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Abstract. Projective structures on curves appear naturally in many areas of mathematics,
from extrinsic conformal geometry to analysis, where the main problem is to find qualitative
information about the solutions of Hill equations. In this paper, we describe in detail the
correspondence between different equivalent definitions of projective structures and their iso-
morphism classes, correcting long-standing inexactitudes in the literature. As an application,
we show that the Yamabe problem for curves in a conformal/Möbius ambient space has no
solutions in general.
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1. Introduction

There are not many structures one can define on a 1-dimensional manifold, and all we can
think of are flat, i.e. they do not admit local invariants.

For example, a conformal structure on a curve is simply its smooth structure, and all
curves are orientable, even parallelizable. A Riemannian structure on a connected curve is
characterized globally by its total length, and, for the ones of infinite length, whether they are
complete or not.

There is, however, a quite interesting type of structures on a curve, and the moduli space
of such structures – in case of closed curves – turns out to be really intricate. We are talking
here about projective structures.

Historically, projective structures have been studied for a long time as particular cases of a
(G,X)-geometry (a viewpoint first introduced by Felix Klein in his Erlangen Program, then
formalized by Thurston). For the 1-dimensional case, Kuiper gave a classification in 1954 [11],
but there are some flaws as we will see in the present paper.

Projective structures on curves are tightly linked with the vast domain of analysis focusing
on Hill’s equation

x′′ + Fx = 0, F : R → R, F (t+ T0) = F (t), ∀t ∈ R.
Indeed, two independent solutions (x1, x2) of the above equation define a map

R ∋ t 7→ [x1(t) : x2(t)] ∈ RP1

that provides local charts forming a projective atlas as a (PSL(2,R),RP1)-geometry, [13].

The latter analytic approach can be stated in an invariant way as a Laplace structure on a
curve C, which is a second-order linear differential operator, with no first-order term (there
is indeed an invariant way to state this, see Proposition 3.3) on a certain weight bundle on C
(cf. Definition 3.4).

This work was partly supported by the PNRR-III-C9-2023-I8 grant CF 149/31.07.2023 Conformal Aspects
of Geometry and Dynamics.
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Our interest is motivated by the existence of various structures induced on a curve C
embedded in a conformal manifold M by the conformal structure of the ambient space (more
precisely, the ambient space M needs to be conformal if dimM ≥ 3, and furthermore Möbius
if dimM = 2, see Section 2 and [2]). Every such curve carries special parametrizations, for
which the conformal acceleration vanishes, and a canonically induced Laplace structure. We
show in Proposition 3.9 that these notions are strongly related.

The induced Laplace structure on a curve in a conformal/Möbius ambient space is, in fact, a
particular case of the conformal Laplacian, or Yamabe operator, that is, a second order linear
differential operator on a weight bundle, with symbol equal to the conformal contraction
and with vanishing first order term, determined by the conformal structure alone. For all
dimensions n ≥ 3, the Yamabe problem consists in searching for a metric with constant scalar
curvature in the conformal class (which turns out to be, up to a constant factor, the zero order
term of the above Laplace structure, viewed in an appropriate gauge).

In the 1-dimensional case, Calderbank and Burstall formulated in [3] the Yamabe problem
for curves in a conformal/Möbius ambient space: is there a metric in the conformal class for
which the induced Laplace structure has constant zero order term?

In order to give a (negative) answer to this question, we classify the projective structures on
connected curves up to isomorphism. This endeavor is not new, we could find many references
dealing with this topic, starting with the classification of these structures by Kuiper [11], the
classification (up to diffeomorphism) of vector fields preserving a projective structure on a
circle [9], and many other authors interested in the qualitative behavior of solutions of Hill’s
equation [8].

Nevertheless, we consider that our differential-geometric approach brings more clarity and
situates the study of projective in a broader context of differential geometry, like Lie group
actions and differential operators associated to a given G-structure (in the sense of Kobayashi
[10]).

We prove several versions of the equivalence between a Laplace structure on a curve and a
projective structure, which in turn can be characterized by a developing map and its holonomy,
[7], see Theorem 3.6.

The developing map is the main tool to characterize a projective structure on an open
curve (diffeomorphic to R), cf. Theorem 4.15, while the holonomy turns out to determine
the isomorphism class of a projective structure on a closed curve (diffeomorphic to S1), cf.
Theorem 4.5.

For open curves, the developing map D : C → R̃P1 defines an embedding of the curve in
the universal cover of RP1, and we define the winding number of the curve as the ”average”
number of points in the preimage in C of the points of RP1 (if this ”average”is not integer, we
”round it up” to a number in 1

2 + N). In Proposition 4.15 and in Corollary 4.16 we retrieve
the classification of open projective curves, first obtained in [11], see also [7].

Using some technical results about S̃L(2,R), we approach in Section 5 the classification
of projective structures on closed curves, in which the main role is played by the conjugacy
class of a generator of the holonomy group, which acts freely on the image of the developing
map. In fact, there exists a canonical generator (for a given orientation on the curve) of the
holonomy group, and its conjugacy class determines the projective structure on the curve up
to isomorphism, Proposition 5.4 and Corollary 5.5.

We complete the theory by Theorem 5.7, which produces a natural, continuous and bijective
map from the set of Laplace structures on S1, up to diffeomorphism, and the set of conjugacy
classes of positive generators of the holonomy groups of projective structures on S1. We use
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here the classification of conjugacy classes of S̃L(2,R), Theorem 5.1, which seems to be a
classical result but was only implicitly (and inexactly) used in [11], however it is only very

recently that a complete study of the conjugacy classes of elements of S̃L(2,R) has been
published [14].

Finally, we describe in Proposition 5.8, and Proposition 5.9 some geometric properties that
characterize each projective class, and in Proposition 5.12 we determine the automorphism
group of each projective class. For the impatient reader, the table at the end of Section 5
provides most of the relevant information.

We conclude the paper by the proof of the fact that the zero order term of a Laplace structure
can not always be constant, giving therefore a negative answer to the Yamabe problem for
curves in a conformal/Möbius ambient space, cf. Proposition 6.1.

2. Curves in conformal geometry

Definition 2.1. On a n-dimensional manifold M , denote by L the (oriented) line bundle
associated to the representation

GL(n,R) ∋ A 7→ |detA|1/n ∈ R∗
+

and we refer to it as the weight bundle of weight 1.

Analogously, using other powers of the absolute value of the determinant, one can consider
any real power Lk of the weight bundle L. We can easily notice that L0 is canonically
isomorphic to the trivial line bundle M × R, L−1 is isomorphic with the dual of L, and Lk,
with k ∈ N , is isomorphic to the k-th tensorial power L⊗k of L. Clearly, Lk are all oriented
(we know what a positive section of these bundles is), but there is no canonical trivialization.
However, a trivialization of Lk, for k ̸= 0, induces a trivialization of all nonzero powers of L,
including L−n ≃ |ΛM |, the bundle of densities on M .

More generally, a tensor bundle on M (i.e., a bundle associated to the the frame bundle of
M via a representation ρ : GL(n,R) → GL(m,R)) is said to have intrinsic weight k ∈ R if
and only if ρ(aIdn) = akIdm for every α ∈ R∗

+. The bundles Lk make no exception to this

rule, and k is indeed the intrinsic weight of Lk for every k ∈ R.

Definition 2.2. A conformal structure on a manifold M is a symmetric, non-degenerate
bilinear form c on TM with values in L2, which is normalized, in the sense that the induced
bilinear form on |ΛnM | ≃ L−n with values in L−2n is the identity of the square of the latter
bundle.

In this paper we will only discuss Riemannian conformal structures, i.e. such that c is
positive definite, which is a notion that makes sense because the target space of c is L2, a
canonically oriented bundle.

Notice that all bundle homomorphisms induced by c (including c itself, as a bundle map
from TM ⊗ TM to L2) are between spaces with the same intrinsic weight. In particular, the
so-called rising/lowering of indices from T∗M to TM must be adjusted to satisfy this “weight
conservation” principle. Thus, c defines an isomorphism between T∗M and TM ⊗ L−2

The weight bundles Lk, for k ∈ R, are also important in the case of a 1-dimensional manifold,
a curve. Here, of course, a conformal structure c is nothing else but the very smooth structure
of the curve.

For further notions and results about conformal geometry, we refer to [2]. Let us briefly
summarize some of them:
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Definition 2.3. A Weyl structure is a torsion-free conformal connection on (M, c). It induces
connections on all bundles associated to the frame bundle of M .

Two Weyl structures ∇ and ∇′ are related by

∇′
XY −∇XY = θ̃XY := θ(X)Y + θ(Y )X − c(X,Y )θ, for X,Y ∈ TM, (1)

where θ is a 1-form. Note that c(X,Y )θ ∈ L2 ⊗ T∗M ≃ TM .

A remark (for example, from [2]) is that for every curve in a conformal manifold, the latter
carries adapted Weyl structures (associated to parametrizations γ : I → C ⊂M of the curve),
for which the parametrized curve is geodesic, i.e. ∇γ̇ γ̇ = 0. In order to single out a particular
class of parametrizations or even a class of immersed curves, one needs to introduce further
objects induced by c.

The Schouten-Weyl tensor h∇ of a Weyl structure ∇ is a bilinear form on TM and it
is computed, for n ≥ 3, from the curvature of ∇ [5], [6], see also [2, Definition 2.9]. The
Schouten-Weyl tensor satisfies the following transformation rule when the Weyl structures are
changed via (1), as shown in [5], [6]:

h∇
′
= h∇ −∇θ + θ ⊗ θ − 1

2
c(θ, θ)c. (2)

The formula from [2, Definition 2.9] cannot be used for n = 2, but one can define a Schouten-
Weyl-like tensor on a Möbius surface [4], see also [2, Definition 3.2] (which is a structure that
”rigidifies” the conformal structure of a 2-dimensional conformal manifold), and this tensor
satisfies the gauge transformation law (2) as well. We use here the notion of a Möbius structure
merely to be able to have a 2-dimensional ambient space and still get the same results as for
higher-dimensional conformal spaces.

We make the following convention of naming a conformal/Möbius manifold (M, c): if
dimM ≥ 3 this will simply mean (M, c) as a conformal manifold, if n = 2 we will assume M
is endowed with a Möbius structure that is compatible with c. The consequence in both cases
is that, for every Weyl structure ∇, there is an associated Schouten-Weyl tensor h∇, which
changes with the Weyl structure according to (2).

We are interested in the structure induced by a conformal/Möbius ambient space on a curve.

Let us first recall the definition of the conformal acceleration of a parametrized curve in
conformal/Möbius ambient space [2, Definition 4.1 and Lemma 4.8]:

Definition 2.4. [2] The conformal acceleration ac(γ) of a curve γ : I → M is equal to the
vector field c(γ̇, γ̇)h∇(γ̇) where ∇ is any Weyl structure adapted to γ.

As before, the factor c(γ̇, γ̇) ∈ L2 ensures that the conformal acceleration is a vector field
on C := γ(I). This vector field has a normal and a tangential component

ac(γ) = aNc (γ) + aTc (γ),

where aNc ⊥ γ̇ and aTc (c) ∈ TC are both independent of the choice of the Weyl structure ∇,
and aNc (γ) is furthermore independent also of the parametrization of C [2, Lemma 4.2].

We define the following class of parametrizations of any embedded curve C ⊂ (M, c) [1]:

Definition 2.5. A (local) parametrization of a curve C in a conformal/Möbius manifold is
special if and only if the tangential part of its conformal acceleration vanishes identically.

Such parametrizations always exist, as solutions of an ODE. An equivalent description of
special parametrizations will be given in Subsection 3.2, Proposition 3.9.
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3. Laplace structures on curves, projective parametrizations and Hill’s
equation

We review here two main descriptions of projective structures on curves and describe the
equivalence of these approaches. More precisely, a projective structure on a curve is defined
by:

Definition 3.1. A projective structure on a given curve C is an atlas A of charts from open
subsets of C with values in R, such that the transition maps consist of restrictions of maps of
the form

fA(x) :=
ax+ b

cx+ d
, for A :=

(
a b
c d

)
∈ GL(2,R),

called homographies. A projective curve is a curve C together with such an atlas A, and a pro-
jective map f : C1 → C2 between projective curves is a map that is induced, in corresponding
projective charts of A1, respectively A2, by homographies.

A projective map is thus a local diffeomorphism. Conversely, if f is an immersion f : C1 →
C2 of curves, and C2 has a projective structure, then f induces a projective structure on C1.

A classical result states that the homographies fA, as described in Definition 3.1, satisfy
the equation S(fA) = 0, where S is the Schwarzian derivative:

S(φ) :=
φ′′′

φ′ − 3

2

(
φ′′

φ′

)2

, (3)

defined on local diffeomorphisms φ : I1 → I2 between intervals in R.
Conversely, for every local diffeomorphism φ satisfying S(φ) = 0 there exists a matrix A

such that φ coincides on an open set with fA.

In the next section we will investigate in full detail the projective structures on curves
from the viewpoint of (G,X)-structures (in our case, (PGL(2,R),RP1)-structures), but in
the present section we focus on a class of differential-geometric structures on a curve, the
Laplace structures, that we will further show to be equivalent to the projective structures
from Definition 3.1.

3.1. Laplace structures on curves. Let C be a smooth curve. A connection ∇ on TC
induces a connection on the canonical weight bundle L := |TC| and on every real power of L.

Remark 3.2. L = |TC| is the oriented line bundle associated to TC; every orientation of C
induces a canonical isomorphism of L with TC. The bundle L being oriented (hence topolog-
ically trivial), all real powers of L are well defined and trivial. In the sequel, if X is a non-
vanishing vector field along C, e.g., the speed vector field γ̇ induced by some parametrization
γ, then |X|k will denote the corresponding section of Lk.

Every parametrization γ of C induces a unique connection ∇γ defined by requiring γ̇ to be
∇γ-parallel. Conversely, every connection admits compatible local (but not necessarily global)
parametrizations. For example, the tautological connection on the half-line (0,+∞) induces
a connection on the closed curve C := (0,+∞)/ ∼, where t ∼ 2t, ∀t > 0, which carries no
global parallel sections.

If ∇ is any connection on C, the corresponding connection on Lk defines a Hessian Hess∇ :
C∞(Lk) → C∞(T∗C ⊗ T∗C ⊗ Lk) ≃ C∞(Lk−2), acting on a section l on Lk by

Hess∇l(X,Y ) := ∇X∇Y l −∇∇XY l.
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When comparing the Hessians induced by two connections on Lk, [2, Proposition 3.7] (see also
[9]) shows:

Lemma 3.3. The difference between the Hessians on Lk of two arbitrary connections ∇,∇′

on a curve C is a zero-order operator if and only if k = 1/2.

Proof. The difference ∇′ − ∇ is a 1–form θ ∈ C∞(T∗C). For every section l of Lk one thus

has ∇′
X l − ∇X l = kθ(X)l. As the Hessians Hess∇

′
l and Hess∇l are bilinear forms on TC

with values in Lk, we can choose the arguments X,Y ∈ TC to be non-zero, and such that
∇XY = 0 at the point where we make the computation. This implies

(Hess∇
′
l)(X,Y ) = ∇′

X∇′
Y l −∇′

∇′
XY l = ∇′

X(∇Y l + kθ(Y )l)−∇′
(θ(X)Y )l

= ∇X∇Y l + k(∇Xθ)(Y )l + kθ(Y )∇X l + kθ(X)∇Y l

+k2θ(X)θ(Y )l − θ(X)∇Y l − kθ(X)θ(Y )l

= (Hess∇l)(X,Y ) + (2k − 1)θ(X)∇Y l

+k (∇Xθ(Y ) + (k − 1)θ(X)θ(Y )) l,

where in the last equality we use the fact that θ(X)∇Y l = θ(Y )∇X l since X and Y are
collinear. This concludes the proof. □

The reason for which we included here the proof instead of merely citing [2], is to obtain

the explicit relation between Hessians on L1/2:

Hess∇
′ −Hess∇ = 1

2

(
∇θ − 1

2θ ⊗ θ
)
. (4)

If ∇γ1 and ∇γ2 are the connections induced by two parametrizations γ1, γ2 of C, then the
above formula reads

Hessγ2 −Hessγ1 = 1
2

(
∇γ1θ − 1

2θ ⊗ θ
)
, (5)

where θ := ∇γ2 −∇γ1 ∈ C∞(T∗C).

Definition 3.4. (See also [2, Definition 3.8]) A Laplace structure L on a smooth curve C is

a second order linear differential operator on L1/2 with values in T∗C ⊗T∗C ⊗L1/2 ≃ L−3/2,
which differs from some (hence any) Hessian Hess∇ by a zero-order term.

Note that some authors, (e.g. Hitchin [9] or Guha [8]) use the term projective connection
to denote what we call here a Laplace structure. Their main reason is that, although the
operator has second order, it shares some features with linear connections: its symbol, as a
bundle map from Sym2(T∗C)⊗L1/2 ≃ L−3/2 to L−3/2, is the identity, and (precisely because
it contains no first-order derivatives), it also satisfies a relation similar to the Leibnitz rule.
However, we prefer the terminology Laplace structure since it refers to a second-order operator
(which moreover can also be defined on higher-dimensional manifolds [2]).

Recall (see Remark 3.2) that any (local) parametrization γ : I → C of C defines privileged
local sections |γ̇|k ◦ γ−1 ∈ C∞(Lk) for every k. A Laplace structure L on C thus induces, for
each parametrization γ, a second order operator Lγ acting on functions x : I → R as follows:

|γ̇|−3/2Lγ(x) ◦ γ−1 := L((x ◦ γ−1)|γ̇|1/2) (6)

(this is an equality between sections of L−3/2 defined along the open set γ(I) ⊂ C). Lemma
3.3 shows that the operator Lγ differs from the second derivative on functions by a zero-order
term (i.e., it does not involve any first-order derivative):

Lγx = x′′ + F γx. (7)
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Proposition 3.5. A Laplace structure L on a curve C determines a map

F : {local parametrizations γ : I → C} −→ {functions on I}, γ 7→ F γ .

such that the dependence of Fγ on γ satisfies the following rule with respect to gauge trans-
formations: If γ1 : I1 → C is a local parametrization and φ : I2 → I1 is a diffeomorphism,
then the function Fγ2 associated to the local parametrization γ2 := γ1 ◦ φ reads

Fγ2 = (φ′)2Fγ1 ◦ φ+ 1
2S(φ), (8)

where S(φ) is the Schwarzian derivative of φ (3).

Proof. Let L be a Laplace structure on C, let γ1 and γ2 := γ1◦φ be two local parametrizations
of C and let x1 : I1 → R be any smooth function. We denote by x2 := x1 ◦ φ. From (6) and
(7) it follows that

x′′1 + F γ1x1 = (|γ̇1|3/2L((x1 ◦ γ−1
1 )|γ̇1|1/2)) ◦ γ1 (9)

and
x′′2 + F γ2x2 = (|γ̇2|3/2L((x2 ◦ γ−1

2 )|γ̇2|1/2)) ◦ γ2. (10)

On the other hand, the local vector fields γ̇1 and γ̇2 along C are related by γ̇2 = φ′ ◦ γ−1
2 γ̇1.

Using that x1 ◦ γ−1
1 = x2 ◦ γ−1

2 , we can write the argument of the right hand side of (9) as

(x1 ◦γ−1
1 )|γ̇1|1/2 = (x2(φ

′)−1/2)◦γ−1
2 )|γ̇2|1/2. Applying (10) to (x2(φ

′)−1/2 instead of x2 yields

(x2(φ
′)−1/2)′′ + F γ2(x2(φ

′)−1/2) = (|γ̇2|3/2L((x1 ◦ γ−1
1 )|γ̇1|1/2)) ◦ γ2. (11)

Comparing (9) and (11) we thus obtain

(x2(φ
′)−1/2)′′ + F γ2(x2(φ

′)−1/2) = (φ′)3/2(x′′1 + F γ1x1) ◦ φ. (12)

Since x2 = x1 ◦ φ, we have x′2 = φ′x′1 ◦ φ and x′′2 = (φ′)2x′′1 ◦ φ+ φ′′x′1 ◦ φ, whence

(x2(φ
′)−1/2)′′ = x′′2(φ

′)−1/2 + 2x′2((φ
′)−1/2)′ + x2((φ

′)−1/2)′′

= (φ′)3/2x′′1 ◦ φ+ (φ′)−1/2φ′′x′1 ◦ φ− (φ′)−1/2φ′′x′1 ◦ φ+ x2((φ
′)−1/2)′′

= (φ′)3/2x′′1 ◦ φ+ x2((φ
′)−1/2)′′.

From (12) we thus get

(φ′)−1/2F γ2 + ((φ′)−1/2)′′ = (φ′)3/2F γ1 ◦ φ,
which is equivalent to (8). □

Conversely, every such map F satisfying the above gauge transformation rule defines a
Laplace structure on C. Indeed, for every local parametrization γ : I → C, the function F γ

on I defines by (7) a second order differential operator L γ on functions, which in turn defines

a second order differential operator L on L1/2 (along the image of γ). The fact that this
operator does not depend on the choice of γ follows, by reversing the previous argument, from
the transformation rule (8).

We state now the main result of this section:

Theorem 3.6. Let C be a closed curve. Then there is a canonical equivalence between:

(1) Projective structures on C;

(2) Laplace structures L : C∞(L1/2) → C∞(L−3/2).

Moreover, if A is the projective atlas corresponding to L , we have:

(a) For any local parametrization γ : I → C, the induced operator Lγ acting on functions
on I is the second derivative (i.e., F γ ≡ 0) if and only if γ is locally the inverse of a
projective chart.
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(b) For any choice of an orientation of C (and thus of an isomorphism L ≃ TC) a local

non-vanishing section l of L1/2 satisfies the Laplace equation

Ll = 0, (13)

if and only if there exists a projective chart compatible with the orientation whose
inverse γ satisfies γ̇ = l2.

(c) For any pair of linearly independent solutions l1, l2 of Equation (13), the map

l1,2 : C → R∗, l1,2(p) :=
l1(p)

l2(p)
, (14)

defined where l2 ̸= 0, is a projective chart.

Proof. Let A be a projective structure on C as in Definition 3.1. The charts of A will be
referred to as projective charts. The inverse, γ1 : I1 → γ1(I1) ⊂ C of a projective chart is a
local parametrization of C. We define a Laplace structure along γ1(I1) by

L1 := Hessγ1 on sections of L1/2.

This is equivalent to say that the function F γ1 defined by L1 in Proposition 3.5 vanishes. If
γ2 : I2 → C is the inverse of another projective chart, one can write on γ−1

2 (γ1(I1)) the relation

γ2 = γ1 ◦ φ for some homography φ : γ−1
2 (γ1(I1)) → γ−1

1 (γ2(I2)). Because of (8) and by the
well-known fact that homographies have vanishing Schwarzian derivative, it turns out that
L1 and L2 coincide on their common domain of definition. Consequently, the local Laplace
structures defined in this way glue together to define a global Laplace structure LA on C.

Conversely, suppose L is a Laplace structure on C. We claim that around any point there
exist local parametrizations γ such that F γ = 0. Indeed, pick any local parametrization γ0 of
C and look for a re-parametrization γ := γ0 ◦ φ such that F γ = 0. From (8), this is a third
order non-linear differential equation for φ:

S(φ) + 2(φ′)2F γ0 ◦ φ = 0,

which obviously has local solutions φ around each point.

If γ1 and γ2 are local parametrizations with F γ1 = F γ2 = 0, and p is any point in Im(γ1) ∩
Im(γ2), then the local inverses of γ1 and γ2 near p are real-valued charts on C whose coordinate
change φ := γ−1

1 ◦γ2 is a homography because by (8) it satisfies the equation S(φ) = 0. The set

of charts constructed in this way defines a projective atlas AL . The correspondences A 7→ LA

and L 7→ AL are clearly inverse to each other.

We now turn to the second part of the statement. The point (a) follows directly from (7).

To prove (b), note that every non-vanishing section l of L1/2, together with the choice of an
orientation of C (inducing an isomorphism of TC with L) defines local parametrizations γ
(unique up to composition with a translation) such that γ̇ = l2. If L l = 0 then (6) and (7)
applied to the constant function x ≡ 1 yield F γ ≡ 0, so γ is by (a) the inverse of a projective
chart. Conversely, if γ is the inverse of a projective chart then F γ = 0 and from (6) and (7)

it follows that l := |γ̇|1/2 satisfies L l = 0.

For (c), we choose a local projective parametrization (i.e. inverse of projective chart)

γ : I → C. By (a), we have F γ = 0. We write (for i = 1, 2) li = (xi ◦ γ−1)|γ̇|1/2, where
xi : I → R are smooth functions. Then by (6) and (7) we get x′′i = 0, so f := x1/x2 is
a homography. Consequently l1/l2 = f ◦ γ−1 is the composition of a homography with a
projective chart, i.e. it is a projective chart as well. □

Remark 3.7. The map C ∋ x 7→ l1(x)/l2(x) ∈ R from the point (c) in Theorem 3.6 is defined
only on the open set where the solution l2 of the Laplace equation does not vanish. Instead
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we can consider, for any pair l1, l2 of linearly independent solutions of (13) (note that they

are defined globally on C̃ ≃ R as solutions to a linear ODE), the map

[l1 : l2] : C̃ → RP1, x 7→ [l1(p(x) : l2(p(x)], (15)

which is well-defined because the isomorphisms of Lk⊕Lk with R2 induced by any trivialization
of L all induce the same identification between P(Lk ⊕ Lk) and P(R2) = RP1. As shown in
Theorem 3.6, the map [l1 : l2] is locally a projective chart, hence any lift:

Dl1,l2 : C̃ → R̃P1 (16)

to R̃P1 of this map is a developing map for the induced projective structure – see Definition
4.3 below.

3.2. Laplace structures on curves in conformal/Möbius geometry. A Laplace struc-
ture [2, Definition 3.8] on a conformal manifold (of any dimension n ≥ 1) is defined as a
second-order linear differential operator, with vanishing first order term and symbol equal to
the conformal contraction (c : T∗M ⊗ T∗M → Λ−2) on sections of L1−n/2, cf. [2]. For n = 1,
we get Definition 3.4 above.

Moreover, if M is conformal manifold of dimension n ≥ 3 or a Möbius surface, then any
curve C ⊂M turns out to inherit a canonical Laplace structure induced by the ambient space
[2, Proposition 4.25]:

Proposition 3.8. For a curve C in a conformal/Möbius manifold (M, c), the following op-
erator is a Laplace structure which only depends on the embedding and the structure of the
ambient space:

Lc : C∞(L1/2) → C∞(L−3/2), Lcl := Hess∇l +
1

2

h∇(γ̇, γ̇)

c(γ̇, γ̇))
, (17)

where γ is a local parametrization and ∇ an adapted Weyl structure.

As a consequence of Theorem 3.6, any curve in a conformal/Möbius ambient space inherits
a projective structure, and the local projective parametrizations γ for this structure are such
that h∇(γ̇, γ̇) = 0 for the corresponding adapted Weyl structure. We can therefore make the
connection with the special parametrizations defined in Definition 2.5:

Proposition 3.9. For a curve in a conformal/Möbius manifold, the special parametriza-
tions (for which the tangential conformal acceleration vanishes) are exactly the projective
parametrizations for the induced Laplace structure.

Therefore, the projective structure on a curve in a conformal/Möbius ambient space can be
either seen via the projective charts from Theorem 3.6 (c) (for the induced Laplace structure)
or via the parametrizations that have vanishing tangential part of the conformal acceleration.

4. Projective structures on curves

In this section we discuss the projective structures on open and closed curves from the
classical viewpoint of Felix Klein’s Erlangen Program, and present a complete classification of
these structures up to isomorphism, see also [7], [9], [11].

A homography fA as in Definition 3.1 actually only depends on the image Â ∈ PGL(2,R)
of the matrix A, so we may also think of a projective structure as of a (G,X)-structure in
the sense of Thurston (see also the works of Kuiper, Kobayashi, Ehresmann, Klein), where
G := PGL(2,R) and X = RP1. We recall:
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Definition 4.1. Let G be a Lie group acting effectively and transitively on the manifold X.
A (G,X)-structure on a manifold M is an atlas of diffeomorphisms φ : U → φ(U) ⊂ X
such that, for any two charts φ1, φ2, on each connected component of its domain of definition,
the transition function φ2 ◦ φ−1

1 coincides with the action on that connected component of an
element of G.

A map f : M → N between two (G,X)-manifolds is called a G-map if, for every charts
φ : U → φ(U) ⊂ X, ψ : V → ψ(V ) ⊂ X on M , resp. N , with U connected and small enough
such that f(U) ⊂ V , the composition ψ ◦ f ◦ φ−1 is given by the action of an element g ∈ G.

If G is connected and if G̃ acts effectively on X̃, it is equally possible to consider that a
(G,X)-structure induces a (G̃, X̃)-structure and conversely, where G̃, X̃ denote the universal
covers of G, resp. X. This viewpoint is particularly useful when defining the developing map
and its holonomy (see below). As all curves are orientable, there is no loss of generality to first
consider oriented projective structures on C compatible with a given orientation (i.e., an atlas
of charts sch that the transition functions are orientation-preserving homographies of type fA
with A ∈ SL(2,R)) and then study orientation-reversing projective isomorphisms.

An oriented projective structure on C is thus a (PSL(2,R),RP1)-structure or, equivalently,

a (S̃L(2,R), R̃P1)-structure. The advantage of this latter description is that both the model

space and the structure group are simply connected; its drawback is that S̃L(2,R) is not a
linear group.

4.1. The developing map and holonomy of a closed curve. The general theory of
(G,X)-structures [7] on a manifold M states that such a structure is equivalent with a pair

(D, ρ) of a developing map D : M̃ → X which is ρ-equivariant, ρ : π1(M) → G being the
holonomy homomorphism, up to equivalence:

Theorem 4.2. [7] Let M be a (G,X)-manifold. Then there exists a G-map D : M̃ → X, and
a group homomorphism ρ : π1(M) → G such that

D̃(γx) = ρ̃(γ)D̃(x), ∀x ∈ M̃, ∀γ ∈ π1(M). (18)

The set of pairs (D, ρ) as above has an equivalence relation:

(D, ρ) ∼ (D′, ρ′) ⇐⇒ ∃g ∈ G : D′(.) = gD(.) and ρ′ = gρg−1, (19)

and the equivalence classes are in 1–1 correspondence to the isomorphism classes of (G,X)-
structures on M .

Definition 4.3. D is called a developing map and ρ its holonomy.

Instead of a full proof for the classical result above (for which we refer to [7]), we recall
here briefly the way the holonomy homomorphism appears in the general theory of (G,X)-
structures:

A developing map is obtained by gluing (G,X)-charts on M , using elements of G on the

intersections, and this gluing turns out to yield global maps from M̃ to X. The fundamental
group π1(M) acts on M̃ by (G,X)-maps, which necessarily correspond to elements of G, and
that defines the group homomorphism ρ.

If G̃ acts effectively on X̃, it is equally possible to consider that a (G,X)-structure induces a

(G̃, X̃)-structure and conversely. In our case, we can consider an oriented projective structure

on C to be a (S̃L(2,R), R̃P1)-structure, whose isomorphism class is in turn characterized by

a pair (D, ρ), where D : C̃ → R̃P1 is the developing map and ρ : π1(M) → S̃L(2,R) is its
holonomy, up to the equivalence relation (19).
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Equivalently, an oriented projective structure is defined by an atlas like in Definition 3.1 but
where only homographies fA with A ∈ SL(2,R) are allowed as transition functions. Clearly,
such an atlas A+ may be completed with orientation-reversing projective charts to get a full
projective atlas A. Conversely one can extract from a projective atlas A on C the orientation-
preserving charts A+ (and also the corresponding atlas A− for Co, the same curve endowed
with the other orientation). The only question is whether the same curve C, the projective
structures defined by (C,A+) and by (Co,A−) are equivalent as oriented projective structures,
i.e. whether there exists an orientation-reversing automorphism τ of (C,A+). We will answer
this question separately for open, resp. closed curves at the end of this Section, resp in
Proposition 5.6.

The developing map D is identified (up to a diffeomorphism of C) with its image U ⊂ R̃P1.
For ρ, there are two possible cases: C is an open curve (in which case ρ is trivial), and C is

a closed curve, when ρ is identified with its image in S̃L(2,R), an infinite cyclic group acting
freely and properly on U .

In the latter case, one can further choose from the two possible generators of ρ(π1(C)):

Definition 4.4. For a closed projective curve, with developing map D : C̃ → R̃P1 and holo-

nomy ρ : π1(C) → S̃L(2,R), the generator of ρ(π1(C)) such that

Ã(x) > x, ∀x ∈ U = D(C̃), (20)

is called the positive generator of the holonomy.

We retrieve the following result (used implicitly in [7] and [11]):

Theorem 4.5. The oriented projective structures on C ≃ S1, up to diffeomorphism, are in

1–1 correspondence with the equivalence classes of pairs (U, Ã) where U ⊂ R̃P1 is an interval

and Ã ∈ S̃L(2,R) such that Ã(U) = U and (20) holds, modulo the equivalence relation

(U, Ã) ∼ (U ′, Ã′) ⇐⇒ ∃B̃ ∈ S̃L(2,R) : U ′ = B̃(U) and Ã′ = B̃ÃB̃−1. (21)

To complete the classification we will need to study in detail the action of S̃L(2,R) on R̃P1,
starting from the action of SL(2,R) on RP1.

4.2. The action of S̃L(2,R) on R̃P1. Denote by p : R → RP1, p(t) := [cos t : sin t]. Clearly,
this is a realization of the universal covering of RP1. In order to underline the projective

structure of the domain of definition of p, we will always denote it by R̃P1 instead of R. Note
that the affine chart {[x : 1] , x ∈ R} ⊂ RP1, which is the complement of the ”point at

infinity” [1 : 0] ∈ RP1, is isomorphic via p with each of the intervals (kπ, (k + 1)π) ⊂ R̃P1,
k ∈ Z.

The action of PSL(2,R) on RP1 defined by the homographies lifts to a faithful, transitive

action of S̃L(2,R) on R̃P1. The center of S̃L(2,R) is isomorphic to Z and coincides with the

kernel of the projection Φ : S̃L(2,R) → PSL(2,R), and also with the automorphism group of

the Galois covering p : R̃P1 → RP1. We clearly have

p(Ã(x)) = Φ(Ã)(p(x)), ∀x ∈ R̃P1, ∀Ã ∈ S̃L(2,R). (22)

We will also consider the ”intermediate” covering p̄ : R̃P1 → S1 ⊂ R2, p̄(t) := (cos t, sin t),

because through it we can also see the intermediate projection Φ̄ : S̃L(2,R) → SL(2,R), which
is the double cover of PSL(2,R): indeed, an element Ã ∈ S̃L(2,R) (which therefore acts on
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R̃P1) is mapped to a matrix A := Φ̄(Ã) ∈ SL(2,R) such that p̄◦Ã = A◦p̄, where A ∈ SL(2,R)
acts on S1. Now, the action of SL(2,R) on S1 is given by

SL(2,R)× S1 ∋ (A, x) 7→ Ax

∥Ax∥
∈ S1,

where ∥x∥ is the Euclidean norm of a vector in R2. The expression is nonlinear unless A ∈
SO(2), the maximal compact subgroup of SL(2,R):

Proposition 4.6. The translations Ẽα : R̃P1 → R̃P1 with α ∈ R, defined by Ẽα(x) :=

x + α, are exactly the elements in S̃L(2,R) that project over the rotation matrices Eα :=(
cosα − sinα
sinα cosα

)
acting on S1, in the sense that p̄ ◦ Ẽα = Eα ◦ p̄. The center of S̃L(2,R) is

equal to {Ẽkπ , k ∈ Z} = ker(Φ).

It is well-known that SL(2,R) admits the partition H ∪ P ∪ E0 ∪ Z defined by

H := {A ∈ SL(2,R) , , trA| > 2}, E0 := {A ∈ SL(2,R) , , trA| < 2},
which are both open subsets formed of hyperbolic, resp. properly elliptic elements, Z = {±I2}
is the center of SL(2,R) (called central, or degenerate elliptic elements of SL(2,R), cf. [12])
and P := {A ∈ SL(2,R)∖ Z , , trA| = 2} is the set of parabolic elements.

Let us give a classical result about the set of representatives of the conjugacy classes in
SL(2,R):

Proposition 4.7. Every matrix A ∈ SL(2,R) is conjugated to one of the following:

(1) ±H(λ) :=

(
λ 0
0 λ−1

)
, λ ∈ (0, 1);

(2) ±P± :=

(
1 ±1
0 1

)
;

(3) ±Eα, α ∈ (0, π);
(4) ±id.

Moreover, the above matrices represent different conjugacy classes.

Proof. In the hyperbolic, resp. properly elliptic cases, the matrix A has two distinct eigenval-
ues, therefore it is either real-diagonalizable, hence conjugated to a matrix of the form H(λ),
with λ ̸∈ {−1, 0, 1}, or it is complex-diagonalizable, hence conjugated in SL(2,R) to a matrix
of the form Eα, α ∈ (−π, 0) ∪ (0, π).

In the hyperbolic case, we have JH(λ)J−1 = H(λ−1), where J := Eπ/2, which is not
surprising as it has the same eigenvalues as H(λ).

For |trA| = 2, we have either a diagonalizable matrix, hence A = ±id, or A is conjugated
to ±P (x), which is defined as

P (x) :=

(
1 x
0 1

)
, x ∈ R. (23)

On the other hand H(λ)P (x)H(λ−1) = P (λ−2x), so by choosing λ =
√
|x| we obtain that A

is conjugated to ±P±.

We need to show that two different representatives in the above list are not conjugated
to each other. First, as the trace doesn’t change by conjugation, we only need to prove
that matrices of the same type (hyperbolic, parabolic, properly elliptic and central) are not
conjugated to one another.
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For hyperbolic matrices this is clear as trA determines uniquely λ such that |λ| ∈ (0, 1) and
λ+ λ−1 = trA.

For elliptic matrices we only need to show that Eα is not conjugated to E−α, for α ∈ (0, π).
Suppose B ∈ SL(2,R) such that BEαB

−1 = E−a. For a non-zero vector X ∈ R2, we can write

X ∧ E−αX = BB−1X ∧BEαB
−1X = detB(B−1X ∧ EαB

−1X) = Y ∧ EαY,

for Y := B−1X. This is a contradiction since for any non-zero vector X ∈ R2, the bi-vector
X ∧EαX is a positive multiple of the volume element e1∧e2, whereas X ∧E−αX is a negative
multiple of e1 ∧ e2.

For parabolic matrices we need to show that P+ and P− are not conjugated in SL(2,R).
If this were possible, then there would be a basis X1, X2 of R2 such that P−X1 = X1 (this

already implies X1 =

(
a
0

)
, with a ∈ R∗), and P−X2 = X1 +X2. Denoting X2 =

(
b
c

)
, with

c ̸= 0, this last equation reads (
b− c
c

)
=

(
a+ b
c

)
,

thus a = −c which implies that the basis X1, X2 is not positive, i.e., the basis change is made
by a matrix with negative determinant, contradiction. □

The sign ambiguities are removed when considering the homographies associated to matrices
in SL(2,R), i.e. the conjugacy classes in PSL(2,R):

Proposition 4.8. The group PSL(2,R) admits the following partition; PSL(2,R) = Ĥ ∪ P̂ ∪
Ê0 ∪ {id} invariant by conjugation, and a full set of representatives is given by, respectively:

(1) Ĥ(λ), λ ∈ (0, 1);

(2) P̂±;

(3) Êα, α ∈ (0, π);
(4) id.

Remark 4.9. A fixed point for the action of A ∈ SL(2,R) on RP1 corresponds to a real
eigenspace of A as a matrix, hence the partitions above can also be retrieved by looking at the
number of fixed points in RP1 of the respective elements: two for hyperbolic, one for parabolic,
and none for properly elliptic elements. Central elements act trivially on RP1.

Pulling back through ϕ the above partition, we get

S̃L(2,R) = H̃ ∪ P̃ ∪ Ẽ0 ∪ Z̃, (24)

a partition in hyperbolic, parabolic, properly elliptic and central elements (which, together,

form the elliptic elements) of S̃L(2,R).

In order to give in S̃L(2,R) a full set of representatives of the conjugacy classes, we need
the following

Lemma 4.10. Let p : G̃ → G be the universal cover of a Lie group G, and denote by
Z : kerp, consisting of central elements in G̃. There exists a 1–1 correspondence between
conjugacy classes in G̃ and pairs ([g], z), with g ∈ G, z ∈ Z, where [g] is the conjugacy class
of g in G.

Proof. Let g̃2 = h̃g̃1h̃
−1, for g̃1,2, h̃ ∈ G̃ and set g1,2 := p(g̃1,2), h := p(h̃). Clearly g1 is

conjugated to g2 in G. Conversely, if we have hg1h
−1 = g2, the element h̃g̃1h̃

−1 is the same
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for every lift h̃ of h via p, because two such lifts differ by a central element. Therefore there
exists z ∈ Z such that g̃2 = zh̃g̃1h̃

−1.

This means that a conjugacy class in G̃ is determined by a conjugacy class in G and an
element in Z. Note that in order to associate to [g̃] a pair ([g], z) we need to fix a (non-canonic)
lift of each representative g ∈ [g] ⊂ G to an element g̃ ∈ p−1(g). □

We consider now lifts of the representatives from Proposition 4.8:

The translations in R = R̃P1 are properly elliptic if and only if α ̸∈ πZ, they are central
otherwise, cf. Proposition 4.6. From the Lemma above we conclude that {Ẽα , α ∈ R} is a

full set of representatives of conjugacy classes of elliptic elements Ẽ0 ∪ Z̃.

For Ã ∈ H̃ ∪ P̃, Φ(Ã) = Â ∈ Ĥ ∪ P̂ has two, resp. a fixed point on RP1 and the following

can be said about Ã:

Lemma 4.11. Let Ã ∈ S̃L(2,R) and Â := Φ(Ã) ∈ PSL(2,R) be its projection. If Ã fixes

x ∈ R̃P1, then it fixes all points in p−1(p(x)) = {x + kπ , k ∈ Z}. If Â has, in addition to

p(x), also another fixed point z ∈ RP1, then Ã(y) = y for all y ∈ p−1(z).

Conversely, if Â ∈ SL(2,R) has a fixed point in RP1, then there exists a unique element

Ã0 ∈ S̃L(2,R) such that Φ(Ã0) = A and Ã0 fixes one (hence all) points in p−1(z), for any

fixed point z of Â. Moreover, Φ−1(Â) = {Ãk := Ã0Ẽkπ , k ∈ Z}.

Proof. Let x + kπ = Ẽkπ(x) be any element of p−1(p(x)). Then Ã(x + kπ) = Ã(Ẽkπ(x)) =

Ẽkπ(Ã(x)) = Ẽkπx = x + kπ for any k ∈ Z, because Ẽkπ are in the center of S̃L(2,R). This
proves the first claim.

For the second claim, note that p−1(z) is a Ã-invariant subset of R̃P1, and it consists of

one point yk for each interval (x + kπ, x + (k + 1)π) ⊂ R̃P1. The endpoints of this interval

are fixed points of Ã, which is also a monotone increasing map from R̃P1 = R to itself. That
means that Ã(yk) also belongs to the same interval, hence Ã(yk) = yk.

Let us now consider Â ∈ PSL(2,R) that has a fixed point z ∈ RP1. Then any Ã ∈ Φ−1(Â)
maps p−1(z) to itself, in particular, for every x ∈ p−1(z) there exists an integer k (which is

actually independent of x) such that Ã(x) = x + kπ = Ẽkπ(x). Therefore Ã = Ãk as in the
statement. □

Remark 4.12. For an element A ∈ SL(2,R) acting (as Â ∈ PSL(2,R)) with fixed points on

RP1, we call Ã0 as in Lemma 4.11 the canonical lift of A, resp. Â in S̃L(2,R). Note that the

elements Ãk, k ∈ Z∗, have no fixed points on R̃P1.

Remark 4.13. The action of the connected group S̃L(2,R) on R̃P1 is by monotone increasing

diffeomorphisms. The orientation-reversing diffeomorphism of R̃P1 ≡ R, defined by τ̃(t) :=
−t also projects via p to a diffeomorphism of RP1, namely the map [x : y] 7→ [x : −y]

which actually is the homography fT , defined by T :=

(
1 0
0 −1

)
∈ GL(2,R), hence τ is an

orientation-reversing projective automorphism of R̃P1. Note that, if Ã0(0) = 0, then τ̃ ◦ Ã0 ◦ τ̃
is again an orientation-preserving diffeomorphism on R̃P1 that fixes 0, thus it is equal to some

B̃0 and Fix(B̃0) = −Fix(Ã0) ⊂ R̃P1 = R. Consequently, conjugation with τ̃ maps H̃, P̃,

Ẽ0 and Z̃ to themselves. Here Fix(F ) denotes the set of fixed points of a diffeomorphism

F : R̃P1 → R̃P1.
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4.3. Open projective curves. An open, oriented, projective curve C can be seen, via a

developing map, as an interval in R = R̃P1, and we need to classify them up to an isomorphism

in S̃L(2,R). There are three types of open intervals:

(1) R̃P1 itself;
(2) a half-line;
(3) a bounded interval (α, β).

Obviously, any element Ã ∈ S̃L(2,R) acts by bijections of R̃P1, thus R̃P1 can not be
isomorphic, as a projective curve, to a half-line or some bounded interval. On the other hand,

because Ã : R̃P1 → R̃P1 is monotone increasing (see Remark 4.13), we have

Ã ((−∞, p0)) = (−∞, Ã(p0)),

hence, on one hand, such a left half-line is not isomorphic to any right half-line or to any
bounded interval and, on the other hand, any two left (or right) half-lines are isomorphic

(because S̃L(2,R) acts transitively on R̃P1). Thus, R̃P1, left and right half-lines are three
distinct isomorphism classes of oriented open projective curves.

Let us consider the remaining type (bounded intervals).

Definition 4.14. Let U := (a, b) ⊂ R̃P1, with a, b ∈ R, a < b.

(1) If b = a + kπ, k ∈ N, or, equivalently b = Ẽkπ(a), we say that the interval U has
winding number k ∈ N, and write W (U) = k.

(2) If a + kπ < b < a + (k + 1)π, (or equivalently Ẽkπ(a) < b < Ẽ(k+1)π(a)) with k ∈ N,
we say that the interval U has winding number k+ 1

2 , k ∈ N and write W (U) = n+ 1
2 .

For example, an interval projecting via p on a maximal affine chart, or RP1 without a point,
e.g. the interval (0, π), has winding number 1, and an interval projecting on an affine half-line

inside an affine chart, e.g. the interval (0, π2 ) ⊂ R̃P1, has, by the above convention, winding

number 1
2 .

In general the winding number of an interval U ⊂ R̃P1 is related to the number in U∩p−1(x)
(how many times U is wrapped around RP1), as follows; {♯(I ∩ p−1(x)) , x ∈ RP1} always
consists of two non-negative integers k, k + 1, the distinction is made by how many points
x ∈ RP1 attain the lower number above: if there is only one point, then W (U) = k + 1, if
there are at least two (hence infinitely many), then W (U) = k + 1

2 .

We can now prove the following:

Proposition 4.15. The winding number (with values in 1
2N) is the unique invariant of a

bounded interval of R̃P1 under the action of S̃L(2,R): For U and U ′ bounded intervals

of R̃P1, there exists an element Ã ∈ S̃L(2,R) such that Ã(U) = U ′ and if and only if these
intervals have the same winding numbers.

Proof. By mapping U,U ′ by appropriate elements of S̃L(2,R), we can assume U = (0, p) and

U ′ = (0, p′). Any further action on U needs to be by Ã that fixes 0 ∈ R̃P1.

Assume that there exists Ã ∈ S̃L(2,R) such that Ã(0) = 0 and Ã(p) = p′. IfW (0, p) = k ∈ N
then p = kπ and p′ = Ã(kπ) = kπ = p as implied by Lemma 4.11.

If the winding number of (0, p) is k + 1
2 then p ∈ (kπ, (k + 1)π) and p′ = Ã(p) lies in the

same interval (see the proof of Lemma 4.11), hence W (0, p′) = k + 1
2 as claimed.
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Conversely, assume that (0, p) and (0, p′) have the same winding numbers. If this number

is k ∈ N then p = p′ = kπ and we may even take Ã to be the identity Ẽ0 ∈ S̃L(2,R).
If W (0, p) = W (0, p′) = k + 1

2 , then p, p
′ ∈ (kπ, (k + 1)π). Their projections p(p), p(p′) ∈

RP1 are equal to [x : 1], resp [x′ : 1], simply because they are both different from p(kπ) =

p(0) = [1 : 0]. We have [x′ : 1] = P̂ (x′ − x)([x : 1]), where P (x′ − x) is the parabolic matrix

defined in (23). Lemma 4.11 implies that P̃0(x
′−x)(0) = 0 and P̃0(x

′−x)(p) = p′ for P̃0(x
′−x)

the canonical lift of P (x′ − x), see Remark 4.12.

Therefore P̃0(x
′ − x) maps (0, p) onto (0, p′) as claimed. □

We see that the isomorphism class of an open, oriented projective curve is determined by
its winding number or, if the latter is infinite, there are three possible isomorphism classes:
(0,∞), (−∞, 0), R ⊂ RP1.

For non-oriented open projective curves, note that the map s 7→ −s on R̃P1 (which induces

an orientation-reversing projective automorphism of R̃P1) does not change the winding num-
ber, but establishes an isomorphism between a left- and a right-half-line. Therefore, we have
(see also [11], [7]):

Corollary 4.16. The moduli space Mo of isomorphism classes of connected, open projective
curves (disregarding the orientation) is countable:

Mo = {∞, H} ∪ 1
2N

∗.

The point ∞ corresponds to R̃P1, H represents the isomorphism class of any half-line in R̃P1,

and any number x in 1
2N represents the isomorphism class of a bounded interval in R̃P1 of

winding number x.

5. The isomorphism classes of closed projective curves

In order to classify, up to isomorphism, the projective structures on a closed curve, we need

to refine Theorem 4.5 using our knowledge of the action of S̃L(2,R) on R̃P1.

5.1. The conjugacy classes in S̃L(2,R). Using Lemma 4.10, we refine the partition (24) by
decomposing it further in conjugacy classes, and give for each of them a standard representa-
tive:

Theorem 5.1. The conjugacy classes of elements in S̃L(2,R) are the following, with respective
representatives:

(1) H̃ =
⋃

k∈Z, λ∈(0,1)

H̃k(λ), represented by H̃k(λ) := H̃0(λ)Ẽkπ ∈ H̃k(λ), where H̃0(λ) is

the canonical lift of Ĥ(λ) ∈ PSL(2,R);
(2) P̃ =

⋃
k∈Z

(
P+
k ∪ P−

k

)
, represented by P̃±

k := P̃±
0 Ẽkπ ∈ P̃±

k , where P̃±
0 is the canonical

lift of P̂± ∈ PSL(2,R);
(3) Ẽ0 =

⋃
α∈R∖πZ

Ẽα, represented by Ẽα ∈ Ẽα;

(4) Z̃ = {Ẽkπ , k ∈ Z}, formed by conjugacy classes containing only one element each.

Remark 5.2. The smooth map SL(2,R) ∋ A 7→ trA ∈ R is a submersion when restricted
to SL(2,R)∖ Z, and the connected components of the level sets (which are, therefore, closed
surfaces in SL(2,R) ∖ Z) are exactly the conjugacy classes. We can define the map κ :
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S̃L(2,R) → R, κ(Ã); = tr(p(Ã)), which is also a submersion on S̃L(2,R)∖ Z̃, and its level sets
are (grouped pairwise by the notation κ−1(±a) := κ−1(a) ∪ κ−1(−a), for a > 2, 0 ≤ a < 2
and resp. a = 2):

κ−1
(
±λ2+1

λ

)
=

⋃
k∈Z

H̃k(λ), κ−1(±2 cosα) =
⋃
k∈Z

Ẽα+kπ, κ−1(±2) = P̃.

Here, in order to write each component of a level set exactly once, we make the convention
that α ∈ (0, π) and λ ∈ (0, 1).

5.2. Classification of projective structures on closed curves (with or without a fixed
orientation). We will simplify the data associated with a projective structure, replacing a

pair (U, Ã) as in Theorem 4.5 with Ã alone. As Ã from the above mentioned theorem satisfies

the inequality (20), we define a subset of S̃L(2,R) where Ã is contained:

Definition 5.3. The subset S̃L(2,R)+ is the set of elements Ã such that there exists at least

one point x ∈ R̃P1 such that Ã(x) > x.

Clearly, all elements conjugated to Ã ∈ S̃L(2,R)+ are also in S̃L(2,R)+. For every Ã ∈
S̃L(2,R), Ã or its inverse are in S̃L(2,R)+ (sometimes both, see below), and if Ã has no fixed

points on R̃P1, then exactly one of Ã and Ã−1 belongs to S̃L(2,R)+. The element H̃0(λ)

admits points on R̃P1 that satisfy H̃0(λ)(x) > x and also points satisfying H̃0(λ)(y) < y. On

the other hand, we have P̃+
0 (x) ≤ x and P̃−

0 (x) ≥ x for all x ∈ R̃P1. We conclude:

S̃L(2,R)+ =
⋃

k∈N, λ∈(0,1)

H̃k(λ) ∪
⋃
α>0

Ẽα ∪
⋃
k∈N

P̃−
k ∪

⋃
k∈N∗

P̃+
k . (25)

We show now that an isomorphism class of an oriented closed projective curve C is encoded
in the positive generator Ã of its holonomy group, cf Definition 4.4. Note that if Ã has no

fixed points, then there is nothing to show since in that case C = R̃P1/⟨Ã⟩.

Proposition 5.4. Let Ã ∈ S̃L(2,R)+ and let a < b be fixed points of Ã such that Ã(x) > x,

∀x ∈ U := (a, b) ⊂ R̃P1. Then, every other interval U ′ with same property is of the form

U ′ = (a+ kπ, b+ kπ) for some k ∈ Z. Moreover, the projective curves U/⟨Ã⟩ and U ′/⟨Ã⟩ are
isomorphic.

Proof. The statement is invariant by conjugation in S̃L(2,R) since the translation by kπ in R
is given by the central element Ẽkπ, and conjugation in S̃L(2,R) preserves the inequalities in

R = R̃P1 (in the sense that if Ã = B̃Ã′B̃−1 and A(x) > x on some interval U , then A′(x) > x

on B̃(U).

If Ã ∈ S̃L(2,R)+ has fixed points, we can thus assume up to conjugation that it is either

equal to P̃−
0 , whose fixed points are πZ, or to some H̃0(λ), λ ∈ (0, 1), whose fixed points are

π
2Z.
In the first case, the interval U is necessarily of the form (kπ, (k + 1)π), which trivially

implies our claim.

In the second case, since H(λ) maps an element [cosα : sinα] ∈ RP onto [λ cosα : λ−1 sinα],
whose argument is larger than α for α ∈ (0, π2 ) and smaller than α on (π2 , π), we obtain that
U is necessarily of the form (kπ, kπ + π

2 ), and again the claim follows.

The last statement follows directly from the fact that the projective structures associated
to the pairs (U, Ã) and (ẼkπU, Ã) are isomorphic by taking B̃ = Ẽkπ in Theorem 4.5. □
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Corollary 5.5. The moduli space of oriented projective structures on closed curves is the set

of conjugacy classes of elements of S̃L(2,R)+.

We show now that we can drop the word ”oriented” from the above result:

Proposition 5.6. All closed projective curves admit orientation-reversing projective automor-
phisms. Therefore, the set of oriented projective structures on a closed curve C coincides with
the set of projective structures on C.

Proof. It is enough to prove the statement for particular representatives Ã of each conjugacy

class in S̃L(2,R)+. If Ã has no fixed points on R̃P1, it suffices to construct an orientation-

reversing map on R̃P1 (that induces on RP1 an orientation-reversing homography) such that

the holonomy group ⟨Ã⟩ is preserved. In all cases we set τ̃ : R̃P1 → R̃P1 by τ̃(x) := −x (which
induces the matrix T ∈ GL(2,R), see Remark 4.13, and we claim that

τẼατ = Ẽ−α, (τ J̃)H̃(λ)(J̃−1τ̃) = τH̃n(λ
−1)τ = H̃n(λ

−1), τ P̃±
n τ = P∓

−n, ∀n ∈ Z, (26)

where juxtaposition means composition of projective maps on R̃P1. If Ã is one of these
elements, its conjugate by τ , resp. (τ J̃), would be exactly its inverse, thus the group ⟨Ã⟩
would be preserved.

To prove (26) we proceed case by case: for Ã = Ẽα this is an identity involving affine

transformations on R = R̃P1:

τẼατ(x) = −(−x+ α) = x− α = Ẽ−α(x), ∀x ∈ R̃P1.

For the hyperbolic and parabolic cases we first prove the identities for k = 0, i.e., Ã = Ã0 is the
canonical lift of a matrix A ∈ SL(2,R) of hyperbolic, resp. parabolic type. It is straightforward
that the right hand sides of (26) also have fixed points on R̃P1, hence the identities are implied
by the corresponding identities of matrices, i.e.

TJ−1H(λ)JT = TH(λ−1)T = H(λ−1),

for which the first identity has already appeared in the proof of Proposition 4.7 and the second
follows because T and H(λ−1) are both diagonal, hence they commute, and

TP (±1)T = P (∓1),

which is again a very simple computation.

In general Ã = Ã0Ẽkπ, k ∈ Z, so we apply the already proved identities for Ẽkπ and for Ã0,
thus finishing the proof of (26). □

5.3. Classification of Laplace structures on closed curves. The classification of Laplace
structures on closed curves, that can be also obtained by following Theorems 3.6, 4.5 and
Proposition 5.4, can be stated by exhibiting a natural map that behaves well under deforma-
tions:

Theorem 5.7. There exists a natural map Ξ from the set of equivalence classes of real-valued,
1-periodic functions F : R → R, up to the action of the diffeomorphism group of R/Z described

in (8), to the conjugacy classes of elements in S̃L(2,R)+. This map is defined as F 7→ R̃(1),

where R is the solution of the first order differential system R′ = R

(
0 −F
1 0

)
with the initial

condition R(0) = I2, and R̃ : [0, 1] → S̃L(2,R) is the lift of the path R : [0, 1] → SL(2,R) with
R̃(0) = Ẽ0.
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The map Ξ is bijective and continuous for the standard topologies of the corresponding
quotient spaces.

Proof. The system {
R′ = RQ

R(0) = I2
where Q :=

(
0 −F
1 0

)
, (27)

is the matrix version of the same first order linear ODE associated to Hill’s equation x′′+Fx =
0, i.e. for a solution x(t) of Hill’s equation, the (row) vector-valued map X(t) := (x(t) x′(t)) ∈
R2 (seen as row matrices) satisfies X ′ = XQ, and conversely, the second entry of a solution to
X ′ = XQ is the derivative of the first entry x, which satisfies the Hill’s equation. So the first
column of R consists of two solutions x1, x2 of x′′ + Fx = 0, and the second column of their
derivatives, thus the determinant of R is equal to the Wronskian Wr(x2, x1) := x′2x1 − x′1x2
which is constant, thus equal to 1 (the value of detR(0)). Thus R : R → SL(2,R) and it

admits a well-defined lift to S̃L(2,R), denoted with R̃. From the standard theory of ODE’s,
the map

F 7→ R̃(1) ∈ S̃L(2,R)
is well-defined and continuous. Clearly, the first column(

x1
x2

)
= R

(
1
0

)
(28)

of R determines a map ψ : R = S̃1 → RP1 such that ψ(0) = [1 : 0], that lifts to a map

ψ̃ : R → R̃P1, such that ψ̃(0) = 0. The fact that the Wronskian Wr(x2, x1) is positive implies

that the map ψ̃ has positive derivative. In particular, ψ̃(1) > ψ̃(0) = 0. The map ψ̃ : R → R̃P1

is thus not only an immersion, but a monotone increasing one, and this is a developing map
for the associated projective structure, cf. Theoerm 3.6 and Remark 3.7.

We claim that the holonomy corresponding to the developing map ψ̃ is generated by R̃(1):

indeed, we need to prove that ψ̃(t+1) = R̃(1)(ψ̃(t)) or, equivalently, that ψ(t+1) = R̂(1)ψ(t)
for all t ∈ R. This follows from the fact that t 7→ R(1)R(t) and t 7→ R(t+ 1) satisfy the same
equation R′ = RQ with the same initial condition at t = 0.

From (28) we have that ψ̃(1) = R̃(1)(0) (the element R̃(1) of S̃L(2,R) applied to 0 ∈ R̃P1),

thus R̃(1) ∈ S̃L(2,R)+. Consequently, we get a continuous map

Ξ : {F : R → R , F smooth and F (t+ 1) = F (t), ∀t ∈ R} −→ S̃L(2,R)+ (29)

which is equivariant for the action of the diffeomorphism group of R/Z on the left side, resp.

conjugation in S̃L(2,R) on the right side, cf. Theorem 3.6.

Note that Ξ is a composition of the correspondence between Laplace and projective struc-
tures from Theorem 3.6 with the one from Theorem 4.5 (which associates to a projective

structure an equivalence class of a pair (U, Ã)) and with the one from Proposition 5.4 (which

drops the interval U that turns out to be determined modulo πZ by Ã). Because we know
from that the correspondences above are all 1–1, we conclude that Ξ is bijective as well. □

5.4. Geometric properties of closed projective curves. We will describe some of the
geometric properties of a closed projective curve that allow us to distinguish various isomor-
phism classes. The first property is whether the developing map is surjective or not. Recall
that by Corollary 5.5, a projective curve is identified to a conjugacy class of the adjoint ac-

tion of S̃L(2,R) on S̃L(2,R)+, and those corresponding to non-surjective developing maps are

P̃−
0 ∪ H̃0(λ), λ ∈ (0, 1).
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Proposition 5.8. The curves from P̃−
0 ∪ H̃0(λ), λ ∈ (0, 1), are the projective curves that

are also affine, i.e. one can extract from the atlas of projective charts a smaller atlas of
affine charts or, equivalently, it admits a global connection or which the corresponding Laplace
operator is the Hessian. The distinction between P̃−

0 and H̃0(λ) is that, in the first case, the
above mentioned connection is unique and admits a global parallel section, and in the second
case there are two such connections and none admits a parallel section.

Proof. First note that if there exists ∇ on C such that L = Hess∇ on C, then every local
∇-parallel nontrivial section of TC induces a local parametrization that is projective, so there
exists a sub-atlas formed by those parametrizations whose speed vector field is ∇-parallel, see
Theorem 3.6. The transition maps are affine, because their second derivative vanishes (which
of course implies the vanishing of the Schwarzian). These parametrizations can be globally

defined on C̃ which is therefore sent through the developing map to an interval that projects
diffeomorphically through p onto its image in an affine chart of RP1. This implies that the
projective structure is of type P̃−

0 or H̃0(λ), λ ∈ (0, 1).

For Ã = P̃−
0 we get that (0, π)/⟨P̃−

0 ⟩ is isomorphic with R/Z, as the element P̃−
0 induces

on {[x : 1] , x ∈ R} ≃ R the transformation [t : 1] 7→ [t + 1 : 1]. For Ã = H̃0(λ), its
action on (0, π/2) induces the transformation [x : 1] 7→ [λ2x : 1], for x > 0 (the image
p((0, π/2)) = {[x : 1] , x ∈ (0,∞)}).

Note that for Ã = P̃−
0 , the image of D is contained in a single affine chart in RP1, hence

the uniqueness of the affine connection ∇, which is (after identifying C̃ with R, the trivial
connection for which the derivative of the identity map (which is the affine parametrization) is

the ∇-parallel (constant) vector field 1. As noticed before, P̃−
0 acts on C̃ ≃ R by translations.

For Ã = H̃0(λ), the developing map has values in (0, π/2) and its projection through p on

RP1 is contained in an infinity of affine charts, however only for two of them does Ã act by
affine transformations: on those affine charts which contain at most (in fact, exactly) one of

the two fixed points of Â ∈ PSL(2,R) on RP1, namely on {[1 : x] , x ∈ R} ⊃ p(D(C̃)) =

{[1 : x] , x > 0} or on {[x : 1] , x ∈ R} ⊃ p(D(C̃)) = {[x : 1] , x > 0}. On each of these
charts the holonomy is generated by x 7→ λ2x, resp x 7→ λ−2x, so the ∇-parallel (constant)

functions/vector fields are not Ã-invariant, hence not defined globally on C. □

The next invariant of an isomorphism class of closed projective curves is the set of winding
numbers of the fundamental domains of U/⟨Ã⟩:

Proposition 5.9. If I := [a, b) is a fundamental domain of R̃P1/⟨Ã⟩ (thus b = Ã(a)), then

the winding number of I depends on Ã as follows:

(1) If Ã is conjugated to Ẽα, α > 0, then W (I) = n if and only if α = nπ, otherwise
W (I) = n+ 1

2 , where nπ < α < (n+ 1)π;

(2) If Ã is conjugated to P̃+
n or P̃−

n , for n ∈ N∗, then n + 1
2 ≥ W (I) ≥ n, respectively

n− 1
2 ≤W (I) ≤ n;

(3) If Ã is conjugated to H̃n(λ), λ > 1, n ∈ N∗, then n− 1
2 ≤W (I) ≤ n+ 1

2 .

In cases (2) and (3), the winding number of (a, b) is integer if and only if the projection

p(a) ∈ RP1 is a fixed point of the projection Â ∈ PSL(2,R) of Ã. Moreover, the limits in the
inequalities above are attained.

Proof. As the claims are invariant to conjugation, we will assume Ã ∈ S̃L(2,R)+ is one of the
representatives of the elliptic, parabolic or hyperbolic conjugacy classes.
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Note that if W (a, Ã(a)) :=W ([a, Ã(a))) is an integer, then p(a) = p(Ã(a)) is a fixed point

for Â on RP1.

In case (1), Ã is the translation with α, hence W (x, x + α) = n if and only if α = nπ,
n ∈ N∗, and W (x, x+ α) = n+ 1

2 if α ∈ (nπ, (n+ 1)π), as claimed.

In case (2), Ã(x) = P̃n± = P̃±
0 (x) + nπ, n ∈ N∗ or Ã = P̃−

0 . Clearly, P̃+
0 (x) ≤ x for all

x ∈ R̃P1, with equality for x ∈ πZ, and P̃−
0 (x) ≥ x for all x ∈ R̃P1, with equality for x ∈ πZ.

In both cases P̃±
0 (x)−x ∈ (−π, π) (because all intervals of the form (kπ, (k+1)π) are mapped

to themselves), hence W (x, P̃±
0 (x) + nπ) = n∓ 1

2 if x ∈ R̃P1 ∖ πZ and W (x, P̃±
0 (x) + nπ) = n

if x ∈ πZ, as claimed.

We argue similarly in case (3): Ã(x) = H̃0(λ)(x)+nπ, and the difference η(x) := H̃0(λ)(x)−
x ∈ (−π, π), vanishes exactly for x ∈ π

2Z ⊂ R̃P1. For k ∈ Z and x ∈ (kπ, (k + 1
2)π), η(x) > 0

and for x ∈ ((k − 1
2)π, kπ), η(x) < 0. The corresponding winding numbers W (x, Ã(x)) for

these values of x are therefore n, n+ 1
2 , resp. n− 1

2 . □

Definition 5.10. The winding numberW (C) of a closed curve C ≃ R̃P1/⟨Ã⟩ is n ∈ N∗ if there

exist a ̸= b := Ã(a) ∈ R̃P1 such that W ([a, b)) = n. Otherwise W (C) :=W (I) ∈ 1
2N

∗ ∖N∗ for
any fundamental domain I of C as in the proposition above.

Remark 5.11. In [11], and also in [9], the authors did not distinguish between the classes

P̃+
n and P̃−

n for the same n ∈ N∗. Proposition 5.9 produces a geometric invariant (see also the
table below) that distinguishes these classes.

Another invariant of an isomorphism class of closed projective curves is its group of global
projective automorphisms:

Proposition 5.12. The orientation-preserving automorphism group Aut+(C) of an oriented

closed projective curve C ≃ R̃P1/⟨Ã⟩ is 3–dimensional (equal to S̃L(2,R)/⟨Ẽnπ⟩) if and only
if the curve is of class Enπ, n ∈ N∗. Otherwise, Aut(C) is a 1–dimensional Lie group and:

(1) Aut+(C) is connected and compact (i.e., isomorphic to S1) if and only if

C ∈ Ẽ0 ∪ H̃0 ∪ P̃−
0 ;

(2) Aut+(C) is non-connected and non-compact if and only if

C ∈ (H̃∖ H̃0) ∪ (P̃ ∖ P̃−
0 ).

In the first case, C is a homogeneous projective curve. In the second case, C is non-
homogeneous and Aut0(C), the connected component of the identity in Aut+(C), has n =
W (C) fixed points if C ∈ P±

n , respectively 2n = 2W (C) fixed points if C ∈ Hn(λ). In these
cases, the index of Aut0(C) in Aut+(C) is W (C).

Proof. In general, Aut+(C) is equal to N(⟨Ã⟩)/⟨Ã⟩, where N(⟨Ã⟩) denotes the normalizer of

the discrete group ⟨Ã⟩ in Aut(C̃) (this latter group being equal to S̃L(2,R) if C̃ ≃ R̃P1, and
an affine group otherwise). Moreover, Aut0(C) is equal to the connected component of the

identity in the centralizer of Ã. Because the group ⟨Ã⟩ is infinite cyclic, an element B̃ lies

in its normalizer if an only if B is in its centralizer or B̃ÃB̃−1 = Ã−1. For Ã ∈ S̃L(2,R)+ a

standard representative of its conjugacy class, the latter is only possible if Ã = H̃0(λ).

If Ã ∈ Z̃ ∩ S̃L(2,R)+ (i.e., Ã = Ẽnπ, n ∈ N∗), then the whole S̃L(2,R) is the centralizer of

Ã, and therefore Aut+(R̃P1/⟨Ã⟩) = S̃L(2,R)/⟨Ẽnπ⟩, and it is connected.
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If Ã = Eα, α ∈ R ∖ πZ, then p̄(Ã) = A = Eα, α ∈ (0, π) ∪ (−π, 0), has complex, non-real
eigenvectors that are shared by any matrix B ∈ SL(2,R) that commutes with A, i.e., B = Eβ,

With β ∈ (−π, π]. The centralizer of Ã is then {Ẽβ , β ∈ R}. Moreover, Ẽα, α > 0, is not

conjugated in S̃L(2,R) with Ẽ−α, thus the normalizer of Ẽα is the same as its centralizer. We

conclude Aut+(R̃P1/⟨Ẽα⟩) = {Ẽβ , β ∈ R}/⟨Ẽα⟩ ≃ R/αZ ≃ S1, for all α ∈ R∖ πZ.

For Ã = P̃±
n , n ∈ N, then again the normalizer of ⟨Ã⟩ and its centralizer coincides, as Ã is

not conjugated in S̃L(2,R) with Ã−1. But Â := p(Ã) ∈ PSL(2,R) has a unique fixed point

[1 : 0] ∈ RP1, hence every element B̂ of PSL(2,R) that commutes with Â must fix this point

as well (and no other, unless B̂ = id). This means that B̂ = P̂ (t), t ∈ R, where the parabolic

matrix P (t) is defined in (23). The canonical lift P̃0(t) commutes with Ã0, the canonical lift

of Â, and because Ã = Ãn = Ã0Enπ and B̃m = B̃0Emπ also commute, we conclude

Aut+(R̃P1/⟨P̃±
n ⟩) = {P̃m(t) , m ∈ Z, t ∈ R}/⟨P̃n(±1)⟩,

which is a semidirect product of Aut0(R̃P1/⟨P̃±
n ⟩) ≃ R with Z/nZ. Aut0R̃P1/⟨P̃±

n ⟩) consists
of the canonical lifts P̃0(t), t ∈ R, hence all its elements fix all fixed points of Ã0. There are

exactly n such points in C = R̃P1/⟨P̃±
n ⟩.

For Ã = H̃n(λ), n ∈ N∗, Ã is not conjugated in S̃L(2,R) to Ã−1 hence we again need to

determine the centralizer of Ã. As in the elliptic case, if B̃ commutes with Ã, then B :=
p̄(B̃) ∈ SL(2,R) commutes with A := p̄(Ã) which has two real eigenvectors (1, 0) and (0, 1)
in R2, and this means that B has the same real eigenvectors, hence B = H(µ), µ ̸= 0. As in

the parabolic case, the canonical lift of B to S̃L(2,R) commutes with Ã0 and in fact all lifts

B̃n = B̃0Ẽmπ, m ∈ Z, of B commute with Ã. We conclude

Aut+(R̃P1/⟨H̃n(λ)⟩) = {H̃m(µ) , m ∈ Z, µ > 0}/⟨H̃n(λ)⟩,

which is again a semidirect product of Aut0(R̃P1/⟨H̃n(λ)⟩) ≃ (0,∞) with Z/nZ.

As Aut0(R̃P1/⟨H̃n(λ)⟩) consists of H̃0(µ), µ > 0, which all fix the set π
2Z of fixed points of

Ã0 in R̃P1, we have that the set of 2n points on C = R̃P1/⟨H̃n(λ)⟩ coming from π
2Z are fixed

by all elements of Aut0(R̃P1/⟨H̃n(λ)⟩).
Finally, for Ã = P̃−

0 or H̃0(λ), Aut
+(C) is a quotient by ⟨Ã⟩ of the automorphism group of

the image of the developing map, which is (0, π) in the first case and (0, π/2) in the second

case. Now, Aut+(0, π) = {P̃0(t) , t ∈ R} ≃ R hence Aut+(C) ≃ R/Z ≃ S1 and, in the second

case, Aut+(0, π/2) = {H̃0(µ) , µ > 0} ≃ (0,∞), thus Aut+(C) ≃ S1 as well. In both cases
the action of the (connected) group of oriented projective automorphisms is free. □

Definition 5.13. A point on a closed projective curve c which is fixed by all elements of
Aut0(C) is called a resonance point of C.

In the classes P̃±
n or H̃n(λ), n ∈ N∗, there are n, resp. 2n resonance points, moreover the

set of these points is preserved by all projective automorphisms (preserving the orientation
or not, see below), hence the action of the full automorphism group is not transitive; the
projective curve is not globally homogeneous.

Recall, however, that all projective curves are locally homogeneous manifolds, there is no
way to distinguish two points of C by looking at a neighborhood of each point; the existence,
on some projective curves C, of points that are fixed (or simply permuted) by all projective
automorphisms seems to be rather a resonance phenomenon, hence the use of this term in
Definition 5.13.



PROJECTIVE STRUCTURES ON CURVES AND CONFORMAL GEOMETRY 23

Remark 5.14. The infinitesimal automorphisms of a non-homogeneous projective curve are
projective vector fields (in fact, there is only one up to scale) that vanish at the finite set of

resonance points. This vanishing is at order 1 for the classes H̃n(λ), n ∈ N∗, and at order 2 for

the classes P̃±
n , n ∈ N∗. On the projective classes P̃−

0 , H̃0(λ) and Ẽ0 there is again only one

projective vector field (up to scale), and it is nowhere vanishing. On a curve of class Ẽnπ, i.e.
on the n-fold cover of RP1, there are projective vector fields of all the kinds described above
(if such a vector field vanishes, then it either vanishes at order 2 at n points, or it vanishes at
order 1 at 2n points), but the zeros of such a vector field V vary depending on V , cf. [9].

Remark 5.15. As we have seen in Proposition 5.6, all closed curves admit orientation-
reversing automorphisms, so Aut(C) is a semidirect product of Aut+(C) with Z/2Z.

We see thus that all homogeneous projective curves (i.e, the classes Ẽ ∪ H̃0 ∪ P̃−
0 ) have

connected orientation-preserving automorphism group (isomorphic to S1 except for the classes

in Ẽnπ, n ∈ N∗, where we get a n-fold Galois covering of PSL2(R)).
We summarize in the following table the geometric properties of each projective type of a

given curve C:

• the winding number W (C̃) of its universal cover C̃ ⊂ R̃P1;
• the winding number W (C) of C;
• the winding number of the fundamental domains of C (see Proposition 5.9)
• the connected component of the identity in the automorphism group of C;
• the number of resonance points when C is non-homogeneous / the compatible global
affine connections (when they exist);

• (up to conjugation and sign) the projection in SL(2,R) of the positive generator of the
holonomy of C.

Projective classes of curves and their geometric properties

Projective # dist. p̄(Ã) ∈ SL(2,R)
type of C W (C̃) W (C) W (U) Aut0(C) points / Ã positive generator

affine of the holonomy

P̃−
0 1 1

2
1
2 R/Z ∇0 P− =

(
1 −1
0 1

)
P̃+
n , n ∈ N∗ ∞ n n− 1

2 , n
∗ R n P+ =

(
1 1
0 1

)
P̃−
n , n ∈ N∗ ∞ n n∗, n+ 1

2 R n P− =

(
1 −1
0 1

)
H̃0(λ)

1
2

1
2

1
2 R/Z ∇+, ∇− H̃(λ) =

(
λ 0
0 λ−1

)
H̃n(λ), n ∈ N∗ ∞ n n− 1

2 , n
∗, n+ 1

2 R 2n H(λ) =

(
λ 0
0 λ−1

)
Ẽα, α ̸∈ πN ∞ [απ ] +

1
2 [απ ] +

1
2 R/Z Eα=

(
cosα − sinα
sinα cosα

)
Ẽnπ, n ∈ N∗ ∞ n n S̃L(2,R)/⟨Ẽnπ⟩ id =

(
1 0
0 1

)
Here the asterisk denotes the winding number of the (countably many) particular choices

of connected fundamental domains U of C̃ ⊂ R̃P1 starting (and ending) at some preimage
through p of one of the resonance points of C, as it follows from Proposition 5.9.
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6. The Yamabe problem for curves in conformal geometry

For a compact conformal manifold (M, c) of dimension at least 2, the Yamabe problem asks
for a metric in the conformal class that has constant scalar curvature. Notably, the solution to
this problem involves the Yamabe operator, which is precisely the canonical Laplace structure
L induced on the manifold itself by its conformal structure [2, Proposition 3.7]. This Yamabe
operator, or conformal Laplacian, is a second-order linear differential operator on some (rank
1) weight bundle whose symbol is the contraction with the conformal structure, there is no
first order term, and the zero order term, written in a gauge defined by a metric g compatible
with c, is, up to a constant factor, exactly the scalar curvature Scalg.

One can reformulate the Yamabe problem (which does admit solutions) as a search for a
metric gauge in which the zero order term of the operator L is constant.

In view of the above, D. Calderbank and F. Burstall formulate in [3] the Yamabe problem
for curves in a conformal/Möbius ambient space:

Let C be a curve in a conformal/Möbius manifold (M, c). Is it possible to find a metric in
the conformal class of the ambient space such that the zero order term of the induced Laplace
structure on C, seen in an arc-length parametrization, is constant?

As we announced in the introduction, the answer is No!

Proposition 6.1. There exist curves C in ambient conformal/Möbius spaces (M, c) for which
the Yamabe problem has no solution.

Proof. In our notation from (7), F γ should be constant for γ an arc-length parametrization
of C. If this is possible, then the projective structure of C has to be homogeneous (the
parametrization can be composed with translations, still remain arc-length, and the resulting
zero order term is unchanged, see Proposition 3.5).

But we know that there exist (a lot of) projective structures on a closed curve C that are
not homogeneous. On the other hand, [2, Theorem 4.22] states, for the particular case of a
curve:

Proposition 6.2. Let (C, g) be a Riemannian curve and L a Laplace structure on C. Let
ν be a vector bundle over C. Then there exists a metric gν on the total space M of ν (and
additionally a Möbius structure on (M, [g]) if dimM = 2) such that L is the induced Laplace
structure on C induced by the ambient space M .

That means, every Laplace structure (hence, every projective structure, including non-
homogeneous ones) on C can be realized as one induced by the embedding of C in a confor-
mal/Möbius manifold M .

Such a non-homogeneous Laplace structure can not induce, in any parametrization, a
Laplace structure with constant zero order term. □
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