METRIC CONNECTIONS WITH PARALLEL TWISTOR-FREE TORSION
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ABSTRACT. The torsion of every metric connection on a Riemannian manifold has three
components: one totally skew-symmetric, one of vectorial type, and one of twistorial type.
In this paper we classify complete simply connected Riemannian manifolds carrying a met-
ric connection whose torsion is parallel, has non-zero vectorial component and vanishing
twistorial component.

1. INTRODUCTION

The main tool of Riemannian geometry is the Levi-Civita connection, which is the unique
torsion-free metric connection on a given Riemannian manifold. However, on Riemannian
manifolds carrying additional structures (e.g. Sasakian [1], [10], almost Hermitian [6], [13],
hyperhermitian [3], Go [9], Spin(7) [11], homogeneous [4], etc.), metric connections with
torsion are more adapted in order to understand the underlying geometries.

In most of the aforementioned cases, the torsion of the relevant metric connection is to-
tally skew-symmetric and parallel. In [7], Cleyton and Swann obtained the classification of
metric connections with parallel skew-symmetric torsion whose holonomy representation is
irreducible. They show that in this case, the manifold is either naturally reductive homoge-
neous, or nearly Kahler in dimension 6, or nearly parallel G, in dimension 7.

However, since no analogue of the de Rham decomposition theorem holds for connections
with torsion, the reducible case is more involved and not completely classified. A systematic
study of this problem in the reducible case has been started recently in [8], where it was shown
that every Riemannian manifold carrying a metric connection with parallel skew-symmetric
torsion is locally a Riemannian submersion with totally geodesic naturally reductive homo-
geneous fibers over a lower-dimensional manifold carrying a principal bundle with parallel
curvature.

The case of metric connections with torsion of vectorial type was considered by Agricola
and Kraus in [2], where it is noticed that the condition of having parallel torsion is too
restrictive, and is relaxed by asking that the corresponding 1-form is closed.

In the present paper we study a more general problem, by asking for the torsion of the metric
connection to be parallel, while allowing it to have both a skew-symmetric and a vectorial
component. Since the third component of the torsion is called twistorial component, such
connections will be referred to as having twistor-free torsion. Surprisingly, it turns out that
if the vectorial component is non-zero, then the problem is completely solvable.
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The rough idea of the classification is as follows. In Theorem 3.2 we show that the presence
of the vectorial component forces the manifold to decompose as a warped product with fiber
R, with explicit warping function, and with basis carrying a parallel 3-form 7 satisfying the
condition (7x).7 = 0 for every basic tangent vector X (here 7x denotes the skew-symmetric
endomorphism corresponding to X u7 via the metric on the basis, and acting as a derivation
on the exterior bundle).

The condition (7x).7 = 0 can be interpreted as the Jacobi identity for the bracket defined
on each tangent space by [X,Y] := 7xY, and induces a parallel compact type Lie algebra
structure on the tangent bundle. We then show in Theorem 5.2 that such structures de-
compose as products of irreducible bricks of four types: symmetric spaces of type II or IV,
3-dimensional Riemannian manifolds, simple Lie algebras of compact type with bi-invariant
metric, and arbitrary Riemannian manifolds with abelian Lie algebra structure.

Using these results, the complete classification of metric connections with parallel twistor-
free torsion is given in Theorem 5.3.

Acknowledgments. This work was supported by the Procope Project No. 57445459
(Germany) / 42513ZJ (France).

2. PRELIMINARIES

Let us first introduce some notation and conventions used in this paper. On a Riemannian
manifold (M, g) vectors and 1-forms or g-skew-symmetric endomorphisms and 2-forms will
be as usually identified via the metric g. A 3-form 7 on M will be identified with a tensor of
type (2,1) as follows:

T(X,Y,Z)=g(rxY,Z), VX,Y,Z T (TM).
In this way, the 2-form X J7 is identified with the skew-symmetric endomorphism 7x for every

tangent vector X. The kernel of a 3-form 7 at a point x € M is defined as follows:

ker(1) :={X € T,M |7x = 0}.

For every k > 0, a skew-symmetric endomorphism A of TM acts as a derivation on the
bundle of exterior k-forms by the formula

(1) Ao =) AejNejuo, Vo e T(QFM),

where {e;}; is a local orthonormal basis of TM. For later use, note that if £ = 2 and o
is identified with a skew-symmetric endomorphism via the metric, then A,o is the 2-form
corresponding to the commutator [A, o].

Let V¥ denote the Levi-Civita connection of g. Every other metric connection V on (M, g)
can be written as
Vx =V% +Tx, VX e TM,
where T' € T'(A'M ® End™ (TM)) is a 1-form on M with values in the g-skew-symmetric
endomorphisms of TM. The tensor T' can be identified with the torsion T of V via the
isomorphism

A'M @ End™ (TM) — A’M @ TM, Tw—T,
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with T(X,Y) := TxY — Ty X
Recall that the tensor product of the SO(n) representations R” and A*R" decomposes as
Rn ® AQRn — Rn D TQ,an D A3Rn’

where 72! is the Cartan summand and is generated by elements of the form v@w € R*®@A?R"
which satisfy v Aw = 0 and vow = 0. The inclusions of R” and A3R" into R" @ A*R" are
given by

fHZeﬂ}b(ei/\f), THZ@@(@JT),

where {e;}; is any orthonormal basis of R™. Correspondingly, on every Riemannian manifold
we have the decomposition

AM @AM =AM @ A>'TM @ A3M.

Therefore, the torsion of a metric connection V = V9 + T’ identified with the tensor T €
['(A*M @ A2M), can be decomposed as T = T} + Ty + Ty with:

Ty € Ti(M) :=T(A'M), Tp€To(M):=TA>M), TyeTo(M):=T(AM).

By analogy with the Gray-Hervella classification of almost Hermitian structures, we will
say that the torsion of a metric connection V = V9 + T is of type 7; for i € {1,2,3} if T; # 0
and T; = 0 for j # 4. Similarly, for distinct 4,5 € {1,2,3} we say that the torsion of V is of
type T, ® T, if T; # 0, T # 0 and T}, = 0 for k different from ¢, j.

Recall that the twistor operator on Riemannian manifolds acting on 2-forms is the pro-
jection of their covariant derivative from T'(A'M ® A2M) onto T'(A*'TM) = To(M). We
will thus call the T5(M )-component of a tensor in I'(A'M @ A2M) its twistorial component.
Correspondingly, a metric connection is said to have twistor-free torsion if its torsion is of
type 71 @ T35 and twistor-like torsion if its torsion is of type 7.

The aim of this paper is the classification of complete simply connected Riemannian man-
ifolds admitting a metric connection V whose torsion is twistor-free and V-parallel.

3. METRIC CONNECTIONS WITH PARALLEL TWISTOR-FREE TORSION

Let (M, gy) be a complete simply connected n-dimensional Riemannian manifold with
Levi-Civita connection V9  which is endowed with a metric connection V with twistor-free
torsion. Assume moreover that the torsion is also V-parallel. By the above considerations,
there exists a non-zero vector field ¢ € T'(TM) and a non-zero 3-form v € Q3(M), such that
for all vector fields X € I'(TM) the following identity holds:

(2) Vx=V¥ + X AN+ vy.
The fact that the torsion of V is V-parallel is clearly equivalent to V&€ = 0 and Vv = 0.

Our first aim is to reduce the problem to the study of a metric connection with parallel
skew-symmetric torsion satisfying some further algebraic constraint on an (n— 1)-dimensional
Riemannian manifold. We start with the following technical result:
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Lemma 3.1. With the above notation, the following identities hold:
ve=0, d{=0, Zl/ei/\l/ei =0, dv=3¢Av,
i=1

where {e;}; is a local orthonormal basis of TM.

Proof. Up to rescaling the metric g, we may assume that the parallel vector field £ has
constant length equal to 1. Applying (2) to £ yields V¢ = X — (X, £)§ — vx§ for every
X € TM. Hence we obtain:

dé = Z e; N VIME = Z ei N (e; — (€, )€ — 1v.,&) = Zei A (€iave) = 2ug.
We compute now the covariant derivative of v using (1), (2) and the fact that both ¢ and v
are V-parallel as follows:

Ve = — Z(X NE)e; Nejve — Z vxe; N ejavg = —E N vegX + Z Ve, X N ge;.
i i

i

Taking the wedge product with X and summing over X = ¢;, we obtain:

dve = Zei A ngug = Zei A <—£ Nvee; + Zyejei A Vgej> =2 ANve — QZVei A Ve &

J

:25/\V§—£_JZV61./\I/€1..

On the other hand, since d§ = 2w, it follows that dve = 0. The above computation then
implies that

26 Nve IfJZVQ A Ve,.
i

Taking a further interior product with £ and using that ¢ is nowhere vanishing (being non-zero
and V-parallel) yields v¢ = 0, hence also d§ = 2y = 0 and

(3) €0 Ve, A, = 0.

We further compute the covariant derivative of v and its exterior differential:

Vv = —(XANE.w— (vx)w = — Z(X NE)e; N e v —vxe; N\ e v

(2

= —SAUX—FZV%X/\V@“

dv = D e AV ==Y e ANEAV, + Y€ ANvejei Ave, = 3E A + 20,
i i b
where a 1= Z Ve, N\ Ve,. It remains to show that a vanishes. The covariant derivative of a

i
and its exterior differential are obtained as follows, where we assume furthermore that the
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orthonormal basis {e;}; is parallel with respect to the Levi-Civita connection V9 at the
point where the computation is done:

V¥ a = Z V& (Ve; A Ve;) Z 20, NV Ve, =2 Z Ve, N V' Ve,
i

= —22%1 (X ANE)(ej) Nejave, — QZV@ Avxe; N ejive,
1]
:—221/6 /\f/\VeX—l—QZI/e /\X/\I/eﬁ—i-ZZVeX/\Vee]/\ue

7.]

:—2Z§/\VGX/\V6 +QZV€X/\V86]/\V67

12

da:ZeZ VgMOé_—QZGz/\f/\Ve e N\ Ve, —1—2261/\1/6 €i N\ Ve, €j N Ve,

i ij 1,5,k
—425/\%]/\Veg+4ZVe]/\Vek6j/\Vek 4 N a.
J J:.k

We now obtain:
0=d’»=dBAr+2a) = -3EANdr+2da= -6 ANa+8Aa=2Aa,
showing that a = 0, because (Lo = €4 Z Ve, N\ Ve, = 0 by (3). This concludes the proof of

%

the lemma. ]

We can now state our reduction result:

Theorem 3.2. A complete simply connected Riemannian manifold (M, gyr) carries a metric
connection with parallel twistor-free torsion if and only if (M, gnr) is homothetic to a warped
product (N x R,e*gy + dt?), where (N, gn) is a complete simply connected Riemannian
manifold carrying a parallel 3-form 7 € Q3(N) which satisfies TxT = 0, for all X € TN.

Proof. Let V be a metric connection on (M, g)s) with parallel twistor-free torsion given as:
(4) Vx =V + X NE+ vy,

with V&€ = 0 and Vv = 0. After rescaling the metric if necessary, one can assume that
¢ has unit length. Let n := g (§,) denote the metric dual of . By Lemma 3.1 one has
dn =0 = v, so applying (4) to  yields for all vector fields X on M:

(5) VR =X —n(X)¢.

By assumption, M is simply connected, so there exists a function t : M — R with dt =
n. We denote by N := t71(0) the level hypersurface of ¢ at 0, endowed with the induced
Riemannian metric gy. Consider the new metric on M given by § := e ?gy;. From the
standard conformal change formulas we have for any vector fields X,Y on M:

VY = VY — X(1)Y —Y()X + gy (X,Y)grad?t
VY —n(X)Y —n(Y)X + gu(X,Y)E.
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Applying this formula to Y := e'¢ and using (5) yields for every vector field X:
V(') = VR(e'€) —n(X)e'€ — €' X + gur(X, '€)¢
= XM+ VYE—n(X)E - X +n(X)E) =0.

Consequently, the vector field e'¢ is parallel and has unit length on (M, e ?*gy,). This
shows that (M, e %gy,) is globally isometric to (N, gn) x (R,ds?), where s is determined by
the fact that ds is the metric dual of €’ with respect to g, i.e. ds = g(e'¢,-) = e 'n = e~ dt.
This shows that M = N x R and gy = €*(gn + ds?) = e*'gn + dt%.

Using Cartan’s formula and Lemma 3.1 we compute:
Lev = dve + Eadv = 3E5(E AN v) = 3v.

Since ¢ = 2, there exists 7 € Q3(N) such that v = €.

Let {e;}; be an orthonormal basis of T, M, for some # € M. By Lemma 3.1, for every
X € T,M we have

(6) (vx)«v = Zyxei AVe, = — ZyeiX A Ve, = —%XJZI/GZ. A Ve, = 0.

This shows in particular that (7x).7 = 0, for all X € TN.

It remains to check that V%7 = 0. Let z € N and X,Y,Z, W € ['(TN) which are V9~-
parallel at z. We extend these vector fields to M arbitrarily. By (5), the second fundamental
form of the hypersurface N C M is the identity of TV, so at x we have V'Y = —gp (X, Y)¢.
Using (6) together with the fact that £ = 0 and Vv = 0, we can compute at z:

(VRT)(Y,Z2,W) = X(7(Y,Z,W)) = X((Y,Z,W)) = (VX'V)(Y, Z,W)
= (X AE+vx))(Y, 2, W) = (§Avx = (vx)2)(Y, Z, W) = 0.

The converse statement follows in a straightforward way, by reversing the above computa-
tion. Il

4. EXAMPLES ON SYMMETRIC SPACES

In this section we investigate the condition given in the conclusion of Theorem 3.2 in the
framework of symmetric spaces. We first show that examples of complete simply connected
Riemannian manifolds carrying a non-zero parallel 3-form 7 satisfying 7x7 = 0 for all tangent
vectors X are provided by symmetric spaces of type II and IV, and then we prove that these
are the only examples in the irreducible case.

Let G/H be an irreducible Riemannian symmetric space, where G is a simply connected
Lie group and H is a compact subgroup of GG. By definition, there is a decomposition of the
Lie algebra of G as: g = b & m, where § is the Lie algebra of H,

(7) m,m]Cbh  [hmCm,

and m carries an h-invariant scalar product (-, ). We denote by A: h — so(m) ~ A?m the
differential at the identity of the isotropy representation of H.
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Let B, € Sym?*(g*) denote the Killing form of g, defined by By(X,Y) := Tr(ad(X)oad(Y))
for every X,Y in g. Clearly By(X,Y) = 0 for every X € h and ¥ € m (since by (7),
ad(X) o ad(Y) maps m to h and h to m). Recall that G/H is called of compact type if B,
is positive definite on m and of non-compact type if By is negative definite on m. Every
irreducible Riemannian symmetric space is either of compact type, or of non-compact type

[12, Prop. 7.4].

Lemma 4.1. The scalar product (-, )y, on m can be extended to an h-invariant scalar product
(-,-)g on g, such that m and by are orthogonal and such that for all X, Y € m and A € b the
following identity holds:

(8) <[X7 Y]7A>g :5<Ya [X7 A]>g,
where e = —1, if G/H is of compact type, and € =1, if G/H is of non-compact type.

Proof. 1f G/H is of compact type, By is negative definite on g, and ad(g)-invariant. By Schur’s

lemma, there exists a positive constant A such that Bgln = —A(:, )m. Then (-, ), := —%Bg
is an h-invariant scalar product extending (-,-)n to g, making m and b orthogonal, and

satisfying (8) for e = —1 thanks to the ad(g)-invariance of B,.

If G/H is of non-compact type, then the real subspace g’ := h@im of g* is a Lie subalgebra
of compact type, and the above splitting makes (g’, h) a symmetric pair of compact type. By
the first part of the proof, the h-invariant scalar product on im defined by

(X, 1Y Yim = (X, Y )
extends to an h-invariant scalar product (-,-)y on g, making im and b orthogonal, and
satisfying (8) for ¢ = —1. If (-,-), denotes the restriction of (-,-)y to b, then (-,-); =
(-, )+ (-, -)m is an h-invariant scalar product extending (-, -)n to g, making m and b orthogonal,
and for every X, Y € m and A € hh we have
(X, Y], A>g = ([X.Y], A)b = ([X,Y], A)Q’ = —([iX, Y], A>E/ = (1Y, [iX, A])Q’
= <iY>i[X’ A]>lm = <K [X’ A]>m = <K [X’ A])G
O

Recall that the canonical 3-form of a Lie algebra h of compact type is defined as follows:
(9) w(X,Y,Z) = By([X,Y]. Z), VXY, Z €W,

where By denotes the Killing form of . Since By is ad(h)-invariant, the Jacobi identity shows
that w is ad(h)-invariant and satisfies (wx).w = 0, for all X € b.

Example 4.2. Let G/H be either an irreducible simply connected symmetric space of type
II, i.e. G:= H x H, H is embedded diagonally in G and g = AT ® A~, with h ~ AT :=
{(X,X)|X € p} and m = A~ := {(X,—X)| X € b}, or an irreducible simply connected
symmetric space of type IV, i.e. G := H® and g = b & ib.

In both cases, there exists an h-invariant isomorphism, ¢: h — m, defined in the type II
case by ¥(X) := (X, —X) and in the type IV case by (X) := iX. The pull-back of the
canonical form w of h through ¢~! thus defines an h-invariant 3-form 7 on m, which also
satisfies (7x),7 = 0, for all X € m. Hence, in both cases, 7 defines a parallel 3-form on G/H,
also denoted by 7, such that (7x).7 = 0, for all tangent vectors X € I'(G/H).
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Conversely, we show:

Theorem 4.3. Let G/H be an irreducible Riemannian symmetric space carrying a parallel
non-zero 3-form T which satisfies (7x)«7 = 0, for all tangent vectors X. Then G/H is an
irreducible symmetric space of type II or IV and T is, up to a constant multiple, equal to the
above constructed 3-form.

Proof. Let g = h @ m be the decomposition of the Lie algebra of G satisfying (7), and let
(-, -)m denote the h-invariant scalar product on m induced by the Riemannian metric on G/H.
We extend it to an h-invariant scalar product (-,-), on g satisfying (8) by Lemma 4.1. We
identify vectors and covectors on g using this scalar product.

A parallel 3-form 7 on the symmetric space G/H is determined by an h-invariant 3-form
in A*m, which we further denote by 7. Note that the h-invariance of 7, viewed as a linear
map 7: Alm — A’m, reads

(10) (AA), 7(X)] = 7([A, X]), VAeh Xem,
where the first bracket is the commutator in so(m) ~ A?m.

Applying Lemma 6.1 (proved in the Appendix) to the h-representation V' := m, we obtain
the inclusion A(h) C 7(m) C A?m. The fact that G/H is irreducible and 7 is parallel imply
that 7x # 0, for all X # 0. Thus 7: A'm — A®m is injective, so one can define an injective
h-invariant map ¢: h — m, ¢ := 71 o A, where 77!: 7(m) — m. Since m is an irreducible h
representation, ¢ is bijective, so in particular b is simple.

By Schur’s Lemma, and the h-invariance of ¢, the pull-back of (-, -}, through ¢ is a constant
multiple of the restriction to b of (-,-);. Hence, up to rescaling 7, we may assume that ¢ is
an isometry.

We claim that ¢ fulfills the following identities for all A, B € b:
(11) [p(A), Bl = ¢([A, B]) = [A, ¢(B)],

(12) [0(A),0(B)] = —¢[A, BJ,
where ¢ = —1, if G/H is of compact type, and € = 1, if G/H is of non-compact type.
Using the h-invariance of 7 given by (10) we compute:
T(e([4, B])) = A4, B]) = [MA),MB)] = [7(#(A)), A(B)] = =[A(B), T(¢(A))]
= —7([B,»(A)]) = 7([x(A), B]),

so the injectivity of 7 yields (11). The identity (12) is a consequence of (8) and (11) together
with the following computation, which holds for all A, B,C € b:

([p(A),0(B)], C)g = {0(B),[p(A), Cl)g = e(p(B), #([A, C]))g = £(B, [A, C])g
= _€<[A7 B]7C>9

Let us now define the following maps. If ¢ = —1, then

oheh s hem (4 B)= 3 (A+ Bt p(AB).
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and if e = 1, then
U, :h" >bom, VU, (A+iB):=A+p(B).

We claim that W_ and W, are isomorphisms of Lie algebras. Using (11) and (12) we
compute for all Ay, Ay, By, By € b:
1
4

1
- Z([A1 + Bl, AQ + Bg] + [gO(Al — Bl), AQ + Bg]

+ [A1 + B1,¢p(As — By)] + [p(Ar — Bi), p(Az — By)])
11),(12) 1
ML (A + By, Ay + Bo] 4+ 9([A1 — By, As + Ba))

T4
+ (P([Al + Bl,AQ — BQ]) + [Al — Bl,AQ — Bg])

(V_(Ay, By),VY_(As, By)] = —[A1 + B1 + p(A1 — By), As + By + p(Ay — By)]

= 2 (A1, 4] +[B1, Bl + ([, 4] — B, By])
= \I]_([Al, AQ], [Bl, BQ]) = \I/_(KAl, Bl), (A27 B2)D
and similarly
(W (A +iB1), Y (Ar +1iBs)] = [A1 + ¢(B1), As + ¢(Bs)] =

[A1, Ao] + [0(B1), Ag] + [A1, p(B2)] + [@(B1), p(B2)]
(12)

VE AL o] + (B Ad) + ([ Av, By)) - By, Byl

= U, ([A1, As] = [B1, Bo] + i([A1, Bo] + [By, A2]))
= \IJ+<[A1 + iBl, A2 + ZBQ])
Hence, if G/H is of compact type, then it is isometric to the irreducible type II symmetric

space H x H/H and if G/H is of non-compact type, then it is isometric to the irreducible
type IV symmetric space H®/H. Il

5. THE CLASSIFICATION

We now consider a manifold (N, gy, 7) satisfying the conclusion of Theorem 3.2. In order
to keep notation as simple as possible, we denote by ¢ := gy. Thus (NN, g) is a complete
simply connected Riemannian manifold endowed with a metric connection

V=Vi+tr
with skew-symmetric torsion 7 € Q3(TN) satisfying
(13) Vit =0
and such that for all vectors X € TN:
(14) (Tx)+7 = 0.
Since 7 is VY-parallel, its kernel Ker(7,) := {X € T,N |7x = 0} C T, N defines a V9-

parallel distribution on N. Hence, the manifold (V, g) splits as a product (N’ ¢’) x (N”, ¢"),
where 7 acts trivially on N’ and its restriction to N” still satisfies (13) and (14) and has,
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moreover, trivial kernel. In order to keep notation simple, we further denote (N, g", 7|n»)
by (N, g,7). Let us denote by g := T, N, for some fixed point € N. The condition (14)
implies that for all X,Y € g the following equality holds:

(15) iTX;TY] = TrxY-

The bracket on g defined by [X,Y] := 7Y, for all X|Y € g satisfies the Jacobi identity
thanks to (15), and tautologically 7 becomes a morphism of Lie algebras from g to AT, N.
Because 7 is totally skew-symmetric, the metric ¢ on T, N is ad(g)-invariant, so the Lie
algebra g is of compact type. Moreover, as 7 has no kernel, g is semisimple.

Consider the g-orthogonal splitting of g = T, /N into simple Lie algebras: g = @ gz If hol

denotes the holonomy algebra of the Levi-Civita connection V9 at the fixed pomt xr € N,
then the following result holds:

Lemma 5.1. Each summand g; is hol-invariant.

Proof. Let A € hol and X € g;, for some i € {1,...,¢}. We need to show that AX € g,.
Since T is parallel, hol acts trivially on 7, so A,7x = Tax. For any j € {1,...,¢}\ {i} and
Y € g;, we have 7(X,Y) = 0, so we obtain:

(16) [AX,Y] :TAXy:ATXy—TxAY:—TxAY:—[X,AY]

The left hand side of (16), namely [AX, Y], belongs to g;, whereas its right hand side belongs
to g;, showing that both sides have to vanish. Thus [AX,Y] = 0, for all Y € g;-, so AX

belongs to the commutator of g;- in g, which coincides with the simple Lie algebra g;. Hence,
AX belongs to g;. O

Lemma 5.1 implies that the tangent bundle of N decomposes as a sum of VY9-parallel
distributions defined by the parallel transport of g;, for ¢« € {1,...,¢}. Thus (NN, g) splits as

a product H i, gi) and T = ZT“ where each 7; € A3(TN;) has trivial kernel, satisfies (13)

= -1
and (14), and gi = 7:(T.V;) is a simple Lie algebra. Let us fix an ¢ € {1,...,¢} and again
simplify the notation and denote (N, g;, 7;) by (N, g, 7).

We are ready for the main step in the classification:

Theorem 5.2. Let (N, g) be a complete simply connected Riemannian manifold carrying a
metric connection with parallel skew-symmetric torsion T which satisfies (Tx)«7 = 0, for all
X € I(TN), ker(t) =0 and g := T, N is a simple Lie algebra, for some x € N. Then one
of the following cases holds:

(1) (N, g) is an oriented 3-dimensional Riemannian manifold and T is a constant multiple
of its Riemannian volume form vol,.

(2) (N,g) is a simple Lie algebra with an ad-invariant metric g and T is a constant
multiple of its canonical 3-form defined in (9).

(8) (N,g) is an irreducible symmetric space of type Il or of type IV and T is a constant
multiple of the 3-form constructed in Example 4.2.
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Proof. Let us consider the de Rham decomposition N = Ny x Ny X - - - X Ni, where Ny denotes
the flat factor and each N, is de Rham irreducible, for o € {1,...,k}. We may assume that
k > 1, since otherwise N = N is a simple Lie algebra, g is an ad-invariant metric and 7 is
proportional to its canonical 3-form, which is case (2).

We denote by hol the holonomy algebra at the fixed point x and by D, := T,N, the
hol-invariant subspaces of T, N, for all « € {0,1,...,k}.

Let o € {1,...,k} be fixed. We denote by Vi := D,, Vo := DX b := hol, and by
pi - b — s0(V;) the restrictions of the holonomy representation to V; for ¢ = 1,2. The de
Rham decomposition theorem gives the existence of an element A € h acting non-trivially

on V; and trivially on V5. From Lemma 6.2 (proved below in the Appendix), we obtain that
7(Dy, DL, DL) = 0, whence

(17) 7(Dq, Dg, D.) =0, Vae{l,...,k}, VB,v€{0,....k}\{a}.
From (17), we immediately obtain:
k k
(18) T€NDy @ 6_91(A1D0 ® A’D,) @ ( 6_91A3Da).
We consider the following two cases:

1. Dy is trivial. If £ > 2, then 7 € 69 A3Da, which implies that each D, is a Lie

subalgebra of g = @ Da, contradicting the assumption that g is simple. Therefore £ = 1

and the above sphttlng has only one non-trivial component, meaning that (N, ¢g) is de Rham
irreducible. Let us denote by n := dim(N) = dim(g). By the Berger-Simons holonomy
theorem, (N, g) is either an irreducible symmetric space, or its holonomy belongs to the list
of Berger: SO(n), U(n/2), SU(n/2), Sp(n/4), Sp(n/4)-Sp(1), Gy for n =7, or Spin(7) for
n = 8 (see [5], p. 301).

In the former case, Theorem 4.3 implies that (N, g) is an irreducible symmetric space of
type II and IV, so we are in case (3).

In the latter case, we remark that for n > 8, all holonomy groups in the list of Berger have
dimension strictly larger than n. On the other hand, the hypothesis ker(7) = 0 together with
the inclusion hol C 7(g) proved in Lemma 6.1 below, show that dim(hol) < n. Thus n < 7,
and since g is a simple Lie algebra of dimension n, the only possible case is n = 3. Then the
parallel 3-form 7 has to be a constant multiple of the Riemannian volume form of (N, g), so
we are in case (1).

2. Dy is not trivial. We will show that & = 1. If we denote by r := dim(Dy) > 1, then
using (18), the 3-form 7 can be decomposed as follows:

(19) T—?7+ZZ&/\UJW+Z%,

=1 a=1

where n € A*Dy, {&},_1; is a basis of Dy, and wiq € A*Dy, 04 € A’D,, for i € {1,...,r}
and o € {1,...,k}. Note that the holonomy algebra hol acts trivially on the two-forms
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Wja € A2D,, so by the hol-irreducibility of D,, each wj, is proportional to a complex structure
on D,.

k
For any j € {1,...,7} we have 7, = n¢, + ija. Thus the condition that (7x).7 = 0
a=1

applied to X = ¢; yields:

k

r k r k
0= (Tfj)*T = (7763)*77 + Z Z 77@-& A Wi + Z Zgz A [wjomwia] + Z(Wja)*ga7

i=1 a=1 i=1 a=1 a=1

which, by comparing the types of the forms, is equivalent to the following set of identities,
forall j,¢e{l,...,r} and a € {1,...,k}:

(7763)*77 = 07

(20) [Wjars Wea] + Zﬁ(gja &is §o)wia = 0,
i=1

(Wja)*Ua =0.

We first prove that all 3-forms o, vanish, for « € {1,...,k}. Assuming, by contradiction,
that there exists some o € {1,...,k} with o, # 0, then the last identity in (20) implies that
wjo =0, for all j € {1,...,r} (indeed, the action of complex structures on odd-dimensional
exterior forms is injective). Hence, by (19), T € A3D, ® A> D+, which yields that g splits in a
direct sum of Lie subalgebras, g = D, ® D2, contradicting the assumption that g is simple.
This shows that o, = 0, for all « € {1,...,k}. Consequently, (19) reads:

r k
1) TN
i=1 a=1

The first identity in (20) ensures that go := Dy = T, Ny carries a Lie algebra structure,
with bracket [X, Y] := nxY, such that 7 is a Lie morphism from gy to A2Dy. The second set
of identities in (20) shows that for each a € {1,...,k}, the linear map

Pa: 80 — N’Dy,  pa(&) = wia, foric {1,...,r}

is a representation of the Lie algebra gy on D,. We next prove that
k
(22) 7€ N (im(p}) @ D;) © A® (ker(pl) @ ( e_gzDa)> :

For this, we consider the decomposition gy = ker(p;) @ im(p}) and we claim that the
following inclusions hold:

(23) im(py) C ker(ps), Vae€{2,...,k}.

Indeed, if {e;}; is a basis of T, N, the 4-form Z Te;\Te,;, vanishes by Lemma 3.1. In particular,
i=1
for any o € {2,...,k} the projection of this form onto A?(D;) ® A?(D,) vanishes, which can
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be written as

0= ijl N Wja = Zpl(fj) A pa(&))-
j=1

Jj=1

Taking, for any £ € g, the interior product (the metric adjoint of the wedge product) with
p1(€), we obtain that

> (p1(8), pr(€))pal&y) = 0,
j=1
which means that pjp;(§) = Z(pl(f),pl(é’j)>§j € ker(pa). As im(pjp1) = im(p}), we obtain
j=1
that im(p}) C ker(p,), thus proving our claim (23).

Since p; is a representation, ker(p;) is an ideal of gg. Moreover, since the metric on gg
is ad-invariant, its orthogonal complement im(p}) is an ideal too. Thus the canonical 3-
form 7 of the metric Lie algebra gy decomposes as n = n; + 1, with n; € A3(im(p})), and
ne € A(ker(pr)). Let {&},_14 and {(;},_14 be orthonormal bases of im(p}) and ker(p;)
respectively. According to (21) and using the inclusions (23), the 3-form 7 can be decomposed
as follows:

a=2 j=1

- N /

dy k  da
T=m+ Z& A p1(&) +m2 + ZZCJ‘ A pa(Gj),
=1

v~ -~

€A3(im(p?)®D1) €A3 (ker(pl)@({é;}*))

thus proving the splitting (22). Since g is simple and D; # 0, it follows that ker(p;) = 0 and
k

& D, =0, whence k=1,g=g0® Dy, and N = Ny x Nj.

a=2

We now use again the inclusion hol C 7(g) provided by Lemma 6.1 in the Appendix. Since

hol preserves Dy and 7 = n + Z@- Awy € N2Dy ® (AlDO ® A2D1), this implies that each
i=1

element of the holonomy algebra is of the form 7(&), for some £ € go, i.e. hol C 7(go). On

the other hand, for all j € {1,...,r}, wj; is a parallel 2-form, so [hol, 7(go)] = 0, which shows

in particular that hol is a commutative Lie algebra. As the holonomy representation of hol

on Dy is irreducible, the commutativity of hol implies that dim(D;) = 2 and dim(gy) = 1,

because p;: go — A?D; is injective. Thus N is 3-dimensional, which is again case (3). OJ

Summing up, we have shown the following result:

Theorem 5.3. Let & be a non-zero vector field and let v be a 3-form on a complete simply
connected Riemannian manifold (M, gar). Then the metric connection V x := V' + X NE+vx
has V-parallel twistor-free torsion if and only if (M, gyr) is homothetic to a warped product
(N x R, e*gy + dt?), with { = & and v = €7, where (N, gy, T) is a Riemannian product of
complete simply connected Riemannian manifolds (N;, g;) endowed with 3-forms 7;, such that
each (Ny, gi, ;) is of one of the following types:
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(1) (N;, gi) is a 3-dimensional oriented Riemannian manifold and ; is a constant multiple
of its Riemannian volume form.

(2) Nj is a simple Lie algebra with an ad-invariant metric g; and 7; is a constant multiple
of its canonical 3-form defined in (9).

(3) (N;, gi) is an irreducible symmetric space of type II or of type IV and ; is a constant
multiple of the 3-form constructed in Example 4.2.

(4) (Ni, gi) is a Riemannian manifold and 1; = 0.

6. APPENDIX. SOME REPRESENTATION THEORY

We finally prove the two representation theoretical results that have been used above.

Lemma 6.1. Let b be a Lie algebra and let p: b — s0(V) =~ A*V be an orthogonal represen-
tation of b on a finite dimensional Euclidean vector space (V,{-,-)). Assume that T € A3V is
an h-invariant 3-form, such that 7x # 0 for all X € V \ {0} and (7x).7 =0 for all X € V.
Then the following inclusion holds:

p(h) € (V).
Proof. Let us denote by W the orthogonal complement of 7(V') in (7(V) + p(h)). We claim
that W = {0}.

Let A € W. We first notice that A7 = 0, because A € 7(V) + p(h) and 7 is h-invariant
and satisfies also (7x).7 = 0, for all X € V. Then for any X € V we have:

(24) ATx = Tax.

For any Y € V we compute
<A*Tx,7'y> = <[A,Tx],7'y> = <A, [Tx,Ty]> = <A,TTxy> = O,

where for the last equality we used that A € 7(V)1. Thus, we obtained that A,7x € 7(V)*,
which together with (24) implies that 0 = A,7x = Tax. The hypothesis on 7 yields AX = 0,
for all X € V', and thus A = 0.

This shows that W = {0}, whence 7(V) = 7(V) 4+ p(h) and thus p(h) C 7(V). O

The second result is an avatar of Lemma 3.4 in [8]:

Lemma 6.2. Let ) be a Lie algebra of compact type and let p;: b — so(V;), for j € {1,2},
be two orthogonal representations of by, such that Vi is irreducible and there exists A € b with
p1(A) # 0 and po(A) = 0. If T is an h-invariant 3-form on Vy @ Va, then 7(X1, Y2, Zy) = 0,
for every X1 € Vi, and Yy, Zy € V5.

Proof. The subspace V' := p;(ker(p2))(V1) of Vi is non-zero since it contains the image of
p1(A). We claim that V is h-invariant. Indeed, ker(p2) is an ideal in b, so for all C' € b,
B € ker(p2) and X; € Vi we have [C, B] € ker(p,) and thus

p1(C)p1(B) X1 = p1([C, B]) X1 + p1(B)p1(C) Xy € V1.
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Therefore V' =V} by the irreducibility of p;. Let X; € V} and Y3, Z5 € V5. Since V = V7,
there exists X| € V} and B € ker(pz), such that X; = p;(B)X]. Using the h-invariance of 7,
we compute:

T(X17Yé7 ZQ) - T(pl(B)X{’Yév ZQ) = _T( {’pQ(B)}/% Z2) - T(X{,Yé,pg(B)Zg) = 0.
O

REFERENCES

[1] 1. Agricola, G. Dileo, Generalizations of 3-Sasakian manifolds and skew torsion, Adv. Geom. 20 (3) (2020),
331-374.

[2] 1. Agricola, M. Kraus, Manifolds with vectorial torsion, Diff. Geom. Appl. 45 (2016), 130-147.

3] B. Alexandrov, Sp(n)U(1)-connections with parallel totally skew-symmetric torsion, J. Geom. Phys. 57
(2006), 323-337.

[4] W. Ambrose, I.M. Singer, On homogeneous Riemannian manifolds, Duke Math. J. 25 (1958), 647—669.

[5] A. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) 10. Springer-Verlag,
Berlin, 1987.

[6] F. Belgun, A. Moroianu, Nearly-Kéhler 6-manifolds with reduced holonomy, Ann. Global Anal. Geom.
19 (2001), 307-319.

[7] R. Cleyton, A. Swann, Einstein metrics via intrinsic or parallel torsion, Math. Z. 247 (2004), 513-528.

[8] R. Cleyton, A. Moroianu, U. Semmelmann, Metric connections with parallel skew-symmetric torsion, Adv.
Math. 378 (2021), article 107519.

[9] Th. Friedrich, Go-manifolds with parallel characteristic torsion, Differ. Geom. Appl. 25 (2007), 632-648.

[10] Th. Friedrich, S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in string theory,
Asian J. Math. 6 (2002), 303—-335.

[11] S. Ivanov, Connections with torsion, parallel spinors and geometry of Spin(7) manifolds, Math. Res. Lett.
11 (2-3) (2004), 171-186.

[12] S. Kobayashi, K. Nomizu, Foundations of differential geometry, Vol. II. Interscience Publishers John
Wiley & Sons, New York-London 1969 xv+470 pp.

[13] N. Schoemann, Almost Hermitian structures with parallel torsion, J. Geom. Phys. 57 (2007), 2187-2212.

ANDREI MOROIANU, UNIVERSITE PARIS-SAcLAY, CNRS, LABORATOIRE DE MATHEMATIQUES D’ORSAY,
91405, ORSAY, FRANCE

Email address: andrei.moroianu@math.cnrs.fr
MIHAELA PILCA, FAKULTAT FUR MATHEMATIK, UNIVERSITAT REGENSBURG, UNIVERSITATSSTR. 31
D-93040 REGENSBURG, GERMANY

Email address: mihaela.pilca@mathematik.uni-regensburg.de



