 and T3
are zero and that the connection 6 has vanishing curvature F. O

Corollary 2.4. Let (¢, P,0,(-,-)¢) be a solution to the heterotic Go system on a 7-dimensional uni-
modular solvable Lie group G. If the Go-structure ¢ is left-invariant and the bilinear form (-, -)¢ is
negative definite, then the Go-structure is torsion-free, the induced metric g, is flat, and the connection

0 is flat.

Proof. Since ¢ is left-invariant, it induces a left-invariant metric g, and the corresponding intrinsic
torsion forms 7y, 7 and 73 are left-invariant, too. Since G is unimodular, every left-invariant form of
degree 6 = dim(G) — 1 on it is closed, thus d*m; = 0. Since G is solvable, then either g, is flat or
Scaly, < 0 [22]. The thesis then follows from Corollary 2.3. O

In the following, we shall look for invariant solutions to the heterotic Go-system on 7-dimensional 2-
step nilmanifolds endowed with principal torus bundles. The last corollary shows that, in this setting,
there are no solutions admitting a negative definite bilinear form (-,-);. In other words, if we denote
by (ky,k_) the signature of (-, )¢, then k4 > 1 whenever a solution of the heterotic Go-system exists.
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2.3. 2-step nilpotent metric Lie algebras. A real n-dimensional Lie algebra n with derived algebra
n' = [n,n] is 2-step nilpotent if

{0} #n' C3,
where 3 is the center of n.

Given a metric g on n, one can consider the orthogonal splitting n = ¢ @ n’, where v == (n’)’.
Choosing a basis {z1,...,2,} of ' and a basis {e1,...,e,_n} of v, it is possible to describe the
structure of n in terms of the differentials of the dual basis {e!,... e gl ,z”/} of n*:

de' = 0, 1<i<n-—n/,
dz" =: oy, 1<j<n,

where a; € A%t* for 1 < j < n/. Typically, the properties of the forms a; allow one to distinguish
between isomorphic and non-isomorphic Lie algebras (see, e.g., Remark 4.3 below).

3. THE HETEROTIC G9-SYSTEM ON 2-STEP NILMANIFOLDS

We now consider the heterotic Go-system (2.4) on 2-step nilmanifolds endowed with principal torus
bundles. In this case, M = I'\N is the quotient of a 7-dimensional, simply connected, 2-step nilpotent
Lie group N by a cocompact discrete subgroup I', and the Lie group K = T¥ is a k-dimensional torus,
so € = R¥ and Fy = db.

Given a 7-dimensional nilmanifold M = I'\ N, we look for solutions (¢, P, 0, (-, -)¢) of (2.4) such that
both the 3-form ¢ € Q3(M) and the curvature Fy, thought as a €-valued 2-form on M, are induced by
left-invariant forms on N. This allows us to study the system (2.4) for a Go-structure ¢ € A®n* and a
closed £-valued 2-form Fy € A?n* ® £ on the Lie algebra n of N. We refer to such solutions as invariant
solutions to the heterotic Go-system.

Note that every bilinear form on ¢ is Ad(T*)-invariant. It is convenient to fix an (-, -)¢-orthogonal
basis {t1,...,tx} of £ and set

er = (tp, tr)e, 1 <1 <k

We then have
k
Fy=) F't,
r=1

where F" € A%n* are closed 2-forms on n, for 1 < r < k, and

k
(FoANFp)e =) e FTAF".

r=1

If ¢ is a left-invariant Ga-structure on N, then its intrinsic torsion forms are left-invariant, too.
In particular, 7y is constant independently of ¢ being a solution to the heterotic Ga-system. The
study of invariant solutions to the heterotic Go-system on M = T'\N can then be reduced to the
study of the following set of equations on the Lie algebra n of N for a Go-structure ¢ € A3n*, 2-forms

Fl ... F" € A’>n* and non-zero constants 1,...,, € R~ {0}:
T2 :07
dF" =0 1<r<k
(3.1) ’ ==

F'Ay =0, 1<r<k,
dH, =Y e, FT ANF".

On the other hand, a suitable solution (¢, F',..., F¥ e1,...,&;) to system (3.1) on a 7-dimensional
2-step nilpotent Lie algebra n gives rise to an invariant solution to the heterotic Go-system on a
certain 2-step nilmanifold endowed with a principal torus bundle. In detail, consider the g,-orthogonal
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splitting n = (n')* @n’ and a basis B = {e1,...,e7_ns, 21, ..., 2w } of n for which the structure constants
are integers and such that {z1,...,2,} is a basis of ’ (1 < n/ < 3). Then
I' == exp (spangy(6e1,...,6€7_p/, 21, ..., 2n))

is a cocompact lattice of the simply connected nilpotent Lie group N = exp(n) and thus M =T\ N is
a 2-step nilmanifold. The choice of this particular lattice is explained in Remark A.1.

The Go-structure ¢ € A3n* solves the first equation of (3.1), so it gives rise to a left-invariant
GoT-structure on N with constant intrinsic torsion form 7. This in turn defines a Go-structure of
the same type on the quotient M = I'\N. If the 2-forms F', ..., F¥ solving (3.1) are integral with
respect to B, namely F"(z,y) € Z for every x,y € B and 1 < r < k, then there exists a principal

T*-bundle P — M endowed with a connection § whose curvature is Fy = Zle F"t, (see Theorem
A.3 of Appendix A), and we can define

k
(o= et" @t
r=1

where {t1,...,t;} is a basis of the Lie algebra of T* and {t',...,t*} is its dual basis. The data
(¢, P,0,(-,-)¢) is then an invariant solution to the heterotic Ga-system on M = I'\ N.

We can then focus on the system (3.1). We study it by considering the cases dim(n’) = 1 and
dim(n’) = 2 or 3 separately.

4. THE CASE dim(n') =1

Assume that n’ := [n, n] is 1-dimensional. Let ¢ be a Ga-structure on n and let g, be the associated
metric. Denote by v the g,-orthogonal complement to n’. Then, once a unit vector z € n’ is fixed, ¢
induces an SU(3)-structure (w, Q) € A%0* x A3p* on v via the relation

(4.1) o=wAz +Q,,

where 2° is the dual covector of z with respect to ge- Using the splitting n = v & n’ = v @ (z), we can
write any 2-form F on n as
F=F+nAZ2,
for some 1 € A'v*, where F, is the projection of F' onto A%v*. By using this approach we can rewrite
system (3.1) as a system of forms in v. This is the goal of the present subsection.
We adopt the following notation:
e J is the complex structure on v induced by (w, Q24 );
e x, is the Hodge star operator on v determined by the metric w(:, J-) and the orientation w?;
e O =,
From (4.1), we obtain

1
(4.2) wz*goziw/\w—kﬂ_/\zb.

Since (w, ) is an SU(3)-structure on v, A%p* splits into orthogonal SU(3)-irreducible summands
as follows:

(4.3) A0 = (W) @ AR+ p* g A(()l’l)n*,
where

(w) =Rw, A20+(0.2)x . {x(MAQy) : n€E Aln*}, Aél’l)n* ={o € A%0% © g Aw=— % o}.
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Remark 4.1. The space A(()l’l)b* can be described as the space of real 2-forms that are of type (1, 1) with
respect to J (i.e. commuting with J when viewed as skew-symmetric endomorphisms) and primitive
with respect to w, i.e., their wedge product with w Aw is zero. Similarly, the space A20+(0:2)p* ig the
space of J anti-invariant real 2-forms (identified with skew-symmetric endomorphisms anti-commuting
with J).

Lemma 4.2. The following formulas hold:

(44) so(0AoAw) = —|of2, foralloe A Vo,
(4.5) Co(MAQD)A (oM AQY)) = 20 (A ),
(4.6) [0 (A Q)P = 2l

for every n € A'v*, where by definition (Jn)(-) = —n(J-).

Proof. For every SU(3)-structure (g, J,w,Q4) on a 6-dimensional vector space v, there exists an ori-
ented orthonormal basis {e1,...,eg} of b with dual basis {e!,...,e%} such that
(4.7 J(e2i—1) = ey, w=e?+e e, Qp = el 215 _ M6 _ o236

In order to check (4.4), we notice that the left hand side is proportional to |o|? by the Schur Lemma,

since A(()l’l)n* is an irreducible SU(3) representation. In order to find the proportionality factor, we

pick an arbitrary o € A(()l’l)n*, e.g. o =el? -3,

In order to check the other two relations, we use the fact that SU(3) acts transitively on the spheres
of v, so for every n € v* one can choose the above basis so that nn = ce!, for some ¢ € R. Then both

formulas can be checked directly from (4.7). O
Notice that any r-form v € A"n* can be written as v = 41 + 72 A 2°, for some 7, € A"v* and

v9 € A" 1p*. Since z € n’ and n is 2-step nilpotent, we have that a = dz’ lies in A20*, so it

decomposes according to the splitting A20* = (w) @ (w)* as follows

(4.8) o =d?’ = bw+ ag.

In particular, aq € A62’0)+(0’2)n* @ A(()l’l)b*.

Remark 4.3. The 2-form a € A?v* is nonzero, since n is not abelian, and its rank determines the
isomorphism class of n: n = h3 @ R?* if rank(a) = 2, n = b5 © R? if rank(a) = 4 and n = b7 if
rank(a) = 6.

Lemma 4.4. Consider the Ga-structure ¢ given by (4.1). Then, denoting as before X :== 1127'0, one has
b =2\ in the expression (4.8) of a. In addition, the condition 7o = 0 implies 71 = 0 and is equivalent

to

ae AUy =Rw @ Agl’l)n* .
Proof. Using the expressions (4.1) and (4.2), we obtain

dgp:w/\dzb:w/\oz, d@ZJ:—Q,/\dzb:—Q,/\a.
Hence
Tro* 1 :dgo/\go:ou/\w/\dzb/\z|7 =6bx1.
From this, the first assertion follows.
Now, the first equation in (2.2) gives 1271 = *(p A *dg), which in the present situation implies
1
L=k ((WAZb+Q+)/\*(CU/\de)> .

This shows that 71 € A'v*. The condition 7 = 0 is equivalent to di) = 41 A, i.e., to

1
(4.9) dy =41 Nxp =411 A (Qw/\w—i—Q_/\zb).
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Since dip = —Q_ A o € Atv*, (4.9) gives
AQ_=0,
which in turn implies that 7 = 0, so that ¢ is coclosed. Now, from
0=dy=-Q_ANaq,
we deduce that a € A0Dp*, (Il

Lemma 4.4 proves Proposition 1.1 when dim(n’) = 1: every GoT-structure ¢ € A3n* is coclosed.
Moreover, it shows that

a=dz’ =2w+ g,
3 (171) *
with ag € Ay 7 0",
We next focus on the torsion form H, of ¢ and write its differential in terms of ag, w and A.
Lemma 4.5. Assume that the Go-structure ¢ given by (4.1) has 72 = 0. Then
H, =2\p — (4 w — ag) A 2,

and
dH, —ap Aoy — N wAw.

Proof. From Lemma 4.4 we have 7 = 0, so from (2.2) we get:
12 12
*ngdgp—7)\*cp:w/\a—7)\*<p,

and thus 19 19
T3 =*(WA«a)— 7/\90 = (—ap + 4 ) A 2 — 7)@.

We then obtain

2 2 12
H, = ?/\90_73 = ?)\(p— (—ap + 4 w) A 2° + 7)\@ = 2Xp — (—ag + Dw) A 2’

and therefore
dH, =2 w Ao — (—ap + 4 w) Ao = =2 w A (ag + 2Mw) 4+ ag A (ag + 2Mw)

= 74)\2w/\w+a0/\a0,
as required. [l
In order to study the instanton equation, we prove the following.

Lemma 4.6. Consider the Gy-structure ¢ given by (4.1). A 2-form F = F, +n A 2> € A’n* =

A20* @ v* A 2 satisfies
dF =0,
FAp=0,

1
nAa=0, and Fy=g% 0AQ)+0, o e AlMo*

if and only if

In particular, if rank(a) € {4,6}, thenn =0 and F = F, € A[()l’l)n*.

Proof. Since both F, and 7 are closed, the condition dF' = 0 is equivalent to
nAha=0,

which implies n = 0 if rank(«) € {4,6}. Next we impose F' A1) = 0. Since

1 1
F/\wz§Fu/\w/\w+§77/\zb/\w/\w+Fn/\Q_/\zb,
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we get
FEEANwAw=0
FAp=0 « {0000 =D
FEANQ - =—snhwAw.

The first equation shows that one can write F, = *y(x A 4) + o for some o € A[()l’l)n* and z € v*.

Using the general formula *,(x AQL)AQ_ = —z Aw Aw, we get © = %77. O

Lemma 4.7. Assume that the Ga-structure ¢ given by (4.1) has 2 = 0, and let H, be the correspond-
ing torsion 3-form. Letey,...,ex € R~{0}. Then the 2-forms F" = F +n" Az € A’n*, r =1,...,k,
satisfy
dF" =0 for everyr,
(4.10) F"ANY=0 for everyr,
dH, =Yk _ e, FTNFT,
if and only if
N ANa=0,
S et (F AQL) A 0T = 0= S (sl A Q) A (o0 AQL)),
ag Aoy — AN wAw = Zle era” No”,
Sr_1er (ro(0” A A+ 20" AT =0,

where " is the component of F" in Aél’l)n* according to the decomposition (4.3).

(4.11)

Proof. Lemma 4.6 implies that each F" can be written as
Fr :%*n (" AQy) +0" 7" A2,
with n" A a = 0. It follows
F'AF" = *U(nr/\Q+)/\nr/\zb+20’T./\77T/\Zb+*n(77r/\Q+)/\O’T+%(*U(7]T/\Q+))/\(*U(T]T/\Q+))+O-T/\O'T.
By Lemma 4.5, the last equation of system (3.1) is equivalent to the system

{ao Nag—4X2wAw =" e (" AQD)) A (ro(" A QL)) + 07 Aa” + 5017 AQL) AdT),
0=k e (0 AQ) AN +20" A1) .
Since the forms
agNag, wAw, (M AQL))A (R AQL)), o Ad”
belong to A22)v*, while
xo (N ANQL)No”

belongs to AGD+(13)p* the above system splits into

0=k e (W AQL) ADT,
(4.12) ag Aag — AN w Aw =1 e (Fe(n A QL)) A (x(n” AQL)) + 0" Ao,

0= & (xa(n" AQL) AT + 207 A1) .

Taking the wedge product of the last equation with 2, and using 6" A Q4 = 0 and (4.6) we get

k
(4.13) > el =0.
r=1

Next we show that Zle er(ko(N" AQL))A (ko(n" A4 )) = 0. We can assume that rank(a) = 2 since
otherwise " = 0 for all r. From the fact that a A" =0 and a € AV p*, we also get aw A Jn" = 0 for
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every r, thus showing that for every r there exists ¢, with ¢, =n" A Jn". Taking the scalar product
with w yields

(4.14) n"|? = 6.,
so from (4.13) we obtain A Y e,¢, = 0. Note that we can assume A # 0 since otherwise (4.14) yields
n" = 0 for all . Therefore, we get

k
(4.15) Zsmr AJn" =0.
r=1

On the other hand, using (4.5), we have that (4.15) yields

(4.16) S e (ko0 A Q) A (5ol A Q1)) =0,

showing that the middle equation in the system (4.12) decouples into (4.16) and

k
(4.17) ap A ag — ANwAw = Z&‘TUT No'.
r=1

Hence the claim follows. O

Remark 4.8. We observe that Equation (4.17) has no solution if all &,’s are negative. Indeed, wedging
both sides of equation (4.17) by w, we obtain

k
—lao® = 24X\ = = "e,l0" .
r=1

If all €,’s are negative, we then get |og| = A = 0, whence a = 0 by (4.8) and Lemma 4.4, contradicting
the assumption that n is not abelian. This is consistent with Corollary 2.4.

If n* =0, for all 1 < k < 7, then the system (4.11) reduces to Equation (4.17). This happens, for
instance, when rank(a) € {4,6} by Lemma 4.6. In this case, in order to find solutions to the heterotic
Ga-system, we can focus on Equation (4.17) on R® equipped with the standard basis B = {e1,...,e¢}
and the standard SU(3)-structure

(4.18) w=el2 4 3y 656, 0, = o135 _ p146 _ 236 _ 245
and use the next result.

Proposition 4.9. Consider the vector space RS endowed with the with the standard SU(3)-structure
(4.18). Assume that ag,c?,... 0% € Aél’l) (RO)*, ANER, €1...,6, € R {0}, is a solution to (4.17),
and that the forms 2 w + ag and o, ...,c" are integral with respect to the standard basis B of RS,
Then, this solution gives rise to a 2-step nilmanifold endowed with a k-torus bundle and admitting an
invariant solution to the heterotic Go-system.

Proof. Consider the 7-dimensional vector space n := R® @ (z) and endow it with the product metric g
for which z is a unit vector. Then, imposing

d2’ =2 \w+ag, de'=0,1<i<6,

gives n the structure of a 2-step nilpotent Lie algebra with 1-dimensional derived algebra n’ = (z).
Since the 2-form 2A\w + « is integral, the simply connected 2-step nilpotent Lie group N = exp(n)
has a cocompact lattice given by I' = spany(6eq,...,6¢es,2), and M = I'\N is a 2-step nilmanifold.
Moreover, since the ¢”’s are integral, Theorem A.3 ensures the existence of a principal T*-bundle
P — M =T\N endowed with a connection  whose curvature is Fy = Zle o"t,, where {t1, ..., 1} is
a basis of the Lie algebra of T¥. The 3-form ¢ = w A 2” + Q. defines a Ga-structure on n inducing the

product metric g. By Lemma 4.4, ¢ is coclosed and has 7y = 1—72)\, so it gives rise to a Go-structure of
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the same type on M = I'\N. If we define (-, )¢ := Zle ert" ®1", we then obtain an invariant solution
(¢, P, 6, (-, -)¢) to the heterotic Go-system on M =TI\ V.
]

Motivated by the last result, we now consider a 6-dimensional vector space v equipped with an
SU(3)-structure (w, 4 ), and we focus on Equation (4.17)

k
ao A ag — AN2wAw = ZETO'TAO'T
r=1
for the unknowns ag,c!,...,o% € A((]l’l)b*, A € R, and €1,...,e, € R~ {0}. Note that A and «y
cannot be both zero, as otherwise the Lie algebra n would be abelian.
In order to study Equation (4.17), which involves 4-forms on v, we rewrite it in terms of endomor-

phisms of v. To do this, we use the dual Lefschetz operator, which can we written using an orthonormal
basis {e1...,es} of v as

6
1
A= 2Z;J6i_|6i_l.
1=

This operator is an isomorphism from A%v* to A2p*.

One can easily check that A(wAw) = 4w and A(c Ac)(-,-) = 2(A2%J-, ), for every o € A(()l’l)b*, where
A is the skew-symmetric endomorphism commuting with J defined by o(-,) = (A-,-). Applying A,
Equation (4.17) can be rewritten in the following, equivalent, form

k
(4.19) L§—> &Ll =-8\Id,
r=1

where the L,’s are the trace-free symmetric endomorphisms commuting with J defined by
aO('>') — <LOJ'7‘>, 07”(.’.) — <L7'J';'>-
We now discuss some properties of the solutions of (4.19) that will be useful in the proof of Theorem

1.2. Assume that one of the ¢,’s, say 1, is positive, and all the others are negative. In this case, by
setting

1 _
(4.20) A:,/%Ll, 31:\/;%, B, = ;TL,,, 2<r<k,

we can rewrite (4.19) as

k
(4.21) A =X1d+ ) B}
r=1
Proposition 4.10. Let A, By, ..., By be trace-free symmetric endomorphisms of a 6-dimensional Her-
mitian vector space (v,J) commuting with J and satisfying Equation (4.21). Then X = 0 and the
endomorphisms A2, B%, . ,Bz are positively collinear.

Proof. Composing A? with itself and using (4.21), we get

k k
(4.22) A*=N1d+2\*> B2+ B+ > BIBI.
r=1 r=1 r#s

Next, we observe that if X is a trace-free symmetric endomorphism, then
(tr(X?))?

(4.23) tr(X?1) = 1
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Indeed, if x1, z9, —x1 — 22 € R are the eigenvalues of X (all of algebraic multiplicity 2), we have
tr (X?) = 2(2? + 22 + (21 + 22)?) = 4(z? + 23 + z129)
and
tr (XY =2(af + 23 + (21 + 22)*) = 4(a] + 23 + 22320 + 20125 + 32223) = 4(2? + 23 + 2129)?,
from which (4.23) follows. Taking the trace of both sides of (4.22) and applying (4.23), we obtain:

(Br(4%)* _ tr(A%) = 611 +2)2 Zk:tr (B?) + zk:tr (B)+ ) _tx(B2B?).
4 r=1 ' r=1 ' r#s T

Moreover, from (4.21) and (4.23), we have
(bx(4%)* _1 <tr </\21d + Zk: BQ> ) 2 = 9\* 32 zk:tr(BQ) 41 Zk:(tr(Bz Ztr B?)tr(B?)

4 4 r=1 ' r=1 o4 r=1 r;és

k k
=N 30 “tr(BY) + > _tr(B)) + Ztr (B?)tr(B2).
r=1 r=1 r;és
Comparing these two equations yields
(4.24) 3N A2 Ztr B?) + Ztr (BH)tr(B2) — ) _tr(B}B?) =
r=1 'r;és r#s

Now, we observe that (4.23) and the Cauchy-Schwarz inequality imply:

1
tr(B2B?) < \/tr(B%) /tr(B%) Ztr(132)tr(1132)

o0 (4.24) yields

k
BAT 4+ A2 " tr(B2) <0
r=1
which forces A = 0.
Moreover, the equality case in the Cauchy-Schwarz inequality implies that the symmetric endomor-

phisms B2 are positively collinear for 1 < r < k. Finally, since A2 = Zle B2, the same conclusion
holds for A% as well. O

We apply the previous proposition in our case. Since A = 0, the 2-form «g is equal to the 2-
form o = d2’, which is non-zero. Thus the endomorphism B defined in (4.20) must be non-zero.
Consequently, there exist ag,...,a; € R such that

2 _ 2p2
Br_arBla

k
= <1 + Z a%) B}
r=2

Lemma 4.11. Let A and B be trace-free symmetric endomorphisms of v commuting with the complex
structure J and satisfying

for all 2 < r < k, and therefore

A2 = 42RB2
for a some a € R. If B is invertible, then A = +aB.
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Proof. If a = 0 the statement is obvious. We can then focus on the case a # 0, where it is not restrictive
assuming a = 1, so that A2 = B2. One can find a basis of v such that the matrices representing B and

d 0 0
J with respect to it are the following: B = (é) %), where D= | 0 do O | withd;+da+ds =0
3
0 0 dj

03 —1I3

and didods # 0, and J =
I3 03

). Since A is symmetric, trace-free, and commutes with J, it

is represented by a block-diagonal matrix of the form A = (‘;( ;( ), where X is a symmetric and
trace-free 3 x 3 matrix, and Y is a skew-symmetric 3 x 3 matrix. The condition A? = B? reads then
X2 -Y?=D?
(4.25) ’
XY +YX =0s.

If X = 0, the first equation of (4.25) shows that Y is invertible, which is impossible for a skew-
symmetric 3 x 3 matrix. Since X is trace-free, its kernel can be at most 1-dimensional. Assume that
ker(X) is a line. The second equation of the system (4.25) shows that Y preserves the kernel of X,
and since Y is skew-symmetric, it must vanish on ker(X). This contradicts the first equation, since D
would then also vanish on ker(X). Therefore, X is invertible.

Since tr(X) = 0, if A is an eigenvalue of X, then —\ is not an eigenvalue of X. The second equation
of (4.25) thus shows that Y vanishes on the eigenspaces of X, so Y = 03 and X2 = D?. The spectrum
of X is therefore {e1dy,e2ds,e3ds}, where ¢; € {+1}. Since X and D are trace-free, all signs ¢;
are equal. If D? has three different eigenvalues, clearly X preserves the three eigenspaces, so it has
diagonal form in the given basis, whence X = 4+D. If D? has a double eigenvalue, then one can assume

di = dy and d3 = —2dq, so X has block-diagonal form X = ([0] 5((1) >, where ¢ € {£1} and U is a
3

2 x 2 symmetric matrix satisfying tr(U) = —eds = 2ed; and U? = d%IQ. Then clearly U = edy 12, so

X =eD, and thus A = eB. O

We are now ready to give the proof of Theorem 1.2.

4.1. Proof of Theorem 1.2-(i). If M = I'\N admits an invariant solution (¢, P, 0, (-, )¢) to the
heterotic Go-system and dim(n’) = 1, then the above discussion shows that there exists a g,-orthogonal
decomposition n = v &/, with n’ = (2) and dz’ = a = 2 w + g, where ag € A(()l’l)b* is a primitive
form of type (1,1). If A = 0, then oo = ay, so aAa # 0 by (4.4). Consequently, n cannot be isomorphic
to h3 ®R?*, and thus n = h5 @ R? if rank(a) = 4 or n = by if rank(a) = 6. Note that, in both cases, the
heterotic Go-system reduces to Equation (4.17) by Lemma 4.6, as all of the n"’s appearing in (4.11)
must be zero.

4.2. Proof of Theorem 1.2-(ii). By Proposition 4.9, if we consider R® endowed with the standard
SU(3)-structure, then a solution to Equation (4.17) with A = 0, k = ky = 1, ap,0! € Aél’l)(Rfj)*
integral 2-forms with respect to the standard basis of R®, and rank(ag) = 4 gives rise to a solution
to the heterotic Ga-system on a 2-step nilmanifold endowed with a principal S'-bundle and with
corresponding Lie algebra n 2 h5 @ R2. The S'-bundle is non-trivial if the curvature form F = o is
not exact, namely if oy and o' are not proportional.

Equation (4.17) is equivalent to (4.19), which now reads
(4.26) LE=e13,

where Lo and L; are trace-free symmetric endomorphisms of R® commuting with J such that oy =
(LoJ-,-) and o' = (L1J-,-). We can take 1 = 1 and search for solutions for which Lg has rank 4 and
L1 is not proportional to Lyg.
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A solution is given, for instance, by the endomorphisms represented by the following integer matrices
with respect to the standard basis of RS :

0 0 3 400

0 0 -4 3 00

. {3 -4 0 00O

Ly = diag (5,5, —5,—5,0,0), L= 43 0 000

0 0 0 000

0 0 0 00O

The corresponding 2-forms are
04025612*5634, F=o0!'=—4e 43¢ —3e» — 4%,

We can now conclude as in the proof of Proposition 4.9. For the reader’s convenience, we sketch
the argument here. The 7-dimensional 2-step nilpotent Lie algebra is obtained considering the vector
space n := R® @ (z) endowed with the product metric g for which z has unit length, and setting

dei:07 1 <i<6, de=a0:5612—5634.

The coclosed Go-structure on n is defined by the 3-form ¢ = w A 2° + Q, which induces the metric
g. Since both g and the closed 2-form F' are integral with respect to the basis {ey,...,eg, 2} of n, we
can apply Theorem A.3 and obtain the desired solution on the 2-step nilmanifold M = I'\ NV, where
N = exp(n) and I' = exp(spany(6e1, 6ea, Ges, beq, Ges, beg, 2)).

4.3. Proof of Theorem 1.2-(iii). We now study the existence of solutions to equation (4.17) satis-
fying the requirements of Proposition 4.9 and such that rank(cg) = 6, so that n = h7. By Proposition
4.10, if we take either k =k, =1 or kK > 1 and k4 = 1, then every solution must have A\ = 0. Without
loss of generality, we may assume €; > 0 and, if £ > 1, e9,...,ex < 0. We can then rewrite equation
(4.17) as (4.21) with A =0, i.e.,

k
A=y R,
r=1

where A and B,’s are the trace-free symmetric endomorphisms of R® commuting with J defined in

(4.20). If rank(ag) = 6, the endomorphism B; must be invertible. In particular, A must be non-zero,

so the component F'' = ¢! of the curvature is non-zero. Combining Proposition 4.10 and Lemma 4.11

(or applying just the latter if £ = k4 = 1), we obtain that A, and B,, for 2 < r < k, in (4.21), are

proportional to Bi, showing that all curvature forms F" are proportional to the exact 2-form o = dz°.

It follows that every solution to the heterotic Ga-system has trivial torus bundle and non-zero curvature
Assume now that A = 0 and k_ = 0. Then, Equation (4.19) becomes

k
2 2 : 2
LO - €7~Lr,
r=1

with e, > 0, for 1 < r < k. Since Lg is invertible, at least one of the endomorphisms L, is non-zero,
so at least one component of the curvature is non-zero. Moreover, Proposition 4.10 implies that the
endomorphisms L%, le%, .. ,gkL% are positively collinear. We then have

= ar
Er
for certain a, € R, 1 < r < k, with at least one of them different from zero. By Lemma 4.11, the
endomorphisms L, are either zero or non-zero multiples of Ly. This shows that all non-zero curvature
forms F" are proportional to the exact 2-form a = dz”, whence it follows that every solution to the
heterotic Go-system has trivial torus bundle and non-zero curvature.
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To conclude the proof, it is sufficient to construct an example with ky = 2, k_ = 1 and non-trivial
torus bundle. This is equivalent to finding a suitable solution to Equation (4.19) with k£ = 3 and with
two positive and one negative €., 1 < r < 3. Without loss of generality, we assume €1,e2 > 0, €3 < 0,
and look for solutions of the equation

L} —e3l3 =113 + L3,

such that rank(Lg) = 6 and at least one of the endomorphisms Li, Lo, L3 is not proportional to L.

We can take, for instance, 1 = ¢9 = —e3 = 1 and the endomorphisms represented by the following
matrices with respect to the standard basis of RS
Lo = Ly =diag(1,1,-2,-2,1,1), Ly = Ly =diag(1,1,—-1,—1,0,0).
They correspond to the following 2-forms
ap = 0% = e'2 — 234 | 56 ol = g3 = 12 _ o34

We can now conclude as in the proof of Proposition 4.9.

4.4. Proof of Theorem 1.2-(iv). Proposition 4.10 implies that there are no invariant solutions to
the heterotic Go-system with k. = 1 and A # 0 on a 2-step nilmanifold with dim(n’) = 1.

To conclude the proof of Theorem 1.2-(iv) it is then sufficient to show that when k& = ky = 2, the
heterotic Go-system can be solved for each of the three isomorphism classes of 2-step nilpotent Lie
algebras n with dim(n’) = 1. In view of Proposition 4.9, the problem reduces to finding a solution
(A, o, 01, 02,61, €2) to equation (4.17) on RS equipped the standard SU(3)-structure (4.18), where
A € R~ {0} and the forms o = 2 \w + ag, o', 0% are integral. The rank of the form a = 2\w + g then
determines the isomorphism class of the corresponding Lie algebra.

A straightforward computation shows that we have the following solutions:

e )\ = %,ao = —el?2 —e3 1 2%, 0) =2 - %, gy =3 — €% g) =59 = 3.

In this case a = 3e°0, so the corresponding Lie algebra is isomorphic to hz @ R*.
o )\ — %,aoz—elz—l—e%, o1 = —el2 12634 56 gy — 12 56 o) — %,52: g

In this case a = e3* + 255, so the corresponding Lie algebra is isomorphic to b5 @ R2.
° )\ = %,ao =0,01 = —2e2 434656 gy =3 - ¢ = %,52 = %

In this case a = e'? + 3 + €56, 5o the corresponding Lie algebra is isomorphic to b7.

5. THE CASE dim(n’) = 2 OR 3.

We now consider the case dim(n’) > 2. We use an approach that is similar to one of the previous
section, but in this case we will decompose the Lie algebra n as the orthogonal direct sum of a 3-
dimensional subspace calibrated by ¢ and its orthogonal complement t. The latter naturally inherits
an SU(2)-structure induced by ¢, which can be used to rewrite (3.1) as a system of exterior forms on
t.

Let ¢ be a Ga-structure on n. If dim(n’) = 3, we assume that ¢ calibrates n’, that is, there exists
an orthonormal basis {z1, 22, 23} of n’ such that |¢(z1, 22, 23)| = 1. Recall that (21, 22,23) = 1 if and
only if 21 X, 22 = 23, where X, denotes the vector cross product induced by .

Let us consider two orthonormal vectors z1, 22 € n’ and let
23 = (21,20, ) = 21 Xy 2
3 = Pl\z1, 22, 1 X 22-

The vector z3 has unit length and is orthogonal to z; and zo. The subspace (z1, 22, z3) is calibrated by
¢ and it is contained in the center of n, but does not necessarily coincide with it. When dim(n’) = 2,
we have n’ = (21, 23) and we will show that dz} = 0. If dim(n’) = 3 and ¢ calibrates n/, we have
n' = (21, 29, 23) and dzg # 0.
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Let v := (21, 29, 23>J-, so that n = v @ (z1, 22, 23). Since Gg acts transitively on orthonormal pairs

of vectors, there exists an adapted basis {e1,...,e7} of n (i.e. a basis where ¢ is expressed by (2.1)),
such that e5 = z; and eg = 2. Then by (2.1) we get 23 = (21, 29,-)* = e7, and denoting by
{el,e2 €3 e, 21, 22, 23} the dual basis, we have

3
(5.1) Lp:Zwi/\zi—l—zl/\z2/\z3,

i=1
where w1 = e!? — e, wy = —e!* — €23 and w3 = e'? + €3* define an SU(2)-structure on t. The

metric corresponding to the SU(2)-structure is the restriction of g, to t. Moreover, since (z1, 22, 23) is
calibrated by ¢, its orthogonal complement t is calibrated by ¥ = *(, so it is oriented by the volume
form 1 |,. We denote by *, the Hodge operator corresponding to this metric and orientation on t. The
closed 2-forms wi,we, w3 are self-dual and pairwise orthogonal:

* Wi = Wi, wi Awj = 2055 % 1, Vi, j €{1,2,3}.
From this observation and the expression of ¢, we deduce that
(5.2) 1/)2*ap:wl/\22/\z3+w2Az3/\zl+w3/\zl/\22+*t1.
We introduce the following notation
a; =dzb e AB*, 1<i<3,
and
a;j = (Wi, aj) = *(wiNey), 1<i,j<3.
If dim(n’) = 2, then a; and ay are linearly independent and ag = 0, since z3 is orthogonal to n'.
Consequently, a;3 = 0 for all 1 <14 < 3. If dim(n’) = 3, then a;, as and «as are linearly independent.

Lemma 5.1. Consider the Ga-structure ¢ given by (5.1). Then

(5.3) A= % (a11 + az + ass) .
Moreover, the condition 1o = 0 is equivalent to

(5.4) aij = aj; , Vi, j € {1,2,3}.
and implies 71 = 0.

Proof. We have

3
(5.5) d(pzzwi/\ai—l—al/\z2/\23—|—a2/\z3/\zl—i—ag/\zl/\22,
i=1
which together with (5.1) and the fact that w; A a; = a;; % 1 gives
(5.6) @ ANdp = 2(ar1 + aga +azz) * 1.

On the other hand, from the first equation in (2.2) we obtain p Adp = T1p*1 = 12\* 1, which together
with (5.6) implies (5.3). Moreover,

di/):wl/\a2/\z3—wl/\ag/\22—l—u)2/\oz3/\z1—w2/\a1/\23+w3/\a1/\22—w3/\a2/\21
= (@12 — a21) *c LA 2% + (az1 — a13) #c LA 2% + (a3 — azz) *c LA 2%,
and
127 = ¢ sdip = (a12 — a21)z> + (az1 — a13)2” + (ag3 — azz)z’,
which implies
127 A = ((ag3 — ag2)wi + (asz1 — a13)wa + (a12 — ag)ws) A 2PAZ2 A
Hence, the condition 79 = 0, which by (2.2) is equivalent to 473 A ¢ = di), is satisfied if and only if
Qjj = Qjj , V’i,j S {1,2,3},
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and, consequently, implies 7, = 0. O

The previous result proves Proposition 1.1: if dim(n’) = 2 or dim(n’) = 3 and v’ is calibrated by ¢,
every GoT-structure on n is coclosed. Note however that, when dim(n’) = 3, there exist GoT-structures
with n’ not calibrated by ¢ that are not coclosed:

Example 5.2. For any real numbers x,y consider the 2-step nilpotent Lie algebra structure on R”
with n’ = (eq, €6, e7) and structure 2-forms

de* = el 4 zel? 4 ye?3, deb = e'® — ye?, de” = —e3 4 ze®.

Then the G structure defined by (2.1) satisfies di) = €2 A1), so it has 79 = 0 and 71 = %62. Note that
the Lie algebra is isomorphic to ng3 @ R if z = y = 0, and to n73 g otherwise.

Combining Lemma 5.1 with [8, Prop. 4.4], we obtain the following.

Corollary 5.3. If dim(n') = 2 and ¢ is a GoT'-structure on n, then n is decomposable. In particular,
n is isomorphic to one of the following Lie algebras: ns o © R2, h3 ® h3 B R, hg O R, ng2 ®R.

Lemma 5.4. Assume that the Go-structure ¢ given by (5.1) has 7o = 0 (and thus 71 = 0 by Lemma
5.1). Then

3
dH, = —4\ (oq/\22/\Z3+a2/\z3/\zl+a3/\zl/\zz) + <12)\2—Z|ai|2> *xc 1.
i=1
Proof. Using (5.5) and (5.3), we compute

3
*dp = % (Zwi/\ai—i—al/\22/\z3+a2/\z3/\z1+a3/\zl/\z2>
i=1

3 3
= Z ai 2" N2 A2+ Z(*tai) Az
i=1 i=1

3
=6A2' A2 A2+ Z(*tai) Az
i=1
Since H, = 2Xp — *dy (cf. Remark 2.1), it follows that

3 3
H,=—6 2" N22 A 23 — Z(*tai) Az +2)\Zwi ANzt 2X2P A2 A28
i=1 i=1
We then compute using again (5.3):

3
dH, = — 6\ (a1/\22/\23—ag/\zl/\zg—{—ag/\zl/\zz)—Z|ai|2*t1
i=1
3
+2)\Zwi/\ai+2)\a1/\zz/\z3—2)\042/\z1/\z3+2)\043/\21/\z2
i=1

3
= —4)\(041/\22/\z3+a2/\z3/\zl+a3/\zl/\z2)+ <12)\2Z|ai|2> *e 1,
i=1

We now focus on the instanton equation. We first note that any F' € A?n* can be written as
(5.7) F=Fy+u Azl +mA22+uAd+a122 A2 +a2 Azt +azzt A 22,

for some Fy € A%t*, vy, v9,v3 € t*, and aq, as, a3 € R.



THE HETEROTIC G2-SYSTEM ON 2-STEP NILMANIFOLDS ENDOWED WITH PRINCIPAL TORUS BUNDLES 19

Lemma 5.5. Let F' € A*n* be any 2-form, expressed as in (5.7). Then
FoANw;, =0, Vi € {1,2,3},
dF =0, S viAa; =0,
F/\lﬁ:o, Zg’:lvi/\wizo,
a] — a2 = as = 0.
Proof. Since Fy,v1,v9,v3 are closed, we have
dF = —vi Nag — v Aae —v3 A as + (ag as —agag)/\z1 + (a3 —alag)/\ZQ—i—(alag —agal)/\z3,
and then
v Aar+v2 Aag +v3 Aasg =0,
dF — 0 azag —agag =0,
az ] —a) g = 0,
a] g — ap xp = 0.
If dim(n’) = 2, then a3 = 0 and o1 and a9 are linearly independent. If dim(n’) = 3, then a1, as and
as are linearly independent. In both cases, the previous system shows that a; = as = a3 = 0, hence
dF =0 {Ul/\a1+vg/\a2+vg/\a3:0,
a] — a2 = as = 0.

Moreover,

FAp=(Fo+v A2t + A2+ 03 AZ)A (Wi A2 A Fwup A2 Azl Fwz Azt A 22+ %)

3
:Fo/\w1/\zQ/\z3—|—F0/\w2/\z3/\z1+Fg/\w3/\zl/\z2+ (Zwi/\m) /\zl/\z2A23,
i=1
whence
FoAw; =0, Vi€{1,2,3}
Zg’zlvi/\wizo

which implies the claim. O

FAYp=0 < {

Proposition 5.6. Assume that the Ga-structure ¢ given by (5.1) has o = 0 (and thus 71 = 0 by
Lemma 5.1). Consider e1,...,e, € R~ {0}. Then the 2-forms F" = Fj + Y.0_ vl A 2" € A?n*,
1 <r <k, satisfy

dF" =0,
(5.8) F'NY=0,

dHy,=YF_ e, FT AN FT,

if and only if the following equations are satisfied

(5.9) F§ANw; =0, vie{1,2,3}, Vre{l,...,k},
(5.10) S e FyAvF =0, Vi e {1,2,3},

(5.11) P A =0, vre{l,...,k},

(5.12) S2 v Aw =0, vre{l,...,k},

(5.13) Yooy er [F§P = 20 laaf? — 1222,

(5.14) Zl::1 er V] Avy =2 a3,

(5.15) Sk e vy AV =2\ ag,

(5.16) Sk e vy A =2)a.
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Proof. Equations (5.9), (5.11), (5.12) come from Lemma 5.5. The first one shows that Fj € A%t* is
anti-self-dual, so F§ A Fy = —|FJ|? % 1, for all 1 <7 < k. We then have
FTAFT = —|FiP s 1 =207 Avh A2 A 22 — 20T A A2t A 23
5.17 5 .
(5:17) —QUgAvg/\zQAz?’—i—ZFg/\vf/\zl.
i=1
Taking into account Lemma 5.4, we obtain that the equation dH , = Zle er F" A F" is equivalent to
(5.10) and (5.13)—(5.16).
O

Remark 5.7.

e Equation (5.12) implies that, for every r, v} is determined by v] and v}. Indeed, if we denote by
{J1, J2, J3} the hypercomplex structure on v induced by {wi,wa,ws}, then (5.12) is equivalent
to

Ug = —JQU’{ + leg .
e When X # 0, Equations (5.14)—(5.16) together with (5.12) imply (5.4). Indeed, we have

k k
1 1
al/\wQ—z)\<§ erngv§>Aw2——2)\§ er U3 AUy A wo
r=1 r=1

k k
1 1
=3 E ervg/\(fv{/\wlfvg/\wg):ﬁ g er V5 AU Awp = ag Awi,
r=1 r=1

and, similarly, a3 Aws = az Awi and as A wg = ag A wo.

In summary, if a 2-step nilmanifold M = I'\ N admits an invariant solution (¢, P, 0, (-,)¢) to the
heterotic Go-system and either dim(n’) = 2 or dim(n’) = 3 and ¢ calibrates n’, then equations (5.3),
(5.4) and (5.9)-(5.16) must hold. This will allow us to determine certain constraints on the Lie algebra
n or on the signature of the bilinear form (-, -)¢ imposed by the existence of solutions. Conversely, we
can state the following existence result, which is analogous to Proposition 4.9.

Proposition 5.8. Consider the vector space R* endowed with the standard basis {e1, e, e3,e4} and
the standard SU(2)-structure (wy = e — €24, wy = —e — €23, w3y = e'2 + €34). Then, any solution
of the equations (5.3), (5.4) and (5.9)-(5.16) such that the 1-forms vi,v2,v3 € (RY)*, the 2-forms
a1, a9, a3 € A2(RY* and Fy € A2(RY*, 1 < r < k, are integral with respect to the standard basis
of R, gives rise to a 2-step nilmanifold endowed with a k-torus bundle and admitting an invariant
solution to the heterotic Ga-system.

Proof. Consider the 7-dimensional vector space n := R* @ (z1, 22, z3) and endow it with the product
metric g for which the vectors 21, 29, 23 are orthonormal. Then, if {e!, e?,e3,e*, 21, 22, 23} denotes the
dual basis, n becomes a 2-step nilpotent Lie algebra by imposing

(del,de?, de?, de, dz", dz?, dz*) = (0,0,0,0, a1, a9, az),

where the 2-forms a1, a9, a3 are extended to n in the obvious way. The derived algebra of n is
n = (21,29) if a3 = 0 and n’ = (21, 29, z3) otherwise. Since the 2-forms aq, g, as are integral with
respect to the basis B = {ey, ea, €3, €4, 21, 22, 23} of n, the simply connected 2-step nilpotent Lie group
N = exp(n) has the cocompact lattice I' := exp(spany(6eq, 6es, 6e3, 64, 21, 22, 23) ), and we can consider
the 2-step nilmanifold M = I'\IN. Moreover, the hypothesis on vy, v, v3 and on the Fj’s ensures that
the 2-forms F" = Fj + Z?’ ol A2, 1 < r <k, are integral with respect to the basis B. Therefore,

i=1"1
Theorem A.3 ensures then the existence of a principal T*-bundle P — M = T'\N endowed with a
connection # whose curvature is Fy = Zle F't,, where {t1,..., 1} is a basis of the Lie algebra of T*.

The 3-form ¢ given by (5.1),

cp:cul/\zl+wz/\22+w3/\z3—|—zl/\z2/\z3,
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defines a Go-structure on n inducing the product metric g. Since equations (5.3) and (5.4) hold, ¢
is coclosed and has 75 = 1—72)\, so it gives rise to a Gg-structure of the same type on M = I'\N. If

we define (-, )¢ := Zle et" ®t", we then obtain an invariant solution (g, P, 6, (-, -)¢) to the heterotic
Go-system on M =T\ V. O

5.1. Proof of Theorem 1.3-(i). As we observed in the introduction, it is sufficient to construct a
solution to the heterotic Go-system when ki =1, k_ = 0, and with n’ calibrated by ¢ if dim(n’) = 3.
We consider R endowed with the standard SU(2)-structure (w; = e!3 — 2!, wyp = —elt — e, w3 =
el 4+ e31), and we apply Proposition 5.8. We first express a1, as (and a3) by solving (5.3) with A =0
and (5.4). Then, we choose v; = vy = v3 = 0, so that most of the equations given in Proposition 5.6
are satisfied. We are left with equations (5.9) and (5.13), which are easy to solve: it is sufficient to
consider any self-dual 2-form F} € A%(R*)* and scale it appropriately. If dim(n’) = 2, we obtain the
following solutions to (5.3) and (5.4):

o a1 =e3, ay = e??, which gives a solution for n =2 n52 @ R2:

o a; =el3 el ay = —e? + e?*, which gives a solution for n = b3 @ hs O R;
o a; =el3 — e ay =e!? 4 €23, which gives a solution for n = hg o R;

o a1 =2e!3 ay = et + €23, which gives a solution for n = ng > @ R.

If dim(n') = 3, we have

o ap =e3 ay =2e?, a3z = e'?, which gives a solution for n =2 ng3 O R;

o o =e? an = e??, a3 = 2e'2, which gives a solution for n =2 n7.3 A;

o a; =el?+el3 ay =2, a3 = —e?* + €34, which gives a solution for n = 173 B;

o ap = —e! ap =2e!3 + e, a3 = e'? — 34, which gives a solution for n = 7.3 B;;

o a; =€ ay =23, a3 = e'2 + €34, which gives a solution for n = n7.3.0;

o o =e? et 43 ay = —e!3, az = 2e?*, which gives a solution for n = n7.3.D;

o o =el? —e3 g =el® + e, a3 = e — €23, which gives a solution for n = n7.3.D;-

By Proposition 5.8, the above algebraic data provide a solution to the heterotic Ga-system on nilman-
ifolds associated to each of the Lie algebras above and endowed with principal S'-bundles.

5.2. Proof of Theorem 1.3-(ii). Assume dim(n') = 2.

5.2.1. The case k = 1 and A # 0. Since k = 1, we can drop the superscript in Fj,v], vy, v5, in
equations (5.9)—(5.16), and consider them as a system in the unknowns Fy, vq, va, vs3.

It is easy to check that there are no solutions in this case. Indeed, since Fy € A?t* is anti-self-dual,
Equation (5.10) implies that either Fy = 0 or all v;’s are 0. The condition v; = 0 for every i implies
that the «;’s vanish, which gives a contradiction, since n is not abelian. Hence, we must have Fy = 0.
Combining (5.14)—(5.16) with (5.11) we get

vi Avg Avg =0.

This means that vq, ve, v3 are linearly dependent. Hence, by (5.14)—(5.16), a1, a2 and a3 are collinear,
which contradicts the assumption dim(n’) = 2.

Remark 5.9. The same argument shows that there are no invariant solutions with k = 1 and A\ # 0
when dim(n’) = 3 and v’ is calibrated by ¢.

5.2.2. The case k = 2 and A # 0. We show that there are no solutions in this case either. Here we
consider equation (5.3) (see Remark 5.7) together with the system (5.9)—(5.16) with a3 = 0 in the
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variables v; = vil and w; = v?:

(5.18) FIAw; =0,  Vie{l,2,3}, Vre{1,2},

(5.19) er Fg Avi+ea FG Aw; =0, Vie{1,2,3},

(5.20) viAa]+va Aoy =wg Aag +we Aag =0,

(5.21) AW+ Aws+v3Awg =wi Awi +ws Aws +ws Awg =0,
(5.22) e1 |FE1? + 2 |[FE? = =122 + |aq |? + |aa)?,

(5.23) g1 Avg +egwi Awe =0,

(5.24) e1v3 Av1 +eawg Awi = 2X s,

(5.25) e1va ANvg +egwa Awg = 2N .

Equation (5.23) implies that v, ve, w;, we belong to the same plane, which we denote by P. Moreover,
since we are assuming A # 0, (5.24) and (5.25) give

1
(5.26) a2:——(512}1/\v3+52w1/\w3), (o731 (51112/\v3+52w2/\w3).

2\ T 2a
Let {f1, f2, f3, fa} be an orthonormal basis of t* such that {fi, fo} is a basis of P and write

(5.27) mAvs=afiAfa, viAws+wiAve=2bf1Afo.
Lemma 5.10. The following relation holds

e1a’ + 90> =0.
Proof. Equations (5.20) and (5.26) imply the two relations

(5.28) 2e1 11 /\vg/\vg+82w3/\(v1 /\wz—l—wl/\vg) =0,
(5.29) 289 w1 A wo A wsg + €103 A (’U1 A wo + wq /\UQ) =0.

Using (5.23), equation (5.29) becomes

(530) 2’1)1/\1)2/\103—2)3/\(1)1/\1024—201/\1)2):0.
We can rewrite (5.28) and (5.30) as

(5.31) (e1avs +eabws) A fi A fo =0,

(5.32) (awg—bvg)/\fl/\fgzo.

Moreover by setting
(5.33) vy =vs+afs+a'fa,
. wy = ws +yfs+y fu,

with vg, wy € P and z,2’,y,y" € R, system (5.31)—(5.32) becomes

grax+exby=0
bxr—ay=0
(5.34) , ,
erax +e2by =0
br' —ay =0
which implies

r=y=a'=y =0 or ea®+eb®>=0.
If x =y =2a'"=9y =0, then both v3 and w3 belong to P, so by (5.26) the structure 2-forms «; and
g are proportional, which contradicts dim(n’) = 2. Hence, e1a® + e2b® = 0, as claimed. O

Lemma 5.11. The forms vi Ave and vi Aws+wi Ave are nonzero, namely ab # 0 in Equation (5.27).
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Proof. Assume by contradiction that ab = 0. Then, Lemma 5.10 implies a = b = 0. Thus
(5.35) V1 AUy =wi Awy =v1 Awg +wy; Avg =0.

Therefore, v is collinear with vo and wy is collinear with ws.
We claim that in this case the four vectors vy, ve, w1, ws are all collinear. Assume first that v; and
wy are nonzero. Then, we can write

vy = svy, wg = twi,
for some s,t € R. Hence
0=wv; Awy+wy Avg = (t — s)vy A wy.

Since a1 and as are not proportional, ¢ # s and then v; and w; have to be collinear. Hence, the four
vectors v1, v9, w1, wo are collinear. The case v; = wy = 0 is impossible since it would imply as = 0. If
v =0, wy; # 0, we get w; A wy = w; Avy =0 from (5.35), which implies that wg, vy € (w;). The case
v1 # 0, w; = 0 is similar. This proves the claim.

Using the SU(2)-freedom on t*, we can choose an orthonormal basis {e1, e2, €3, e4} of t* in order to
have wy = e —e?, wy = —e!* — €23, w3 =el?2 + ¢34, and

V] = aiey, V2 =ag€1, U3 = a1€4 1 ages,
w1 = brer, wa = boer, w3 = bres+ baes,

where a1, as,b1,by € R with a1b1 # 0 # agbs. The expressions of v3 and ws follow from Remark 5.7.

Now, the second equation of (5.26) gives

1 1
o1 25(61 v A vz + e wy A ws) = 5(51@2 e1 A (areq + agez) + eaby er A (brea + baes))

1
:ﬁ ((CL%El + b%fz) e1 Nes+ (CL1(I2€1 + blb2€2) er N 64) ,
and, analogously, the first equation in (5.26) implies

1
Qg = _ﬁ ((a%sl + b%é‘g) e1 Neyg+ (alagsl + blbgé‘g) er N 63) .

Hence, from (5.3) we obtain

1 1
6\ = (w1, 1) + (wa, 2) = 5(8161% +eb3) + ﬁ(&?w% + eabf),

whence it follows that
(5.36) 1202 = 1 (a? + a3) + e (b3 + b3).
We now consider Equation (5.19), which gives
el A Fy +01F2) =0, ey A(agF} +byF)=0.

Since the wedge product with a non-zero vector maps the space A7t* of anti-self-dual forms on t
injectively into A%t*, we get

a1 Fy + b1 Fy = 0= asFy + boF .

ay az
bi by
Therefore, we obtain Fyj = FZ = 0, so (5.22) becomes

The determinant of the matrix is non-zero, as otherwise a; and as would be proportional.

(5.37) o | + |ag|? = 1222,
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From (5.36), (5.37), and the explicit formulas of a; and ay above, it follows that

1202 = ’041‘2 + |042‘2 (a%el + 6%82)2 + (a251 + 6282) + 2(@1&281 + b1b2€2)2)

| "“\
—_ S| =

o
—

2
3 ((CL%El + b%EQ) + (a%al + bg&?g)) — 2€1€2<a1b2 — a2b1)2)

B
>~

=
/N N

2
(61(&% + a%) + 62(b% + b%)) — 26162(&152 — a2b1)2>

I
e~ e~
y\w
[}

—

3 144)\4 — 28162(&152 — (I2b1)2)

Il
w
D
>

[N}

)\2 —e1ea(arby — aghy)?,
thus
(5.38) Elag(albg - a2b1)2 = 48)\4 .

In particular, (5.37) and (5.38) show that ;62 > 0. Using this and (5.36), we get

(e1(a? + a3) + e2(b? + b3))? = 36)\?,

=

[e1€2(arba — azb1)?| < le1(af + a3)| - |ea(b + b3)| <
which contradicts (5.38). This finishes the proof. O

Corollary 5.12. If dim(n') = 2, there are no invariant solutions to the heterotic Ga-system with
k=2, A # 0 and definite (-, -)¢.

Proof. If (-, )¢ is definite, Lemma 5.10 implies @ = b = 0 which contradicts Lemma 5.11. O

We now claim that having a solution to the system (5.18)—(5.25) implies
arNap =ag ANag = ay Aag =0,

so that n is isomorphic to ns 2 ® R? (cf. Appendix B). Since A # 0, from the expressions of a; and as
given in (5.26) we obtain

£1¢€
(5.39) ol N\ ap = 21)\22 vg A vz A wa A ws,
£1¢€
(540) as N\ i = 21)\22 v1 ANvg Awy A ws,
€1€2

(5.41) a1l N\ ag = vz Aws A (v Awy +v1 A we) .

422
Equation (5.20) implies then

g g
0:w3/\(v1/\a1—|—02/\a2):—lwg/\vg/\(vl/\vg—vg/\vl):Xlwg/\vg/\vl/\vz,

2

OZUJ3/\(’LU1/\041—|-’LU2/\O£2) ﬁwg/\vg/\(vl/\w2+w1/\v2)

By Lemma 5.11 we know that v; A vo and v; A wy + wy A ve are non-zero multiples of fi A fo,
so we have ws A vz A fi A fo = 0. Since v1, vy, w1, wy belong to P = (fi, f2), we deduce that
artANag =as ANag = a1 Aag =0, whencen%nm@RQ.

To conclude the proof, we show that there are no solutions in the only remaining case: n = ns o ®R?
and €169 < 0. We consider the decomposition of c; and as into self-dual and anti-self-dual parts:

alzaf—i—af, 042:043“—1—042_.
Then
0=arAar = (Jaf [ —|ag *) % 1,
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implies |of |2 = o |2, Similarly, |of |2 = |ag |2, From (5.3) it follows that

a1 |? + Jaol® = 2(laf 2 + [ |?) > (of ,wi)? + (aF ,w2)? = (a1, w1)? + (g, w2)?

1
> §(<a1,w1> + <a2,w2>)2 = 18)\2%.
Using (5.22) we then have
e1|Fy|? + &2 [ F§? = —12)% + |au * + o |* > 6X%,

whence we deduce that at least one of the anti-self-dual forms FO1 and FO2 is non-vanishing. We assume
F2 # 0. Taking the Hodge dual of (5.19) yields

€1 F()I(Ui)—i—SQFOQ(wi) =0, Vi € {1,2,3},
showing that there exists an endomorphism A := —%(FOQ)_1 o F} € End(r*) such that w; = A(v;)
for all i € {1,2,3}. Moreover, since Fj and F§ belong to A~t*, the endomorphism A is of the form
wly + B, with p € R and B € A7v*.

In view of Lemma 5.11 v; A vy # 0, so from (5.23) it follows that A preserves the plane P and its
orthogonal complement P+. Therefore, using the fact that ws = A(v3) together with (5.33), we obtain
A(zfs+2'f1) = yfs + ' f4. On the other hand, the second and fourth equations in the system (5.34)
together with Lemma 5.11 show that the couples (z, ) and (y,y’) are proportional: (z,2") = §(y,y’).
Moreover, we must have (y,y") # (0,0), since otherwise vs, w3 would belong to P and a1, ay would
be proportional. Therefore, = f3 + 2’ f4 € P+ is an eigenvector for A, and thus also for B = A — uly.
Since B is skew-symmetric, its only possible real eigenvalue is 0, so B has non-trivial kernel. However,
the only element in A~t* with non-trivial kernel is 0. This shows that B = 0 and thus w; = pwv; for
all i € {1,2,3}. By (5.23) we thus get e + pu?e2 = 0, so (5.24) gives as = 0, which is a contradiction.

This concludes the proof of Theorem 1.3-(ii): there are no invariant solutions to the heterotic Go-
system with £ = 2 and A # 0 when dim(n’) = 2.

5.2.3. The case k = 3 and X\ # 0. In this case, we show that there is a solution when n = n5 > ®R2. We

may assume a3 = 0 and rewrite system (5.9)—(5.16) in the variables v; = v}, w; == v2, and u; = v3,

1 < ¢ <3 as follows: a
) FyAw; =0, Vi,r € {1,2,3},
) e1 Fg Avi+ea FG Aw; +e3 F3 Ay =0, Vie{1,2,3},
) v Ao +va Aag =wi Aag +wa Aag =ui Aag +us Aag =0,
5.45) Z?:1 vi A\ w; = Z?Zl w; A\ w; = Z?:l u;i Aw; =0,
) 1 [FUR 4 e [FP + g [F3J? = —12)% + Jau? + Jao?,
) €101 Avg +egwi Awa +ezur Aug =0,
) €1v3 Avp + g w3z Awy + e3ug Aup = 2 as,
) €1V A U3 + g9 Wy A wsg + e3us A uz = 2Xaq .
According to Proposition 5.8 and Remark 5.7, it is sufficient to provide a suitable solution to

equations (5.3) and (5.42)-(5.49) on the vector space R* = (e1, e, €3, e4) endowed with the standard
SU(2)-structure (wy = e'? — €24, wy = —e!* — 23| w3 = e!?2 4 €3*). One such solution is the following:

vlzel,vgzo,v3:e4, w1:0,w2:el,w3:63, up = ug = uz =0,
e1=1222 —t, eg=t, e3=1202—-3t+ 4%2152, (t € R),
Fl=F}=0, F3=eB+4e
On the 7-dimensional vector space n = (ey, e, €3, e4) ® (21, 22, z3) we then have
t o ot — 12X L

alzﬁ y Qg = 2\ )
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and
Fl=eclnzl4etnz?, F2P=e'N224+e3N23, F3=el3 42,
We note that the 2-forms F', F2, F3 are integral with respect to the considered basis of n. Since we

also want the 2-forms «q and a9 to be integral with respect to the same basis, we let ¢ = 2\, with
A € Z ~ {0}. The 2-step nilpotent Lie algebra n has then structure equations

(de',de?, de?, de*, dzt, dz?, dz®) = (0,0,0,0,e'3, (1 — 6)A) e, 0),

2-dimensional derived algebra n’, and it is easily seen to be isomorphic to ns 2 ®R2. We also note that
the choice £ = 2 implies

g1 = 1202 —2)\, g9 =2\, e3=1222 -6\ +1,

so that the possible bilinear forms (-, )¢ on & = Lie(T?) corresponding to this solution have signature
(ky,k_)=(3,0) when A > 1 and (ky,k_) = (2,1) when A < —1.

5.3. Proof of Theorem 1.3-(iii). Finally we assume dim(n’) = 3 and that ¢ calibrates n’.

By Remark 5.9, there are no invariant solutions with A £ 0 and k& = 1, so we directly focus on the
case k = 2 and A # 0. In this case, the system (5.9)—(5.16) can be written in the variables v; == v}
and w; = vl-2 as follows

(5.50) FyAw; =0, Vi e {1,2,3}, Vr € {1,2},

(5.51) g1 Ff Avi +ea FR Aw; =0, Vi e {1,2,3}

(5.52) Ao+ ANag+v3Aaz=wi Aag+wr Aag +w3 Aag =0,
(553) VAW +vaAwo+v3Aw3 =wi Awy +we Aws +w3 Awg =0,
(5.54) e1 |FL 2 4 ea | FE)? = —120% + |ou | + |aw|? + |as)?,

(5.55) €1 V1 NV + e wy A wy = 2Aag,

(5.56) e1v3 Avy +eaws Awy = 2dag,

(5.57) g1v2 A3 + g9 wa A wz = 2Xa .

We first prove that the existence of a solution of the system with A % 0 forces the 7-dimensional
Lie algebra n to be isomorphic either to ng3 @ R or to n73 4. Then, we provide an example for the
first possibility and show that the second one cannot occur.

Since we assume A # 0, we can write from (5.55)-(5.57):

1 1
o1 13 A3 +eqwa Aws), ag = —(e1v3 Avp + 2wz Awy), ag = 5(51 v1 A vg + g wi A wa).

_ 1
2A 2\

Using these expressions in (5.52), we obtain

(5.58) 3e1v1 Ava ANvg+eav1 ANwa Aws +e2v2 Awg Awy +eavs Awp Awe = 0,

(5.59) 3eogwi ANwag Aws +e1wi ANva Avs+e1wa AvsAvy +e1w3 Avy Avgy =
Next we show that a; A o; = 0 for 1 <1 < 3. Assume by contradiction that

£1€2

2)\2U1Aw1/\w2/\v2750.

a3 N\ ag =
Then {vy,ve, w1, ws} is a basis of t*, and we can write

v3 = a1v1 + agVy + aswi + aqwe, w3 = bivy + bovg + bgwy + bywo,
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for some real numbers ag, b, 1 < k < 4. Substituting these expressions into (5.58) and (5.59), we
obtain

0= (3(1361 — 5182) v1 N v ANwy + (3@481 — b2€2) v1 A\ v N\ wa
+ (bg — CLl)EQ v1 AN w2 AN wp + (b4 — a2)€2 v2 N\ wa N\ wy,
0= (3[)182 — a381)’w1 A wo N vy + (3b2€2 — a4€1) w1 N\ wa A vy

+ ((11 — 63)51 w1 ANve ANvp + (CLQ — b4)€1 wo A\ vg N\ V1.

These equations give
by =az, bz3=a1, by=by=a3=a4=0,
and thus
VU3 = a1v1 + agv2, w3 = a1wW1 + aws.

From (5.56) and (5.57) we then get

2)\a2:51v3Av1+52w3/\w1 :a2(€11}2/\’01—|—62’w2/\w1),

2)\0&126102/\2}3—|—62w2/\w3:a1(€11}2/\’l)1—|—62’w2/\w1).

Since A # 0, this contradicts the fact that a; and g are linearly independent. Consequently, agAas =

0. By similar arguments, we also obtain as A as = a3 A a; = 0.
1

Replacing the orthonormal basis {z1, 29, 23} of n’ with {ﬁ(zl + 29), %(zl — 29), 23}, the structure

form « is replaced by %(al + a3), so the same argument as before shows that 0 = (a3 + ag) A (a1 +
a2) = 2a1 Ay, and similarly 0 = a1 A g = aa A az. This shows that either n = ng3 @R or n = ny3 4.

To conclude the discussion, we provide an invariant solution to the heterotic Go-system with A # 0
and k = 2 for n = ng 3 © R and show that there are no such solutions when n = n7 3 4.

5.3.1. The case n = ng3 @ R. We describe here an invariant solution to the heterotic Go-system with
A # 0 on a 2-step nilmanifold M = I'\V corresponding to a Lie algebra n = ng3 @ R and endowed
with a T2-bundle. By Proposition 5.8 and Remark 5.7, it is sufficient to provide a suitable solution to
equations (5.3) and (5.50)-(5.57) on the vector space R* = (e1, ea, 3, e4) endowed with the standard
SU(2)-structure (wq,ws,ws). We consider the following solution:

v = 261, Vg = 62, vy = 64, w; =0, wo= 264, wy = 262,

3
g1 =2)2, g = 5%, Fl =F? =0,
so that on the 7-dimensional vector space n = (e1, ea, €3, e4) @ (21, 22, 2z3) we have

a; = =2 e*,  ag = -2 e, a3 =2)1e'%,

Fl=2e" Azl 42 A 22+ et A 23, F?2 =2¢* A 22 +2e% A 25
Now, n is a 7-dimensional 2-step nilpotent Lie algebra with structure equations
(de',de?, de?, de*, dzt, dz?, dz®) = (0,0,0,0, —2X\ 4, —2X e, 2) e1?),

and 3-dimensional derived algebra n’ = (es, g, e7); it is isomorphic to the decomposable Lie algebra
ng 2 @ R. The choice A € Z \ {0} ensures that the 2-forms «;, ap and a3 are integral with respect to
the basis {e1, ez, e3,e4} of R*. Since also the 1-forms v;,w;, 1 < i < 3, and the 2-forms Fj and F?
are integral with respect to the same basis, the existence of the solution follows from Proposition 5.8.
Note that the bilinear form (-,-)¢ on £ = Lie(T?) has signature (2,0).
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5.3.2. The case n = n73 4. We finally show that there are no solutions when n = n73 4, A # 0 and
k=2.

Proposition 5.13. Ewvery invariant solution (¢, P,0,(-,-)¢) to the heterotic Ga-system on a 2-step
nilmanifold M = T'\N, where P is a principal T?-bundle, n = n73 4 and ¢ calibrates w', has A\ = 0.

Proof. Assume that there exists a solution to the system (5.50)—(5.57) with X\ # 0. Since n = ny3 4,
there exists a basis { fo, f1, f2, f3} of t* such that the structure forms «; are given by a; = fo A f; for
all 7 € {1,2,3}. We decompose

v; = aifo + vj, w; = b; fo + wj,
with a;,b; € R and v}, w} € (f1, f2, f3). Then the system (5.55)—(5.57) decouples into
(560) €1 ((Il’Ué — CLQ’Ui) + &2 (blw’2 — bgwll) =2)\fs3,
(5.61) e1 (azv] — a1vh) + €2 (bsw) — bywh) = 2\ fa,
(5.62) €1 (agvé — agvé) + &9 (bgwé — bgwé) =2\f1,
and
(5.63) g1 V) AUy +eqw) Awh =0,
(5.64) ELUs AV +eqwh Awi =0,
(5.65) e1vy ANV +eqwy Awy =0.

Assume that v} and w) are linearly independent, spanning a plane P C t*. Then by (5.63), v}
and w) belong to P, and by (5.64) v5 and wj belong to P as well. Then by (5.60)—(5.62), f1, f2, f3
belong to P, a contradiction. Consequently, there exists a nonzero form x; € t* and real numbers
t1,81 € R such that v] = 121 and w] = s;x1. A similar discussion shows the existence of nonzero
forms zg, xg € t* and real numbers t9, t3, s2, s3 € R such that v} = t;z; and w} = s;x; for i € {2,3}.

Note that x1, z9, 3 are linearly independent, as otherwise (5.60)—(5.62) would again contradict the
linear independence of fi, fa, f3. Substituting the new expressions of the v}’s and w}’s in (5.63)—(5.65),
we get

(5.66) etit; +€28;8; =0, Vi#j5€{1,2,3}.

We also remark that (t;,s;) # (0,0) for every ¢ € {1,2,3}. Indeed, otherwise we would get from
(5.60)—(5.62) that fi, fa, f3 belong to the plane generated by x;, i, where {j,k} = {1,2,3} ~ {i}.
We claim that s;t; # 0 for every i € {1,2,3}. Assume, for instance, that s; = 0. Then we
must have t; # 0, so from (5.66) we get to = t3 = 0, and thus sys3 = 0, which is impossible since
(t2,82) # (0,0) # (t3,s3). This proves our claim for ¢ = 1; the proof in the remaining cases is
analogous.
Dividing each equation of (5.66) by t;t; immediately shows that

% = i—j for every i, j € {1,2,3}, so
there exists a real number ¢ such that s; = ct;, and consequently w] = cv] for every i € {1,2,3}.

Using this, the system (5.60)—(5.62) becomes

(5.67) c1vy — c2v] = 2Mf3,
(5.68) cavy — vy = 2Mfa,
(5.69) covy — c3vy = 2Af1,

where ¢; == e1a;+ceab; fori € {1,2,3}. Multiplying (5.67) by c3, (5.68) by c2, (5.69) by ¢; and summing
the results, gives 0 = 2XA(c1f1 + caf2 + c3f3). Since we assumed A # 0, by the linear independence
of f1, f2, f3 we must have ¢; = ¢ = ¢3 = 0, which by (5.67)—(5.69) again gives f1 = fo = f3 =0, a
contradiction. Thus, A = 0. O

Remark 5.14. We notice that in fact we only used the equations (5.55)—(5.57) in order to prove
Proposition 5.13.
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6. OPEN QUESTIONS

In this final section, we collect some open problems related to our results:

e Theorem 1.3-ii. When n = n5o @ R2, we prove the existence of invariant solutions to the
heterotic Ga-system with A # 0 and k = 3 (see Subsection 5.2.3). We suspect that the existence
of invariant solutions to the system when dim(n’) = 2, X\ # 0 and k£ = 3 might force the Lie
algebra n to be isomorphic to ns > ® R2. Moreover, the solution described in Subsection 5.2.3
depends on 1 integer parameter which determines the signature of (-,-)¢: it can be (2,1) or
(3,0). The existence of invariant solutions for which (-,-)¢ has signature (1,2) is an open
problem.

e Theorem 1.3-iii. The heterotic Go-system admits invariant solutions on a 7-dimensional 2-
step nilmanifold M = I'\N with X # 0, k = 2 and ¢ calibrating n’ if and only if n = ng 3 @ R.
In Subsection 5.3.1 we described an invariant solution such that (-, -)¢ has signature (2,0). The
existence of invariant solutions for which (-, -)¢ has signature (1,1) is an open problem.

e dim(n’) = 3. In this case we only considered invariant solutions with ¢ calibrating n’. It might
be interesting investigating whether solutions occur only in this case or whether there exist
invariant solutions such that n’ is not calibrated by ¢. Moreover, the existence of invariant
solutions with a principal T*-bundle is an open problem for k& > 3.

APPENDIX A. A CONSTRUCTION OF PRINCIPAL TORUS BUNDLES OVER 2-STEP NILMANIFOLDS

The aim of this section is to show how to construct a principal torus bundle over a 2-step nilmanifold
starting with a suitable 2-form. We first introduce the setting, and then we state and prove the result.

Let N be a simply connected n-dimensional 2-step nilpotent Lie group with Lie algebra n. Consider
a complementary subspace v of the derived algebra n’ := [n,n], so that n = v & n’. Assume that n
has integer structure constants with respect to a basis B = {e1,...,e,_n/, 21, ..., 2y } adapted to the
splitting n = v & 0/, where n’ = dim(n’). Then

(A1) I' == exp (spang(6eq,...,6€,_p/, 21, ..., 2n'))

is a cocompact lattice in N, and M = I'\ N is a 2-step nilmanifold. We shall refer to I as the cocompact
lattice determined by the basis B.

Remark A.1. Clearly, the cocompact lattice I' defined in (A.1) is not the only one contained in N that
one can construct starting from the basis B. It is however the simplest one for which the construction
discussed in this appendix works, as we will see in the proof of Lemma A.10.

Definition A.2. An RF-valued p-form F € APn* ® RF is said to be integral with respect to the basis
B of n if there exists a basis {t1,...,%} of R* such that FF = Zle F" ®t., where F" € APn*, and
FT(x1,...,zp) € Z for every z1,...,xp € Band 1 <r < k.

The main result of this appendix is the following.

Theorem A.3. Let n be a 2-step nilpotent Lie algebra having integer structure constants with respect
to a basis B. Let N be the simply connected nilpotent Lie group with Lie algebra n, and let ' C N be
the cocompact lattice determined by B. Then, for every integral closed 2-form F € A?n* @ R* there
exists a principal TF-bundle over M = T'\N admitting a connection 1-form 0 with curvature Fy = F.

It is sufficient to prove Theorem A.3 for principal S'-bundles, namely for F' € A?n*. In the following,
we shall denote a k-form or a vector on the Lie algebra n and the corresponding left-invariant form or
left-invariant vector field on N using the same symbol.

Since N is contractible, we have F' = do for some (not necessarily left-invariant) 1-form o on N.
Let v € T'. Since

do =~"(do) = d(v"(0)),
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we have d(v*(0) — o) = 0. Hence there exists a function f, € C°°(IV) such that
(A.2) df, = 1"(0) — 0.

Moreover, we can take f1, = 0.
For v1,v2 € T', we have both

(’7172)*(0') =0+ df’h’yz
and

(m72)*(0) = (v2)" (0 +dfy,) = o +dfy, +dV5 fry
whence it follows that
dfy, + d'Y;fvl — dfy,y, = 0.
Consequently,
(A.3) fro TV fyn = frume = Cyume €R

is constant.

In summary: for every v € I', the potential o € Q!(N) gives rise to a function f» through the
identity (A.2). Moreover, the functions corresponding to different elements of I' are related by the
identity (A.3).

Next consider N x S!. For y € I' let 4: N x S — N x S! be the map
(A.4) A(x, 2ty = (Wg,e?ﬂ(t—fw(w))) '

Lemma A.4. If ¢, is an integer for all y1,v2 € I', then (A.4) defines an action of I' on N x St
Proof. Let v1,7v € I'. We have
72, 2Tty = (7172x762m(t—fw172 (z») _ (mevezma—m(m)—fﬁ (’ygm)-&-cm,lw))
and
51 (Bl 271) = 41 (,Y2$’e2rri(tffv2(x))> _ (71,},2%eQwi(tffwz(x)*fwl(’m))) 7
whence it follows that
m(x,e%it) = (’72(1’,82mt)) = Cyyp €ZL.
O

Proposition A.5. If ¢,,,, is an integer for all v1,7v2 € I', then there exists a principal S-bundle
I'\(N x S') = I'\N endowed with a connection form 6 with curvature d = F.

Proof. We know that T" acts on N x S! as in (A.4) and it is clear that this action commutes with the
action of S on itself by left multiplication. Thus, I'\(N x S!) is the total space of a principal S!
bundle over I'\N. The 1-form 6 = o +dt on N x S!, with o0 € Q!(N) such that F = do, is [-invariant.
Indeed, for all v € T’

Y(0) =~ (o) +dy*(t) =oc+dfy +d(t—f,) =dt+0=19.

This shows that @ defines a connection 1-form on I'\(N x S') with curvature df = do = F. O

We now show that the assumption of the previous result holds when the closed 2-form F is integral
with respect to the basis B = {e1,...,ep_pn/,21,..., 2y} of n = v @ n'. This will prove Theorem A.3
for S bundles.

We denote by {e!,... e 2l z"/} the dual basis of B, so that {z!,..., z”/} is a basis of (n')*
and {e!,... ,e"_"/} is a basis of v*. Since n is 2-step nilpotent, we have dz" € A%v* and de’ = 0.

Since A?n* = A2(n')* @ A%v* @ v* ® (n')*, a 2-form F € A%n* is closed if and only if F' € A%v* @
v* ® (n')*. We can then write an integral closed 2-form F as follows

F:F1+F2,
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where
P = Z F.se" Ne® e A?v*, = Z Z Fret A" €ev* ® (n')*,

1<r<s<n—n/ 1<i<n—n/ 1<r<n/
and F,g, Fjy € Z.

We claim that the left-invariant 2-form F has a potential o € Q!(IV) giving rise to functions f for
which the constants c,~, given by (A.3) are integers for all 71,72 € I'. By linearity, it is sufficient to
prove this for F} and F5 separately. This will be done in Lemma A.7 and Lemma A.10, respectively,
and will complete the proof of Theorem A.3 for S bundles.

We begin with a preliminary result.

Lemma A.6. Let § € w* and define the scalar function ug € C°°(N) via the identity
ug(e™) = B(X),
for all X e n. Then df = % ZISi,jgnfn/ bijei Nel = Zlgmgnfnl bijei ®el, for certain bi; = —bj; € R,
and .
8= du/g + 5 Z bijueiej.
1<i,j<n—n’
In particular, if B € v*, so that dB = 0, then

B = dug.
Proof. Since n is 2-step nilpotent, for every A, B € n the following identity holds
1
eAeB = A+BT3lAB]

by the Baker-Campbell-Hausdorff formula.
Let Y be a left-invariant vector field on N and p = e? € N. Then, we have

) =

us

( eZ+tY+%t[Z,Y]> d
t=0

T odt

Y, (ug) = di B (Z FHY + %t[Z, Y]>

; O'LLﬁ (pe

dt

t= =0

= BY) + 5B(Z,Y]) = (V) — dB(ZY) = B) — 5 3 byl () (V)

1<i,j<n—n’

=805 Y @)= (85 Y b | ().

1<i,5<n—n’ 1<i,j<n—n’

P
The thesis then follows. H
Lemma A.7. The left-invariant integral closed 2-form Fy has the following potential
o1 = Z Fosuere® € Ql(N).
1<r<s<n—n/

It gives rise to functions f. for which cy,~, € Z, for all 1,72 € I'.

Proof. By Lemma A.6 we have " = duer, so we can write

= E F.e" Ne® = E Frsd(uer €®) = doy,
1<r<s<n—n' 1<r<s<n—n/
where
o1 = g Frouer €.
1<r<s<n—n/

Let us focus on the 1-form o,s := u.r €® and let us consider v = e® € I. We claim that

(A.5) Y ter = uer +€"(C).
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Indeed, for all p = e¥ € N, we have
1
Y ter (p) = ter (YP) = Uer (ecey) = Uer <ec+y+2[c,y}> =e"(C)+ e (Y) =ue(p)+€(C),

since e”|y = 0. We now compute
Yiors = Y (uer €°) = (Y uer) € = (uer +€"(C)) €° = 0p5 + € (C)e® = 0y + €' (C)dues .
Using this, we obtain
Y01 — o1 = Z Frse" (C)dues = df,

1<r<s<n—n’

where
fy = Z Frse” (C)ues .
1<r<s<n—n/

C1+Ca+3[C,

For every 71 = €1, 75 = %2 € T', we have 7172 = e CQ], and we then obtain

e = fro T3S = Frine = Z Frs (e"(C)ues + € (Cr)raties — €"(Cr + C2)ues)
1<r<s<n—n/
= Z Frser(cl)es(cb)'
1<r<s<n—n/
Since F,5 € Z and €"(C) € Z for all C € spany(6eq,...,6€,_pn, 21,...,2,), the thesis follows. O

We now focus on the summand F, € v* ® (n')*. First, we rewrite it as follows
= Z Z Fe' N\z" = Z et A ni,
1<i<n—n/ 1<r<n/ 1<i<n—n/

where

n' = Z Fy.2" e (n)".
1<r<n

’

For 1 <i<n-—n/, welet

. 1 ) )
(A.6) o' =dn' = 3 Z cijre’ N e = Z Cijke’ ® v,
1<j,k<n—n' 1<j,k<n—n'
where the components c;; € Z are skew symmetric in the last two indices: ¢;jr = —cik;j.
Remark A.8. Since dz" = —% D 1< k<n—n’ c;fkej A €, where Cj € Z are the structure constants of n

with respect to the basis B, we have
nl
Cijk = — Z FiTC;k'
r=1

The closure of F5 gives
. . 1 . .
0=dFy, =— Z ez/\o/:—i Z cijkez/\e]/\ek,
1<i<n—n’ 1<i,j,k<n—n’

hence it is equivalent to the cocycle condition
(A7) 0 = cpijr) = Cijk + Cjki + Chij
forall 1 <i,j,k<n-—n

The next lemma will be useful in the proof of the last result.

Lemma A.9. Let v = e €T, then for all 1 <i < n—n' the following identity holds

. . 1 .
Y Ui = i +1'(C) — B Zcijkej (Cugk .
j?k
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Proof. Let p =eY € N, then

Vg (0) = s (1) = s (€)= (CHTHOVT) = (C) 441 (¥) + (€, Y)
=g (0) +7(C) = 3 (CY) =ug(p) +7(C) =5 Y el @ HC,Y)

1<j,k<n—n/'

=u,i(p) +7'(C) — % Z cijre’ (Cuer (p)-

1<j,k<n—n/

Lemma A.10. The left-invariant integral closed 2-form Fy has the following potential
1 .
09 = Zueinl _ § Zcijkueiueje .
i 2,7,k
It gives rise to functions f for which cy,~, € Z, for all 1,72 € I'.

Proof. Using the definition of o/ and the cocycle condition (A.7), we obtain
1 o1 —_— —
z:ueiaZ =3 Z CijkUei€ N e = 3 Z(Cﬁk + Crji)ucie! Net = Z CijkUeie’ N e”.

i .5,k 0,5,k .5,k

This identity and equation (A.6) imply that

d g Cijileitge® | = E Ciji(ugie’ A e¥ +ugel Net) =3 g Ugi ",
Z'7j7k i7j7k i

Therefore, since o; = dn’, we have
dog = Zei AN+ Zueidni — Zueiai = Fy,

which shows the first assertion.
Let v = ¢“ € T'. Then, using (A.5) we obtain

) 1 ) .
Yoy — o= (e + € (C))n’ — 3 > cijn(te +€1(C))(ue + € (C))e" — o
i 1,5,k
. 1 . . . .
=2 €O = 3 ) _cijp(uae’ (C) + uee'(C) + € (C)e (C))e.
i i3,k
We claim that v*o2 — 02 = df,, where

; 1 . 1 A A
fy= Z e (O)uyy — 6 Z Cijie’ (C)ugittyr — 3 Z cijre' (C)e? (C)ugk.

1 i,j,k i:jak
First, applying Lemma A.6 to ' € (n')* and using (A.6), we obtain
-1
duni =n' - 5 Z CijkUes ek
1<j,k<n—n'
Using this identity, we get

d (Z ei(C')unz) = Z (Ot — % Zcijkei(C)uejek.

i i 4,9,k
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Moreover, recalling that du,: = e’ and using the cocycle condition Cijk + Cjki + Crij = 0, we have

E Ciji€’ (C)ugitiyr g cijre’ ( )(ugre’ + ugie)

Y ij.k
k j k
= g crji€ (O)ugie® + E cijre’ (Cugie
7]’ i7j7k
k j k
= g —cjik — Cikj )€’ (C)ugie +ZC¢jk€](0)Uei€
’]’ i,j,k
= — E cijre (Cuge® 42 g cijre® (Chugiek.
/L'7.j7k Z'7j7k

An easy computation using the expression of f, and the last two identities proves the claim: df, =
Y*o9 — 09.

Now, consider y; = 1,45 = 2 € T'. Using equation (A.5) and Lemma A.9, we obtain

Yo fy = Z ' (Cr)vauy: — 3 > cijre (C)Y3 e o — 3 > cijre (CL)el (Cr) VU

i,5.k i,5,k
1 , .
= Z Z ) - 5 Z cijkeZ(C’l)e](C’g)uek
1,5,k
4 1 . 4
— = Z cwkej (C1)(ugi + €(C2)) (uer + ek(C'z)) 3 Z c,;jkel(Cl)eJ (C1)(upr + ek(CQ))
i3,k i,k
1 . .
= Z Z C2) =5 D cire' (Cr)ed (Co)uen
ik
6 Zcijkej(cl)ueiuek — ZC”ke Cl — Zcmke Cl )
0,5,k 5,k .5,k
1 . ‘ 1 . .
chke C1)e' (Cy)ek (Cy) — 3 > cijre (C1)el (Ch)uer — 3 > cijre’ (Cr)el (Cr)ek (Co).
i3,k i,k i3,k

C1+C2+%[C1,Cz}

Moreover, since y1v2 = € and e'|,y = 0, we obtain

; 1 4 1 . .
e = Z e'(Cy + CQ)Uni 5 Z Cz'jkej (C1 + Co)ugiuge — 3 Z cijkeZ(Cl + C2)e? (C1 + Co)ur

i,9,k 0,5,k
1 , 1 A
= Z Z ~ % Z Cijke’ (C1)UgiUgk — 6 Z Cijie’ (C2)Ugit ok
i,5,k 1,5,k
chk H(C1)ed (C1) + €(C1)e? (Ca) + € (Ca)ed (Ch) + €' (Ca)e? (Ca)) u,

’.]’

Also, by definition

. 1 . 1 . .
[y = Z e'(Ca)uy: — g Z Cijke’ (C2)Ugi gk — 3 Z cijre’ (C2)e? (Ca)ugr

i i7j7k: Z'7]’7’“
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Combining all these expressions, we finally get

Crivs = fro + V2 S — Frime
= ; ¢ (Ci)n'(Co) — é Zk cijue’ (C1)e' (Ca)e® (C) — % D e’ (Cr)e (Cr)eH(Cy)

i’j’ i’j’k

1 . ) 1 . 1 . .
-3 Z cijk62(01)€] (Co)ur — 5 Z Cijkej (Cl)ek(C'g)uei ~3 Z Cijkej (C1)e (Co)uk

WG,k ij.k ij.k
1 . ) 1 A )
+3 > cijre (Cr)e? (Ca)uer + 3 > cijre (Co)e? (Ch)uen
04,k ijk
, , 1 . : 1 : :
= H(C)n (Ca) — 8 > cijre! (Cr)el (Ca)e®(Ca) — 3 > cire (Cr)el (Cr)e" (Ca)
i igk ij.k
1 . . 1 ) 1 . )
~5 Z cijkez(cl)ej (Co)ur — 6 Z Cz‘jkej (Cl)ek(C'g)uei + 6 Z Cijkej (C1)e (Co)uk
W5,k ij.k ij.k
. . 1 . . 1 . .
= ;e%con@(oz) o ”chijke%ooe%@)e’f(cz) -3 §cijke1<cl>eﬂ<cl>ek<cz>
1 4 . 1 . , 1 , .
— 6 Z cijke’(C’l)e] (Cg)uek — 6 Z ckije’(Cl)e] (Cg)uek - 6 Z cjkiel(Cl)e] (Cz)uek
ijk ijk ij.k
‘ . 1 : ‘ 1 ‘ .
= OO (C2) = £ D e (CEH(C)ek(Co) = 3 D e (CLEN (CL)eH ()
i W5,k W5,k
1 ) )
~ 5 Z(Cijk + ckij + cjki)e' (C1)e? (Co)ur
04,k

= S ECI(C) — £ Y e (O (CH(C) — 3 D e (I (C)EH(C).
i k

i’j’ i’j7k

Since ¢, € Z and C1,Cy € spang(6eq, . ..,6€y_y, 21, ..., 2y), the thesis follows. O

APPENDIX B. THE CLASSIFICATION OF 7-DIMENSIONAL 2-STEP NILPOTENT LIE ALGEBRAS

In this appendix, we recall the classification of real 7-dimensional 2-step nilpotent Lie algebras from
[18]. For each Lie algebra n, the structure equations are written with respect to a basis {e!,...,e"}
of the dual Lie algebra n*.

The notation n,,  or n,, , means that the Lie algebra has dimension n and derived algebra
of dimension n/, while different capital letters in the third argument are used to distinguish non-
isomorphic Lie algebras whose derived algebras have the same dimension. Moreover, h, denotes the
Heisenberg Lie algebra of dimension n (for odd n), and b(g denotes the real Lie algebra underlying the
complex 3-dimensional Heisenberg Lie algebra.

e 7-dimensional 2-step nilpotent Lie algebras n with dim(n’) = 1:
hs®@R* = (0,0,0,0,0,0,e'?),

hs @R* = (0,0,0,0,0,0,e"* +¢e*),
bz = (0,0,0,0,0,0,e"* +e** + ).
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e 7-dimensional 2-step nilpotent Lie algebras n with dim(n’) = 2:
nso ®R* = (0,0,0,0,e'?,¢',0),
hs@hsdR = (0,0,0,0,e'2,¢*,0),
hS @R = (0,0,0,0,e'® — e ! +¢%,0),
ng2 ®R = (0,0,0,0,e'?, e +¢%,0),
n7aa4 = (0,0,0,0,0,e'2 e 4 %),
nrop = (0,0,0,0,0,e" + e ! 4 ).
e 7-dimensional 2-step nilpotent Lie algebras n with dim(n’) = 3:
0,0,0,0,e'?, ¢!, e*),
0,0,0,0,e'?,e%, e,
n73 B 0,0,0,0, 612, 623, 634) ,

ngs®R = (
(
=

nrap = (0,0,0,0,e'? — 3 el 4 e )
(
(
(

n7s3 A

12 4 2 24
0,0,0,0,e™ + e, e, e*),
07070’0’ 612 + 634, 613, 624) ’

07070’0, 612 o 634, e].3 + 624, 614 _ 623) )

nrs,c
n73.D

Ww3pD, =
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