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Abstract
We show that the eigenvalues of the intrinsic Dirac operator on the bound-
ary of a Euclidean domain can be obtained as the limits of eigenvalues of Eu-
clidean Dirac operators, either in the domain with a MIT-bag type boundary
condition or in the whole space, with a suitably chosen zero order mass term.
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1 Introduction

1.1 Problem setting and main results

The aim of the present paper is to make a new link between a number of recent
papers on Dirac operators in bounded Euclidean domains with the theory of Dirac
operators on manifolds, which is a classical topic in Riemannian geometry. Namely,
let 2 C R™ be a bounded domain with smooth boundary Y. We are going to show
that the intrinsic Dirac operator ) on X, which acts on sections of the spinor bundle
of X, can be interpreted as a limit of Euclidean Dirac operators, either in €2 with
a suitable boundary condition, or in the whole of R"™, with a suitably chosen term
containing a large mass.

Forn > 2 and N := 2" Jet Qi,...,0,11 be anticommuting Hermitian N x N
matrices with on2- = Iy, where Iy is the N x N identity matrix. The associated
Dirac operator with a mass m € R acts on functions u : R® — C¥ (spinors) by the
differential expression

o ou
Dmu = —1 Z Oéj% + maog,1U, (1)
J

see e.g. [24]. We remark that the expression D,, does not correspond to the intrinsic
Dirac operator on R" (see Subsection 2.2) and can be interpreted as follows: the
intrinsic operator D in R™™! is defined as



and acts on functions v : R""' — CV  then assuming that v is of the form
(21, .. Toy1) = €M™ u(y, ..., 1,) one obtains Dy = ™+ D, .
For x = (x1,...,x,) € R™ we define the associated N x N matrices I'(x) by

[(x):= ijozj. (2)

Denote by v the unit normal at ¥ pointing to the exterior of €2 and consider the
N x N matrices
B(s) := —iap1(v(s)), se€ . (3)

By the Dirac operator A,, in Q) with a mass m € R and the infinite mass bound-

ary condition (also called MIT Bag boundary condition) we mean the operator in
L*(Q,CN) given by

Anu = Dyu on the domain D(A,,) = {u € H'(Q,C") : u=Buon X},

which is self-adjoint with compact resolvent (see Proposition A.2). Remark that in
order to have a simpler writing we prefer to use the same symbol u for a function
u € H'(Q) and its zero order boundary trace you € Hz(3) on %, where H* stands
for the usual Sobolev space of order k € R.

In addition, for m,M € R we consider the following operator B, s in
L*(R™,C"), which is the Dirac operator in the whole space with the mass m in
) and the mass M outside €2, i.e.

By = Do+ [mlg + M(1 = 1g)]ans1 = Dy + (M — m)(1 = 1g) s

with domain D(Bp,.ar) = HY(R",CY). We are going to show that the eigenvalues
of the intrinsic Dirac operator ) on ¥ (whose construction is briefly reviewed in
Subsection 2.2) and of the Euclidean Dirac operators A,, and B,, u, are related to
each other for suitable values of m and M. We provide first strict formulations of
the main results and then discuss their relation with the existing literature.

For a self-adjoint lower semibounded operator 7" and j € N we denote by E;(T)
the jth eigenvalue of T, if it exists, when enumerated in the non-decreasing order
and counted with multiplicities. First we show that the eigenvalues of [)* on ¥ are
the limits of the eigenvalues of the square of the MIT Bag Dirac operator A,, on €2
for large negative m:

Theorem 1.1. For each j € N there holds E;(D?) = lim,, o F;(A2).

Then we show that, in turn, for any fixed m, the MIT Bag Dirac operators A,, on
(2 can be viewed as the limits of the Dirac operators B,, 5 in the whole space with
a large mass outside 2 (which justifies the use of the term “infinite mass boundary
condition”):

Theorem 1.2. Let j € N and m € R. Then there exists M; > 0 such that B,
has at least j discrete eigenvalues for M > M;, and limy_ o E; (B2, 5) = E;(A7).

It is easily seen (Proposition A.1) that the essential spectrum of B,, s is equal
to ( — oo, —|M|] U [|[M],+00) while the spectrum in ( — [M]|,|M]) consists of at
most finitely many discrete eigenvalues. The above Theorem 1.2 shows, in particular,



that the number of discrete eigenvalues grows unboundedly as M becomes large: the
essential spectrum escapes to oo, and the individual eigenvalues have finite limits.

Finally, by an additional construction we find an asymptotic regime in which the
eigenvalues of J)? on ¥ are directly recovered as the limits of the eigenvalues of the
square of the Dirac operator Bfm u on the whole space:

Theorem 1.3. Let 5 € N. Then there exist u; > 0 and 6; > 0 such that the
operator By, has at least j discrete eigenvalues for m < —pu; and M > |ml|/d;,

and the jth eigenvalue E;(B2, ;) converges to E;(D*) as m — —oo and M — 400
with m/M — 0.

In the recent paper [2] the operator A,, in three dimensions was considered,
and it was shown that for each j € N one has lim,,,_, F;(A2%) = E;(L) for some
operator L on X given by its sesquilinear form. Hence, Theorem 1.1 extends this
result in two directions: first, we consider arbitrary dimensions and, second, we show
that the operator L in question is in fact unitarily equivalent to the geometric Dirac
operator lDz, which is the central observation. Some analogs of Theorem 1.2 in two
and three dimensions were obtained very recently in [1,5,23], and we extend them
to all dimensions and shorten the existing proofs by making use of the monotone
convergence. As for Theorem 1.3, the interpretation of ) using an infinite mass
jump on X seems to be completely new, as we are not aware of any previous work
containing similar results. In a sense, it can be viewed as a potential-induced collapse
by analogy with Dirac operators on manifolds converging to a lower-dimensional
structure [17,20]. Nevertheless, our situation appears to have the special feature
that the rank of the spin bundle on which ) acts is the half of that for A,, and
By, m, which could be viewed as an effect of the boundary condition © = Bu on
Y. (We recall that A,, and By, are not intrinsic Dirac operators in R", see
above.) Our results have a direct application to estimating the central gap (i.e. the
first eigenvalue) of A, or B, p: in the respective asymptotic regime one is simply
reduced to the eigenvalue estimate for the Dirac operator D, for which a number
of results are available in terms of the geometry of X, (we refer to the book [12]
for a review). We mention explicitly some simple situations. Consider first the case
n>3:

Corollary 1.4. Letn > 3 and S(X) denote the minimum scalar curvature of 3. As-
sume that S(X) > 0, which holds at least if and each mazimal connected component
of ¥ s strictly convex, then

n—1

li E(A2)> —— §(%
lim Ey(B2 ) > n=l S(%).
m——o00, M—+o00, m/M—0 m M/ = 4(n — 2)

Proof. As X is a compact (n — 1)-dimensional spin manifold, Friedrich’s estimate
[11, Sec. 5.1] gives Ey(?) > ﬁS(Z), and the rest follows from Theorems 1.1
and 1.3. [

The case n = 2 allows for a more precise analysis, as the spectrum of ) can be
computed explicitly.



Corollary 1.5. Let n = 2. Assume that ¥ has k connected components ¥,, p =
1,...,k, and €, stands for the length of ¥,. Denote

’/T2

k
gj := the jth element of the disjoint union |_| |_| {— (2r — 1)2}

2
p=1reZ p

(when numbered in the non-decreasing order). Then for each j € N there holds

lim E.(A%2) =¢; lim E,(B? = ¢,
Jm B (AL) =g G B (B = €

Proof. If one denotes by ), the intrinsic Dirac operator on X, then ) = @,_, P,
and the eigenvalues of ) are (2r —1)7/(,, r € Z, by a simple explicit computation
(see Appendix C). The rest follows again by Theorems 1.1 and 1.3. O

It is well known, see e.g. [12, Theorem 1.3.7], that the spectrum of the intrinsic
Dirac operator on a k-dimensional compact spin manifold is symmetric with respect
to zero provided k ¢ 47 + 3. In our language (as the dimension of ¥ is n — 1)
this means that for n ¢ 47 one has dimker()) — E) = dimker()) + E) for any
E € R. On the other hand, elementary considerations show that the symmetry of
the spectrum for n ¢ 47 holds for and A,,, and B,, y; with arbitrary m and M as well
(see Propositions A.1 and A.2). Hence, in these dimensions, the spectra of D, A,,,
B, m are uniquely recovered from the spectra of their squares: if one denotes by Eji
the jth non-negative/non-positive eigenvalue (numbered in the order of increasing
absolute value), then the preceding results imply the convergences

+ . + + . +
E; (D)= lim E; (Am), Ei(An) = lim E; (Bm.m),

m——oo J M—+o0
+ . +
Ej (@) a mﬁ\foo,MlauJIrloo,m/M%O Ej (Bm,M)

It would be interesting to understand if such a convergence also holds for n € 47Z.
Indeed, the study of the squares of the operators is insufficient then, and a reconsid-
eration of the whole proof strategy using more involved min-max characterizations
of eigenvalues in gaps of the essential spectrum [9] could be necessary. This remains
an open question for future work.

The text is organized as follows. In Subsection 1.2 we recall a link between self-
adjoint operators and sesquilinear forms, choose a suitable notation, and then recall
two important tools of the spectral analysis: the min-max characterization of the
eigenvalues and the monotone convergence. In Section 2 we construct the sesquilin-
ear forms for the squares of all the Dirac operators in question, which will allow one
to obtain eigenvalue estimates based on the min-max principle: in Subsection 2.1
we recall the definition of various curvatures of ¥ and study A,, and B,, », and in
Subsection 2.2 we introduce an operator L, which already appeared in [2] for the
three-dimensional case, and prove that it is unitarily equivalent to J0?. The unitary
equivalence is shown using the Schrodinger-Lichnerowicz formula for extrinsically
defined Dirac operators whose elementary proof for our Euclidean setting is given
in Appendix B for reader’s convenience. In Section 3 we collect some preliminary
constructions: in Subsection 3.1 we study the eigenvalues and the eigenfunctions
of one-dimensional Laplacians S and S’ with a large parameter in the boundary



conditions, and in Subsection 3.2 we give some computations in tubular coordinates
near .

In Section 4 we prove Theorem 1.1. We first reduce the problem to the spectral
analysis in small tubular §-neighborhoods of 32, and in order to work in ¥ x (0,6) we
use the computations from Subsection 3.2. The upper bound is obtained by taking
as test functions the tensor products of the eigenfunctions of (a small perturbation
of) the effective operator L on ¥ with the first eigenfunction of the model operator S
in the normal direction. For the lower bound we perform a unitary transform, which
is just the expansion in eigenfunctions of the second model operator S’ in the normal
variable, thus transforming the problem into the study of a monotonically increasing
sequence of operators. A simple application of the respective machinery presented
in Subsection 1.2 then shows that only the projection onto the lowest eigenfunction
of S’ contributes to the asymptotics of the individual eigenvalues, which induces an
effective operator acting on X only.

The proof of Theorem 1.2 is presented in Section 5. To establish the upper
bound we construct first an extension operator from X to the exterior of €2 with a
suitable control in terms of the mass M, and then use the corresponding extensions
of the eigenfunctions of A4,, to construct test functions for B,, »s used in the min-max
principle. For the lower bound we first decouple the two sides of §2 in order to deal
separately with €2 and its exterior, then it is easily seen that the exterior does not
contribute to the lowest eigenvalues, while the part in € appears to be monotonically
increasing in M and then easily handled with the help of the monotone convergence.
The overall scheme here is very close to the one used in [23] for the two-dimensional
case.

In Section 6 we prove Theorem 1.3. The proof is by combining in a new way
various components from the preceding analysis, but we still provide a complete
self-contained argument.The upper bound is obtained by taking the eigenfunctions
of the operator L on ¥ and extending them on both sides of Y by taking tensor
products with the first eigenfunctions of the model operators S and S’ in the two
normal directions, and then using them as test functions in the min-max principle for
B2,y For the lower bound we again decouple the two sides of ¥ and eliminate the
exterior of € as in Theorem 1.2. The analysis of the part in €2 is then quite similar
to the one in Theorem 1.1: one is first reduced to the analysis in a thin tubular
neighborhood of €2, and then one applies a unitary transform in order obtain a
monotone family with an explicit limit operator. We remark that our proof of
Theorem 1.3 is independent of the other two theorems, in particular, it does not
make any use of the Dirac operator A,, in €.

As will be seen from the proofs, the two sides of ¥ play symmetric roles, and,
as a result, a number of similar convergences hold in other asymptotic regimes. In
particular, one can consider an additional operator A/ in L?(Q2, C") given by

Al u = Dy,u on the domain D(A}) = {u € H'(Q,C") : u=—Bu on T},

i.e. the only difference from A,, is in the sign in the boundary condition, and which
is also self-adjoint with compact resolvent (see Proposition A.2). Then the following
complementary results can be proved (the proofs are almost literally the same as
for above Theorems 1.1, 1.2, 1.3, one only needs to apply suitable sign changes, see
e.g. Remarks 2.2, 2.5, 4.1 in the text).



Theorem 1.6. For cach j € N there holds E;(ID%) = lim,,, o E;(AL7?).

Theorem 1.7. Let j € N and m € R. Then there exists M; > 0 such that B}, 5, has
at least j discrete eigenvalues for M < —M;, and limy;_,_o E;(B}, 3;) = E;(AL?).

Finally, the convergence of the eigenvalues of By, ; to those of P? can be recov-
ered in three additional asymptotic regimes:

Theorem 1.8. Let j € N. Then there exist p1; and €; > 0 such that if one of the
following three conditions is satisfied:

(i) M > p;j andm < —M/);,
(i) m > p; and M < —m/d;,
(i15) M < —p; and m > |M]/d;,

then the operator BﬁlyM has at least 7 discrete eigenvalues. Furthermore, the eigen-
value E;(B2, ;) converges to E;(ID?) in the following asymptotic regimes:

(I) m— —oo and M — +oo with M /m — 0,
(II) m — +oo and M — —oo with m/M — 0,
(I1I) m — 400 and M — —oo with M/m — 0.

Our approach based on the monotone convergence was chosen on purpose in
order to obtain the main terms in a transparent way and to be able to concentrate
on the geometric aspects. We expect that, in some form, the above convergence
results should also hold for a suitable class of unbounded hypersurfaces . How-
ever, a rigorous study of this situation has to include highly non-trivial (essential)
self-adjointness aspects of the associated operators ) and A,,, and the language of
eigenvalues does not seem to be most adapted: the resolvents of these operators
are non compact anymore, and their discrete spectra can be empty. A more pre-
cise analysis involving detailed remainder estimates and reformulation in terms of
suitable operator convergences should be possible in the spirit of recent works in
specific dimensions, e.g. [1,2,5,14], but a rigorous implementation requires a con-
siderably higher technical effort, and we prefer to discuss these aspects in separate
forthcoming works.

1.2 Notation, min-max principle, monotone convergence

The most part of the subsequent spectral analysis is based on the min-max principle
for the eigenvalues of self-adjoint operators and uses rather sesquilinear forms than
operators (in particular, most operators are introduced just through their sesquilin-
ear forms, while the action and the domain of the operators are not specified explic-
itly). The correspondence between operators and sesquilinear forms is well known,
and it is based on classical representation theorems, see e.g. the monographs by
Kato [15, Ch. 6, §1-2] or Reed—Simon [18, Sec. VIIL.6]. In order to avoid potential
confusions (due to various conventions used by different communities), we recall here
some basic facts of the theory and introduce some notation.

In this text we only work with complex Hilbert spaces. Let G be a Hilbert
space, then by (-, -)g we denote the scalar product in G, which is assumed antilinear



with respect to the first argument, and the associated norm is denoted || - ||g. A
sesquilinear form ¢ in G defined on a dense subspace D(t) of G is a map

D(t) x D(t) > (u,v) = t(u,v) € C

which is antilinear with respect to the first argument and linear with respect to
the second one, and it is called Hermitian if t(v,u) = t(u,v) for all u,v € D(t).
As a consequence of the polar identity, a Hermitian sesquilinear form ¢ is uniquely
determined by its diagonal values ¢(u,u) with u € D(¢). An Hermitian sesquilinear
form t is called lower semibounded if there is ¢ € R such that ¢(u,u) > c||ul[g for all
u € D(t). Such a form is then called closed if D(t) endowed with the scalar product
(u,v)y = t(u,v) + (1 — ¢){u,v)g is a Hilbert space. With such a sesquilinear form ¢
one associates a self-adjoint operator 7" in G uniquely defined by the following two
conditions: (a) the domain D(7") of T is contained in D(¢) and (b) t(u,v) = (u, Tv)g
all u,v € D(T'), and we then say that T is the self-adjoint operator generated by the
form t. It is worth noting that D(T) # D(t) in general.

On the other hand, let T be a self-adjoint operator in § with domain D(T).
It is called lower semibounded if for some ¢ € R one has (u,Tu)g > c||ul|g for all
u € D(T), or T > c for short. In such a case, the completion of D(7") with respect
to the scalar product (u, v)o(ry := (u, Tv)g+ (1 —c)(u,v)g is called the form domain
of T" and is denoted by Q(7). The map D(T) x D(T) > (u,v) — (u,Tv)g then
uniquely extends to a closed lower semibounded Hermitian sesquilinear form ¢ with
domain D(t) = Q(T'), which will be called the sesquilinear form generated by the
operator T. In turn, T is exactly the self-adjoint operator generated by this form ¢.
To have a shorter writing (and to reduce the number of symbols in use), we will
write

Tu,v] := t(u,v) for u,v € Q(T),

in particular, one has the simple equality T'[u, v] = (u, Tv)g if v € D(T). We further
recall that due to the spectral theorem we have

o(T) =D (VT —¢) = D(VIT]),
Tlu,v] = t(u,v) = (VT — cu, VT — cv)g + c{u,v)g, u,v € Q(T),

and the operator T' has compact resolvent iff its form domain Q(7") endowed with
the above scalar product (-,-); = (-,-)¢ is compactly embedded into §. It follows
from the preceding discussion that a lower semibounded self-adjoint operator 7' is
uniquely determined by the knowledge of its form domain Q(7") and of the diagonal
values T[u, u] of its sesquilinear form for all u € Q(T). Many operators appearing
in the subsequent discussion will be introduced in this way:.

Using the above convention let us recall the min-max characterization of eigenval-
ues. Let T be a lower semibounded self-adjoint operator in an infinite-dimensional
Hilbert space G. For j € N we denote
Tu, u

EA(T):= inf
i(T) = Inf sup Jull2
dim£L=7 wu#0

The classical min-max principle states that £;(T") < infspec,, T for any j, and, if
the inequality is strict, that E;(7T") is the jth eigenvalue of 7" when enumerated in the



non-decreasing order and counted with multiplicities, see e.g. [19, Section XIII.1]. In
particular, one always has E;(7T) = inf spec T, and if T has compact resolvent, then
E;(T) is the jth eigenvalue of T" for any j € N. The main well-known consequence
of the min-max principle we are going to use is as follows (the proof directly follows
from the definition):

Proposition 1.9. Let T and T’ be lower semibounded self-adjoint operators in
infinite-dimensional Hilbert spaces G and G’ respectively. Assume that there exists a
linear map J : Q(T) — Q(T") such that ||Jul|lg = ||ullg and T'[Ju, Ju] < T[u,u] for
all w e Q(T), then E;,(T") < E;(T) for any j € N.

We will also use some classical results on the monotone convergence of operators.
The following particular case will be sufficient for our purposes:

Proposition 1.10. Let H be a Hilbert space and Ho, be a closed subspace of H
endowed with the induced scalar product. Let

o T, withn € N be lower semibounded self-adjoint operators with compact resol-
vents in JH,

o T, be a lower semibounded self-adjoint operator with compact resolvent in Hyo
such that the following conditions are satisfied:

e the sequence (T,,) is monotonically increasing, i.e.

AT,) D AThy1), Tufu,u] < Thiqlu,u]l  for allm € N and u € Q(T,41),

e one has the equalities

ATy) = {u € ﬂ Q(T,): supTyfu,u] < oo},
neN
Toolu,u] = lim T,[u,u] for each u € Q(Ty),

n—-+o0o

then for each j € N there holds E;(Tw) = lim,, 1o E;(T},).

The result follows, for example, from the constructions of [25, Abs. 3]: Satz 3.1
establishes a (generalized) strong resolvent convergence of T, to T, and Satz 3.2
gives the convergence of the eigenvalues. An interested reader may refer to the papers
[6,22,25] dealing with the monotone convergence in a more general framework, i.e.
beyond densely defined operators with compact resolvents.

2 Sesquilinear forms

This section is about preliminary computations for the various Dirac operators we
are interested in. In particular, its aim is to obtain explicit expressions for the
sesquilinear forms of the squares of these operators in terms of geometric properties
of the hypersurface X. After recalling why A,,, and B,, »s are self-adjoint operators on
their respective domains, Subsection 2.1 gives explicit expressions for the sesquilinear
form of A2, and B, ;. In particular, the influence of the hypersurface ¥ is encoded
in a boundary term involving the mean curvature. The objective of Subsection 2.2
is to relate the sesquilinear form of the square of the intrinsic Dirac operator ID
on X to a sesquilinear form which naturally arises when performing the asymptotic
spectral analysis involved in the main theorems.



2.1 Sesquilinear forms for the squares of Euclidean Dirac
operators

For the rest of the text we denote
QF = R"\ T,

and recall that v stands for the unit normal on ¥ = 0f) pointing to the exterior
of 2. The shape operator W : T'> — T'%. is given by

WX :=Vxv
with V being the gradient in R”, and its eigenvalues hq, ..., h,_; are the principal
curvatures of . For k =1,...,n—1 we will denote by Hy the k-th mean curvature

of X with respect to v defined by

H, = > hj - hy,,

1<j1<<jr<n—1

in particular, H; = hy + ... 4+ h,_1 = trW is the mean curvature, R = 2H, =
H? — [W|? with |W|? := tr(W?) is the scalar curvature. We set formally Hj, = 0 for
k> n.

We will need some identities related to the operator A,,, which is known to
be self-adjoint with compact resolvent and essentially self-adjoint on C*(Q, CV) N
D(A,,) (see Proposition A.2).

Lemma 2.1. For all u € D(A,,) there holds

H
(Amu, Aptt) 20,08y = / (|Vul* + m?|ul?) dz + / (m + 71> lul>ds.  (4)
Q 2
Proof. As A,, is essentially self-adjoint on C>(Q,CN) N D(A,,), it is sufficient to
show (4) for u € C=(Q,CY) N D(A,,). We use a partial integration formula in the
form given in [13, Section 3, Eq. (13)].! The map I induces the extrinsically defined
Dirac operator D* in L*(X,CY) given by

n—1

- H
s, . 1
D¥) = — —T(v) 2 [(e;)Ve,
J:
with (e1,...,e, 1) being an orthonormal frame tangent to . For u € C*°(Q2,CY)

one has the integral identity, see [13, Section 3, Eq. (13)],

H ~
/|D0u|2dx:/|Vu|2dx—l—/ (—1 |u|2—<D2u,u>> ds,
Q Q =\ 2

where Dy is given by (1) with m = 0. Therefore, for u € Do (A,,) one has

Tt was pointed out by one of the anonymous reviewers that some of the results of [13] on the
self-adjointness of Dirac operators with boundary conditions depend on implicit assumptions, as
the respective proofs of [13] use previous works which were found to contain flaws. We stress that
we do not use any of the self-adjointness results stated in [13], and we only use some constructions
of Sections 1-3 in [13], which are not concerned by the issues mentioned.
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(Amu, Amu>L2(Q7(CN) = <<D0 + moznﬂ)u, (Do + man+l>u>L2(Q’(cN)

= (Dou, Dou) r2(q.cny + 2mR(Dou, api1u) r2(0.cn)) + M (Qni1 U, Q1) 29,0y
H ~
= / (IVul> + m*[ul?) dz + / (—1 |ul® — (Dgu,u>> ds
Q s\ 2
+ 2m§R<D0u, Oén+1u>L2(Q7(cN). (5)

The operator D® anticommutes with I'(v), see [13, Proposition 1]. As the matrix
Qpp1 anticommutes with all I'(z), it commutes with D* by construction. Therefore,
using the boundary condition for © we have the pointwise equalities

(D%, u) = <IN)E [ - iozntll“(l/)}u,u>~
= (iap 1 T'(v)D>u u> = (D*u, -l (v)aq1u)
= <D u, i, I'(v > Dzu u)

implying _
(D*u,u) =0 on X. (6)

It remains to transform the third summand on the right-hand side of (5). Recall
that due to the integration by parts for any v,w € H'(Q, C) we have

/ Z(ajajv,w>@zv dr = —/ Z<U,O{jajw>cN dz + / Z(ajujv,w>(czv ds,
Q4D Q55 Dl

which then gives
<D0u7 Oén+1U>L2(chN) = / <DOU, an+1u>cN dz
Q
= / <u, DoOén+1U>CN dr + / Z(—iajyju, apiu)en ds
Q > =
7j=1

= —/ <an+1u,D0u>CN do +/ < — iF(V)u,an+1u>CN ds. (7)
Q s

Therefore, using the boundary condition,

2m§R<DOU7 an+1u>L2(Q,(CN) = m(<D0u, O‘n+1u>L2(Q7(CN) + <an+1u7 D0u>L2(Q7cN)>
= m/ (—il(v)u, an+1u>cN ds = m/ ( =i D(v)u, u><cN ds
) % (8)
= m/(Bu,u)CN ds = m/ lu|2n ds.
b )

Using the last equality and (6) in the right-hand side of (5) one arrives at the
result. O

Remark 2.2. For the operator A’
results in

H
(A u, A ) 20,0m) = / (IVul* +m?ul?) dz + / < —m+ 71> ul*ds. (9)
Q )

only a sign change in (8) is needed, which

m?
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With the help of the Fourier transform one easily establishes the self-adjointness
of By, as well as the essentially self-adjointness on C°(R™, CV), see Proposi-
tion A.1. Let us obtain a suitable expression for the sesquilinear form of Bfn’ M-

Lemma 2.3. For all w € D(B,, m) there holds

<Bm7MU,Bm7MU>L2(Rn’CN):/ (|Vul® +m?ul?) dx—i—/ (|Vul® + M?ul?) dz
Q

Qec

—|—(M—m)(/z|iP_u|2ds—/Z\(P+u|2ds>, (10)

Iy £B(s)
i
Proof. As B, is essentially self-adjoint on C>°(R",C"), it is sufficient to obtain
(10) for u € C°(R", CY). Representing B, yyu = Dyu+ (m — M)lga, 1u we have

where Po(s) : for s € 3.

<Bm,MUa Bm,M”)LQ(R”,CN)
= (Dyu+ (m — M)looppiu, Dyu + (m — M)Llooy 1) r2@n o)

= <DMU, DMU/>L2(Rn7(CN) + (m — M)2(1ron+1u, 1QO{n+1u>L2(Rn7CN)
+ (m - M) (<DMU, 1Qan+1u)Lz(Rn’Cw) + <1Qan+1u, DMU>L2(R7L7(CN)>
= / (|Vul® + M?ul?) dz + (m — M)Q/ lu|? dar
R Q
+ (m — M) <<DMU, 1Qan+1U>L2(Rn7CN) + <1Qan+1u, DMU,>L2(Rn,(CN)>.
Now using Dyu = Dou + May, 1u we transform the last summand as follows:
(m - M) [(DMU, 1Qan+1U>L2(Rn7(CN) + <1Qan+1u, DMU>L2(RTL7(CN):|
=(m— M) |:<D0/LL + May, 411, Loy 1U) p2(rn o)
+ <1Qan+1u, D()U + M()én+1u>L2(Rn7(cN):|

= 2]\/[(m—M)/ lu|? dz
Q

+(m— M) ((Dou, LoQny1u) 2mn oy + (Lo, D0U>L2(Rn7(cN)>
=2M(m — M)/ |u|? dz + (m — M)/(Bu,u)czv ds,
where we used the equality ('?) in the last step. Thzis gives
(B, vty B pt) r2mn vy = /Q (|Vul® + m?|ul?) dz
+ / (IVul® + M?u?) dz — (M — m) / (Bu,u)en ds,

»
and it remains to remark that

1 1
(Bu,u)en = 5 <(1 + B)u, u><cN b <(1 — Bu, u><cN
= (Pou,u)en — (P_u,u)en = |Pruln — |P_ulZn,
where in the last step we used the fact that P, are orthogonal projectors. O
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2.2 Dirac operators on Euclidean hypersurfaces

The definition of the intrinsic Dirac operator [ on ¥ with a detailed presentation
of preliminary constructions can be found in the monographs [7,11,12]. Recall that
if S¥ is the intrinsic spinor bundle over ¥ with the associated spin connection YV
and carrying the natural Hermitian and Clifford module structures, then D acts
on smooth sections ¢ of SX by Dy = Z;L:—ll ej - Y. ¥, where (e1,...,e,-1) is an
orthonormal frame tangent to ¥ and - is the Clifford multiplication. For our situ-
ation, the study of I) is easier to approach through the extrinsically defined Dirac
operators, which will be more suitable for the subsequent asymptotic analysis, and
we explain this link in the present section.

For n > 2 and K := 2[5l let §;,..., 3, be anticommuting Hermitian K x K
matrices with BJZ = Ik, and for z = (z1,...,x,) we denote B(z) = Z;;l Bjx;.
Recall that the intrinsic Dirac operator D®" in R" acts then by

D¥ =i Z /BJ al']

and it is a self-adjoint operator in L*(R",C¥) with domain H'(R",C¥). In this
explicit case the Clifford multplication x- is realized as the multiplication by the
matrix —if(z) where $(e;) = f; and V., = 0,, for the canonical basis (e1,. .., e,) of
R™. We remark that the expression Dy given in the introduction does not correspond
to the intrinsic Dirac operator on R" as N # K in general. The eztrinsically
defined Dirac operator D* on ¥ is a self-adjoint operator in L?*(3, C¥) with domain
H'(X,CK) and given by

n—1
DE———B )Y Bej)Ve,, (11)
7j=1
where (e1,...,e,_1) is an orthonormal frame tangent to 3. It is a fundamental

result that D* is unitarily equivalent to 0 for odd n and to D & (—ID) for even n; in
the latter case, the operator J) can be identified with the restriction of 3(r)D* on
ker (1 —p (1/)), see e.g. [7, Section 2.4]. In other words, the study of the eigenvalues
of (D*)? is equivalent to that of J)?, modulo the multiplicities for even n.

In turn, a classical tool for the analysis of the eigenvalues of (D*¥)? is provided
by the Schrodinger-Lichnerowicz formula (D*)? = (V*)*V* + 1 Hy I (whose proof
we recall in Appendix B), where V¥ is the induced spin connection

VY =Vx + %ﬂ(u)ﬂ(WX) . C®(2,CF) = C>(,C), XeTx.

In other words, for u € H*(3, CK) one has

H 2
<DZU,, DZU,>L2(E (CK) = / (’VEUP + ﬂ) dx, (12)
k] E 2
while in the local coordinates on > one has
n—1 A 1 1
VEu)? = J;l POt 5 BWBOw ) O+ 5 BV)B@Ow ) L (13)

13



where (¢7%) := (g;x)~" with (g;) being the Riemannian metric on ¥ induced by the
embedding into R™.
For the subsequent analysis we introduce the Hilbert space

9= {f e I2(.CY): f=Bf}. |13 = / P ds, (14)

with B given in (3), and the self-adjoint operator L in 3 given by its sesquilinear
form as follows:

w1 = [ 907+ (- )] as - aw) = me.eno

with Q(L) being the form domain (see Section 3). Remark that the operator L for
n = 3 already appeared (without any further interpretation) in [2], and will arise
naturally in the asymptotic spectral analysis of the Dirac operators A,, and B,, .
Its importance is explained in the following assertion:

Lemma 2.4. The operator L is unitarily equivalent to JDZ.

Before going through the proof of Lemma 2.4, we would like to emphasize that the
result can be of its own interest as it allows one to investigate the eigenvalues of the
intrinsic Dirac operator J) on ¥ via those of a unitarily equivalent operator defined
thanks to a matrix framework and local expressions but without any additional
algebraic construction.

Proof. The proof is by direct computation, by constructing an explicit isomorphism
between L?(X, CY/2) and H and then by establishing a link with the extrinsically
defined Dirac operator D* using the Schrodinger-Lichnerowicz formula. Following
the standard rules, see e.g. [8, Chapter 15] or [26, Appendix E], for n € N we define
2151 x 215 Dirac matrices v;(n) with j € {1,...,n} using the following iterative
procedure:

e Forn =1, set y(1) := (1).

01 0 —i
e For n =2, set 1(2) := (1 0) and v2(2) := ( 0 )
e Forn=2m+ 1 with m e N:
vi(2m+1) :==v;(2m), j=1,...,2m,

. I 0
Yom+1(2m 4+ 1) == £y (2m) - ... Yom(2m) = + < % ' ]2m1> . (15)

e For n =2m + 2 with m € N:

72m+2(2m + 2) = <i[2m 02 ) .

’yj(2m+2)::< ), j=1,....2m+1,

14



One easily checks that at a fixed n € N the matrices 7;(n) are Hermitian and
anticommute, the square of each of them is the identity matrix. Furthermore, if
(7;- (n)) is another set of matrices with these properties and of the same size, then
there exists a unitary matrix C' and a suitable choice of £ in (15) such that the
equalities 7(n)C = v;(n)C hold for all j, see e.g. [8, Prop. 15.16]. Therefore,
without loss of generality one may assume that the matrices «; in the expression
(3) of B and the matrices 8; used in the definition of D* are chosen in the form

a;=7v;n+1), j=1,...,n+1, Bj=nn), j=1,...,n. (16)

For x = (z1,...,2,) € R" and ¢ € {n,n + 1} we define a matrix I',(z) by
Ty(x) =Y x5(q),
j=1

then one has the relations

Ln(2)ln(y) + Tn(y)ln(2) = 2(z, y)p I, 2,y €R", (17)
F($):= Fn+1(x>a 6($):: Fn(m)'
Now we consider separately the cases of odd and even dimensions, as the construc-
tions are rather different for the two cases.

Case 1: n is odd. Let n = 2m+1 with m € N. Represent f € Has f = (f_, f1)
with fi € L?(X,CN/?), then, under the convention (16), the condition f = B f takes

the form
(1) =l 0) (el ") G)

which holds if and only if fy = £I',,(v)f+. Therefore, the map

U: L2(5,CN%) = 3, (Uf)(s) = % (8 ¥ EZEZB;)

defines a unitary operator, and Uf € H*(X,CN) iff f € HY(X,CN?). As H; are
scalar functions, one has

H?
4

‘2

HY

(1= )0 B = (Ho = =) 1 (18)

In order to compute }V(U f)|” we use local coordinates on ¥. One has

((1+Tu))£), 0 ((1+Tu(v) ) >(CN/2}

_ % Z gt {@jf, Oef)ense + <8j (Fn(y)f),5k(Fn(V)f)>CN/2}.

J,k=1

wwnf =38 (o (0-renn.a(o-ren),,,
+ <8j (

15



We have then

(& () 1). (a1,
— (Ta(V)if + Ta(@0) £, Ta(0)O0f + Tu(O4v) f>CN/2
= <ajf + T, (O0) f, Onf + Fn(v)Fn(akV)f>

cn/2’

and it follows that

—

n—

VWA = 3 M(0,7 + 5 Tat)T0) . 00f + 5 Tul)Tu(00) )

(]

CN/2

M

Jk=1

nlg< (Oe)Tu(O0) . f)

7,k=1

_|_

Ll

CN/2

n—1

= [VZf]> + Z<f, Vi ene, V=Y g Ta(0w)Ta(0v).

jk=1

Using the symmetry of (¢*) and the commutation relation (17) we compute

—_

n—

V= % ¢ (L@ (040) + D@L, (0,0))
k=1
n—1
= MO 0w I = |V T = |WPT = (H} — 2H,)1.
j,k=1

By combining with (18) we arrive at

LUS.Uf) = /E (1v2 s+ 22000 4

Due to the Schrodinger-Lichnerowicz formula (12) we conclude that L = U*(D*)2U,
while (D*)? is unitarily equivalent to [)? as n is odd. This proves the claim for odd
dimensions.

Case 2: n is even. Let n = 2m with m € N. As for the previous case, we try to
find a block representation for the condition f = B f, which now takes the form

2m
(12m +iemer (2m 4+ 1) Y 5(2m + 1) yj>f ~0. (19)
j=1
We first remark that for x = (z1,...,z,) € R” we have the block representation
0 Ax
Z’VJ 2m + 1)z, = Z% 2m)z; =y (v) = <)\(J:) (O)>a (20)
j=1
2m—1
Z v;(2m — 1) x; — iwgm lom-1.

16



Represent f = (¥_,1,) with . € L?(3, CN/?), then we rewrite the condition (19)
in the block form

Gn)= (1) Gor )62 - 6),

where [ := Iym-1. Using A(v)A\(v)* = A(v)*A(v) = I we see that the condition
f = Bf can be rewritten as ¥_ = £i\(v) ¢¥»,. Hence, the map

.72 N/2 :i ii/\(’/)@b>
U:L*(X,CV%) - H, Uy \/§< 3y

defines a unitary operator, and at each point of ¥ there holds

vy jkzlg”“(< )50+ INE AP+ NG en

+ % @w, ak¢><CN/2) .
We then transform
1
oz T §<3j¢,3k1/1)<cw/2
= 5000+ AN+ AN, + 5050, Db
= <(9jw + %Mv)*k(aju)w, Ontp + %A(u)*A(@ky)¢>
+ 7 (MA@ A A0
= (00 + SAWI @), 0 + AW A@)0)
1
+ 5 (B MO MO )

The substitution into (21) gives

% (I, + NG NI + XD )

CN/2
CN/2
CN/2

(CN/Q'

n—1
. 1 1
V)P = 3 ¢ (05 + A NI, O + AW A@)
k=1
1 2m—1 '
Z_L<w’ V¢>@N/2, V= Z gf’k)\(ajy)*)\(ﬁkl/).
k=1
In order to compute V' we introduce
N 2m—1
= Z gj’k)\(aju))\(ﬁkl/)*,
jik=1

then

(g/ 3) - Qil g ()\(8 ”>6\(8W) A(ajV)g)\(akVQ

Jk=1
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_izllgjk< MC%V)) (A(a(zu)* )\(aoky))

= Z G (0;0)T (Ov)
j.k=1
2m 1

=2 3 P (a0 + D@ (0))
jk 1
2m—1
=Y gHOw,0w) I = |VVI = |WT = (H} — 2H,)1.

J,k=1

In addition, as the functions H; are scalar, we have

(0. (1= 5 )0e), = (0 (= )0,y

and then
LU, Uy
=[S o#(ow+ ror @-vw,akw%Awww)@ ds

CN/2
]k: 1

<¢, Ho) pa(s,ovr2)-

Now consider the unitary transform Uy : L?(3, CN/?) — L2(%, CN/?) given by Uyt =
A(v)*1, then a simple computation shows that

LiUUyy, UUOM

/ Zw 0+ AN .0+ APNO)Y) ds

7,k=1

1
+ §<¢, Hot) 125, o7y
Using (20), for v € H(X,CN/?) and ¢ := (¢_, ;) € H'(Z,CV) one has
LIUU- UU(ﬂ/f |+ LU, Uy ]

/ 5 G0, -+ STul)T(0)0, 000+ ST ()0 o s

7,k=1
1
+t3 (1, Hotb) 22,0y

By comparing with the Schrodinger-Lichnerowicz formula (12)—(13) we see that the
operator (UsU*LUUy) & (U*LU) is unitarily equivalent to (D*)2. As (D*)? is now
unitarily equivalent to [)* @ ]D* (because n is even), it follows that L is unitarily
equivalent to 2. O
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Remark 2.5. One can also consider
3= {f € LE.C): £ = =B IfIBe = [ IfPds (22)
N

and the self-adjoint operator L’ in H’ given by its sesquilinear form
H2
LU A = [ 0P+ (H - AP ds, o(z) = B, N3¢
)

then the preceding proof can be easily adapted to show that L’ is also unitarily
equivalent to J*.

3 Preliminary constructions

As explained in the end of Subsection 1.1, our proofs of the main theorems rely
on the investigation of reduced spectral problems in tubular neighborhoods of the
hypersurface 3. These reductions are performed by studying operators only acting
in the normal variable, which are introduced and investigated in Subsection 3.1.
The same operators play a role in the construction of an extension operator while
proving Theorem 1.2. In Subsection 3.2 we gather various estimates for sesquilinear
forms in tubular neighborhoods of the hypersurface . These sesquilinear forms
appear further on while proving the main results on the eigenvalue asymptotics.

3.1 One-dimensional model operators
Lemma 3.1. Let § > 0 be fixred. For o > 0, let S be the self-adjoint operator in
L*(0,8) with

2
9

)
SUJ%=AIfF&—aU®)

Q(S) = {f e H'(0,0): f(6) =0},

then for o = 400 one has Ey(S) = —a?+0(e™°), and the associated eigenfunction
b with ||| 2005 = 1 satisfies |[$(0)[° = 2a + O(1).

Proof. One easily see that the operator S acts as f — — f” defined of the functions
f € H*0,6) with f/(0) + af(0) = f(d) = 0. Let us estimate its first eigenvalue
as @ — +00. Look for negative eigenvalues £ = —k? with k& > 0, then using the
boundary condition at 6 we see that the associated normalized eigenfunction v is
of the form t(t) = csinh (k(6 — ¢)) with ¢ # 0 being a normalizing constant. The
boundary condition at 0 gives 0 = 9/'(0) + a)(0) = —k cosh(kd) + asinh(k0d), i.e.

F(kd) = ad, F(x):=xcothz. (23)

One easily sees that F' : (0,+00) — (1,400) is strictly increasing and bijective,
and for @y > 1 the equation (23) admits a unique solution k, and then k0 — +o00
for « — +oo. Now rewrite (23) as k = atanh(kd). Due to ké — 400 we have
% < tanh(kd) < 1 implying 3a/4 < k < «. Then using the equation again we have
atanh (2 ad) < k < a, while tanh (2 ad) = 1 + O(e=3*/2). Therefore, with some
¢1 > 0 one has E1(S) = —k? = —a?(1+ O(e7399/2)) < —a? + ¢1e7%* as o — +o0.
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In order to find the value of the normalizing constant ¢ we use

J 1 )
_ 2 A2 I _ — |2 ; _
1—wmmwwdzsmwmawﬁu|dgﬁmmM>2)

then
[ (0)[ = (sinh (ko)) (% - g)_l — 2%+ 0(1) =20+ 0(1). O

Lemma 3.2. Let 6 > 0 and > 0 be fized. For a > 0, let S’ be the self-adjoint
operator in L*(0,6) given by

)
S’[f,f]:/0 PP — ol FO)] — BlFG)P 08" = H'(0,5),

then for o = 400 one has E1(S") = —a?+0(e™°). Furthermore, there exist by > 0
and b > 0 such that

b —b < B(S) < b5 forall j > 2 and a € R. (24)

Proof. The operator S’ clearly acts as f +— — f” on the functions f € H?(0,§) with
f(0) + af(0) = f'(0) — Bf(6) = 0. To estimate E;(S") we remark that a value
E = —k* with k > 0 is an eigenvalue of S’ iff one can find (Cy, Co) € C*\ {(0,0)}
such that the function f : t — C e’ + Cye™** belongs to its domain. The boundary
conditions give

0=/f(0)+af(0)=(a+k)C, + (a — k),

0= f(8) = Bf(6) = (k — B)e*Cy — (k + B)e ™ Cy,
and one has a non-zero solution iff the determinant of the system vanishes, i.e. iff k
solves (k + a)(k + B)e ™™ = (k — a)(k — 8)e*, which we rewrite as
kta k=B o
Ck—a’ <)'_k+ﬁe '

g(k) = h(k), g(k): (25)
Both g and h are continuous, and ¢ is strictly decreasing on (a, +00) with g(a™t) =
+oo and g(4o00)=1, while A is strictly increasing on («, +00) being the product of
two strictly increasing positive functions (we assume without loss of generality that
a > f3), and h(at) = **(a — 8)/(a + 8) < +o00 and h(+00) = +oo. Therefore,
there exists a unique solution k of (25) with k € (a,4+00). To obtain the required
estimate we use again the monotonicity of h on («, +00):

k+ o
k—«

= g(k) = h(k) > h(a™) = a-p o208

We bound the last term from below very roughly by e*/2 then

k+ o 3a6/2 1 4 e300/ —3a6/2
EZe s kSOJm:O{(l‘i‘O(G ))

By combining with k£ > o we arrive at the sought estimate

El(S,) _ —k2 _ _a2(1 + O<€73a6/2)) _ —042 + @20<€73a5/2) — _&2 + O(efaé)‘
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To estimate E;(S’) with j > 2 we consider the operator S}, acting in L*(0,d) as
f — —f" on the functions f € H?(0,8) with f(0) = f'(§) — Bf(§) = 0. Remark
that S}, is independent of «, and by the min-max principle for any a € R one
has E;_1(Sp) < E;(S") < E;(Sp): the upper bound follows from the fact that the
sesquilinear form of S, is a restriction of that for S’, while the lower bound follows
from the fact that S, is a rank-one perturbation of S’. As the eigenvalues of S,
satisfy the Weyl asymptotics F;(S}) ~ m%j?/6* as j — +o0, one arrives at the
sought inequalities (24). O

3.2 Tubular coordinates

Recall that the shape operator W and curvatures of 3 were defined in Subsection 2.1.
In what follows we will actively use tubular coordinates on both sides of . In this
section,

let €, be either € or Q°,

and let v, be the unit normal on ¥ pointing to the exterior of €2, i.e.
v, =v, Wy =W for Q, =Q, v,:=—v, W,:=—-W for Q, = Q°.

The principal curvatures and the (higher) mean curvatures of ¥ with respect to v,
will be denoted by h} and Hj respectively, i.e.

h; = hj and H; = H}, for 0, = Q,
b .= —h; and H} = (—1)*H, for Q, = Q°.

J

For small 6 > 0 denote
II; := ¥ x (0,0), ) ={xeQ, dist(z,Z) <}

It is a well known result in differential geometry that there exists a small 6y > 0
such that for sufficiently small § > 0 the map

®,  TI5 — Q) (s,t) = s —tr,(s),

is a diffeomorphism, and dist (®.(s,t),0U) = ¢ for (s,t) € II;. Consider the associ-
ated unitary map

Qs : L2(Q0) — LX(II5), wu s \/det(P.)uo d,
We will use several times the following computations:

Lemma 3.3. For v € R denote

*

H
Jy(u) = J(u) == |Vul*dz —i—/ (7-1— 1>|u|2 ds, ue H' ().
a2 > 2

There exist 69 > 0 and ¢ > 0 such that for any v € R and § € (0,dy) the following
assertions hold true with v := Osu:

(a) for any u € HY(Q2) with u =0 on 002\ ¥ one has

*\ 2
J(u) g/ |:(1+C§)‘VS’U|2+|8{U’2+(H;—@—FCd)|'U’2:| dsdt—i—’y/ ‘U(S,O)fds,
I, >
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(b) for any w € H(QC) one has

4
+7/ ’v(s,O)‘st—c/ }v(s,5)|2ds,
ouU s

*)2
J(u) > / {(1 — ¢0)|V]? + [0 + (Hgk _ W 05) \v|2] dsdt
s

where Vg is the gradient on X, i.e. with respect to the coordinates s € X.

Proof. The metric G on Ils induced by the map ®, is given by G = go(1—tW,)+ dt?,
with g being the metric on ¥ induced by the embedding in R", and the volume form
is det Gdsdt = ¢ dsdt with ds being the volume form on ¥ and the weight

o(s,t) =T (1—thi(s)) =1+ SV H) (26)

J=1

Denote w := uo®,, then the standard change of variables gives, for any u € H*(?),
2 Hy 2
J(u) = |[Vw|*pdsdt + (7—}——) |w(s,0)| ds,
T, ) 2

and we remark that the condition u = 0 on 992 \ ¥ is equivalent to w(-,d) = 0.
Due to the above representation of the metric GG, for a suitable fixed ¢y > 0 one can
estimate, uniformly in wu,

(1 = cod)|Vswl* + [0w]* < [Vwl* < (1+ d)|Vswl* + [dawl?,

with V; being the gradient on ¥ (i.e. with respect to the variable s), which gives
2 2 Hy 2
(1 = co0)|Vsw|* + [Opw]?*) o ds dt + (7 + 7) lw(s,0)|" ds
I, )
H*
< J(u) < / (1 + co0)|Vsw|* + [Opw]?) ¢ ds dt +/ (7 + 71) |w(s,0)ds. (27)
I, b

Recall that w = cp’%v, and that ¢ = 1 on X. Hence,

*

<7+ I:;l) ‘w(s,())‘2 = <7+ %) ’v(s,O)

2
)

which allows to transform the last summand in (27). In addition,

o]

2
= |Vl + —
Vol + 155

1 1
Vw|?p = )st — %vvsgo |Vo|* — ;%((st, vV0)).

The Cauchy-Schwarz inequality gives |R(Vv,vV,0)| < 8|V,0|* + [v*|Vp|* /8, and
in view of the expression (26) for ¢ one has |[Vsp|? < ¢16% for some ¢; > 0 and all
t € (0,9). Therefore, for a suitable c; > 0 one estimates, uniformly in u,

(1 — c20)|Vsv)? — cad|v]® < (1 £ ¢0d)| Vw2 < (14 ¢20)| Vo] + cod|v]?.

We represent now

1 2 Op (at90>2
0w = [0 — %U Orp| = |0w|* — %&(!v!?) + 4—902‘71’2
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and performing an integration by parts with respect to ¢ in the middle term we have

Ay | (Oip)?
2 _ 2 t 2
/Hé 18] gpdsdt-/ﬂa (]&v! +(3t<—¢)+ " JIof? ) st
Hy / (i) (s,6) 2
s,0)| ds — v(s,0)| ds,
/ ol O ds = | 5y 119

while the last summand vanishes for v(-, ) = 0, i.e. for u = 0 on 92 \ . Putting
the above estimates together we obtain

2o (D)
< NV.vl? ovl? Ztr L 2
J(u) /5 ((1 + 20)|Vsv]” + |Ow]” + ( 5 +02(5>|v| dsdt

+7/‘v(s,5)‘2ds, ue HY(Q), wuw=0o0nd\,
s

2 2
J@)z/ ((1—c25>yv of2 + |Bf? + (azt;” (it;) ~ ) of? ds

+7/y 5,0)[* ds —/E th()fé?{ (5,0)]*ds, ue H' Q).

It remains to estimate, with a suitable c3 > 0,

R =

and to choose ¢ := max{cz, 3} O

Loo

4 Proof of Theorem 1.1

We are going to show that E;(A2%) — E;(ID?) for each j € N as m — —oo. Due
to Lemma 2.4 for each j € N there holds E;(])?) = E;(L), hence, it is sufficient to
prove that

E;(L) = lim E;(A2) for each j € N. (28)

m——00

The proof of (28) decomposes into three steps and relies on a dimension reduction
argument.

In Subsection 4.1 we use the standard Dirichlet-Neumann bracketing to bound
from above and from below the sesquilinear form of A%. We reduce the spectral
analysis of A2 to the one of sesquilinear forms in tubular neighborhoods of the
hypersurface >, and the sesquilinear forms are covered by the constructions of Sub-
section 3.2. Then, in Subsection 4.2, we obtain an upper bound by considering a
well-chosen test function and by applying the min-max principle. The test function
is constructed by taking advantage of the tensor structure of the sesquilinear form
which bounds from above the sesquilinear form of A2 : it is obtained by taking the
tensor product of the lowest mode of the operator in normal variable with an eigen-
function of the operator along the surface. The lower bound is more subtle and is
handled in Subsection 4.3. One first decomposes the sesquilinear form which bounds
from below the sesquilinear form of A2, along the modes of a one-dimensional op-
erator acting only in the normal variable, and then one concludes using estimates
on the eigenvalues of the one-dimensional operator and the monotone convergence
(Proposition 1.10).
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Remark 4.1. Using the constructions mentioned in Remarks 2.2 and 2.5, the proof
below can be easily modified in order to show that E;(L') = lim,, o F;(A,?) for
each j € N, which then gives Theorem 1.6.

4.1 Dirichlet-Neumann bracketing
For small 6 > 0 denote Q5 := {z € Q : dist(z,%) < §} and II; := ¥ x (0,6) and
consider the diffeomorphisms & : II; — €5 given by (s,t) — s —tv(s) together with
the associated unitary maps Oy : L?(Qs5, CN) — L*(TL;, CV), Osu = /det(P’) uo ®.
Consider the self-adjoint operator Z;" in L?(Q5, CV) given by
+ 2 2,12 H, 2
ZHuul = | (|Vul? +m2ul?) dz + (m+7) ul? ds, (29)
Qs >
o(z}) ={ue H(Q,C") :u=Buon ¥, wu=0ond\I},

the self-adjoint operator Z_ in L?(Qs, C") given by

H
Zolwid = [ (VuP 4wty dot [ (me ) pPds (30)
Qs b 2
9(Z,,) ={ue H(Q,C") : u=Buon X},
and the self-adjoint operator Z! in L?(Q2§, CV) given by
Z! [u,u] = / (|Vul> + m?|ul®) dz, Q(Z],) = H'(Q5,CY),
Q5

with Q¢ := Q\ Q5. Due to the min-max principle for any j € N and we have the
eigenvalue inequality

Ej(Z, ® Z,,) < E;(A%) < Ej(Z}).

(It is sufficient to apply Proposition 1.9: for the left inequality one takes T = A2,
T :=Z7,®Z, , and J: L*(Q,CN) — (f7, f) € L*(Q,Q5) defined by f~ := f|a,
and f' := fl|ae, while for the right inequality one takes T := Z! T" := A% and
J : L*(Qs) — L*(Q) the extension by zero.) Noting that Z/, > m? we deduce that

Ei(Z,) < E;j(A2) < Ej(Z}) for any j € N with E;(Z}) < m?. (31)

Using the change of coordinates of Lemma 3.3 to bound ZZ[0%v, ©%v] from above
and below we then obtain

Ej(Z,) < E;(Y,)), Ej(Z,)> E;(Y,,) for any j €N

with Y= being the self-adjoint operators in L?(I15, CV) given by

2

H
Y. v, v] = / [(1 +¢8)|V 2 + |0w] + <m2 + Hy — Tl + 05> \v\z] dsdt
ILs

—i—m/z‘v(s,())‘?ds,
o(Y,h) = {ve H'(II;,C") : v(-,0) = Bv(-,0) and v(-,8) = 0},
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2

Y, [v,v] = / {(1 —c8)|Vsu|* + [0w]* + (m + Hy — A _ c5>|v|2} dsdt

4
+m/‘ SO‘dS—C/|"US(5|dS

Q(Y,,) ={ve H'Il;,C") : v(-,0) = Bu(-,0)},

where ¢ is independent of § € (0,dy) and m € R is arbitrary. Therefore, we arrive
at the two-sided estimate

E;(Y,)) < E;(A%) < E;(Y,)) for any j € N with E;(Y,}) < m®. (32)

4.2 Upper bound

To obtain an upper bound for the eigenvalues of Y, I let us consider the self-adjoint
operator S in L*(0, ) with

)
SI /] = / PR m|fO)7 Q(S) = {F € HY(0.6): £(5) =0}

and let 1) be an eigenfunction for the first eigenvalue normalized by ||]|? L2(0 5 =1

The analysis of Lemma 3.1 shows that for some b > 0 one has E;(S) < —m?2+be~°I™
as (—m) is large, and then S[¢), ] + m? < be=0.

Let ¢ > 0 be the same as in the above expressions for Y, =. For small a € R, let
L, be the self-adjoint operator in J given by

2

Lalg, 9] = /E [(1 + ca)|Vg|* + (HQ - % + ca) |g|2} ds (33)
Q(Ly) = HY(Z,CY)n K.

Remark that for a = 0 we recover exactly the operator L and that due to the
min-max principle one has

E;(L) = lin% E;(L,) for each j € N. (34)
a—

Let 7 € N be fixed and ¢y, ..., g; be linearly independent eigenfunctions of Ls for
the first j eigenvalues, then the subspace G := span(gi, ..., g;) is j-dimensional and
Lslg, 9]/ llgll3c < E;j(Ls) for any 0 # g € G. Consider the subspace

V= {U S LQ(H57CN) : U(S=t> - 9(3)¢(t)7 g€ G} - Q(YT:),

then for v € V' with v(s, ) = g(s)y(t) and g € G one has [|v[|7,y, ovy = [lg]5 and

[0 0] = Lalg. 0120 + (ST 0]+ m2 a0 ) ol
< Ls[g, g] + be ™| gl|3; < (E;(Ls) + be™*™)]||g]I5,
= (Ej(LcS) + b€_5|m|) ||U||%2(n5,<cN)‘

As dimV = dim G = j, it follows by the min-max principle that

Y+
E;j(Y,)) < sup o5 7]

B — S Ei(Lg) +be ",
0£vEV HUHLQ(H(;,(CN)
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hence, limsup,, , . E;j(Y,T) < Ej(Ls). As 6 > 0 can be chosen arbitrarily small,
the convergence (34) implies limsup,, , . E;(Y,}) < E;(L), and then due to the
upper bound (32) we arrive at

limsup E;(A7,) < E;(L). (35)

m——0o0

4.3 Lower bound

Now let us pass to a lower bound for E;(Y, ). In the constructions below, the
constant ¢ > 0 is the same as in the expression for Y, . Let S’ be the self-adjoint
operator in L?(0,d) with

)
_ / PP mlfO)] — [ fOF, a(s) = H'(0,8).

Let ¢ € L*(0,6) with k € N be real-valued eigenfunctions of S’ for the eigenvalues
E(S’) forming an orthonormal basis in L?*(0,4d), which induces the unitary trans-
forms © : L?(0,8) — (*(N) given by (©f)r = (¢, f)12005), k¥ € N. Recall that due
to the analysis of Lemma 3.2 we have, with some b* > 0, b > 0 and b, > 0,

E(S") > —m? —be '™ as m — —o0, (36)
bk — by < Ep(S") < bk2 for all k > 2 and m € R. (37)

Let us give some more details on the subsequent constructions. Let Y, be the
self-adjoint operator whose sesquilinear form is given by the same expression as the
one for Y.~ but on the larger form domain Q(V,,) = H'(Il;, CY). Tt follows easily
that the new operator Y,, admits a separation of variables. Namely, for small a € R
we consider the self-adjoint operator A, in L*(3, C") given by

2

Mgl = [[ [0+ e+ (- B ca) o] as, a0 = 0

i.e. its sesquilinear form is given by the same expression as the one for L, in (33)
but without the restriction g € 3. Now, if one identifies L?*(Tl;, CY) = L?(0,4) ®
L*(3,CN), then Y, = (S’ + m?) ® 1 + 1 ® A_;. Using the unitary transform

= LA(I;) — A(N) ® L*(,CV),

=v = ’Uk Vg —/ Qﬂk dt € L2<E (CN)

*

and the spectral theorem we see that the operator l/}m = 2Y,,=* is given by

~

Yo [(vr), (vp)] = Z (A—d[vk,vk} + (Bx(S') +m?) Hvk||%2(z7<cN))7

keN

while the form domain Q(Y,,) consists of all (v;) € 2(N) ® L*(X,CV) with vy, €
HY(X,CY) such that the right-hand side of the preceding expression is finite. Using
the two-sided estimate (37) we can rewrite
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a(Y,,) = {(vk) € A(N)® L*(%,CY) : v, € HY(X,CN) for each k € N

and Y- (Ilonlfssen) + B lublamen ) < o0f. (39)
keN

As the sesquilinear form for Y, is simply the restriction of that for Y,, on the
functions v with v(-,0) = Buv(+,0), for the operator Y, := ZY, =* we have

~

oY) = {0 = (u) € Q¥) : (1 = B)(ED)(-,0) = 0}. (39)

Using the lower bounds (36) and (37) for Ei(S’), for all v = (v;) € Q(}A/,;) we
obtain the inequality Y, [v,v] = wy, (v, v) with the sesquilinear form wy, defined on
D(wn) = Q) by

Wi (0,0) 1= A_s[vq, v1] — be_almlule%?(z,(cN)

4 Z <A,5[vk, vp] + (b7K* — by + mQ)HUkH%%E,(CN))‘

k>2

It follows from representation (38) that the form w;, is lower semibounded and from
reprentation (39) that it is closed. Thus, it defines a self-adjoint operator W,, in
*(N) ® L*(%,C") with compact resolvent. For any j € N we have then

Ej(A%) > E;(Y;)) = E;(Y;)) > E;j(W). (40)

We are now in the classical situation for the monotone convergence (Proposi-
tion 1.10) to analyze the eigenvalues of W,,. Namely, consider the set

Q. = {a: () € () QW) = Q(Y,) : sup W, [0,7] < +oo}. (41)

m<0 m<0

belongs to Q. if and only if vy =0

It is easily seen that a vector ¥ = (v;) € Q(Y,)
1 — B)vy, i.e. vy € H. This gives the

for k > 2 and 0 = (1 — B)(=2*0)(+,0) = ¥1(0)
equality

Qp={0=e1®@v;: v € H(Z,CY)NH}, e =(1,0,0,...) € Z(N).

For each v € Q., one has

lim W, [0,7] = lim (A_(s[vlavl]—01676‘m‘||U1H%2(2,<CN))

m——0o0 m——oQ

= A_s[vi,v1] = L_s[v1, v1];

we recall that L, was defined in (33). Let W, be the self-adjoint operator in
the Hilbert space Ho = e; ® H with Q(W,) = Qn and Wyley ® vy,e1 ®
v1] = L_gs[v1, v1], then the monotone convergence principle (Proposition 1.10) gives
lim, oo Ej(Wy,) = Ej(Wy) for each j € N. On the other hand, the oper-
ator W, is unitarily equivalent to L_s, and by combining with (40) we have
liminf,, ., o E;(Ay) > Ej(L_s). As § can be arbitrarily small, the convergence
(34) implies liminf,, , o E;(A,,) > E;(L). In combination with the upper bound
(35) one arrives at the sought limit (28), which proves Theorem 1.1.
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5 Proof of Theorem 1.2

The proof relies on the construction of an extension operator from H'(X) to H'(Q°)
suitably controled in the regime M — 4o0o. This is done in Subsection 5.1 using
alternative expressions of the sesquilinear forms of A? and By, ;. Afterwards, we
prove Theorem 1.2 by obtaining separately the upper and lower bounds for all j € N:

limsup E;(B, ) < Ej(A2),  Ej(A%) < Lim inf E;(B2, )

M —+00

In Subsection 5.2 we prove the upper bound by constructing an adequate test func-
tion, which is done by applying the above extension operator to the eigenfunctions
of A2. The lower bound is proved in Subsection 5.3 using a Neumann bracketing
argument, which allows for a decoupling along .. Hence, one is reduced to the study
of the direct sum of two operators in €2 and °. One shows first that the one in Q¢
produces eigenvalues diverging to +oo, and only the operator in € is of relevance
for the low-lying eigenvalues. The problem in €2 in the regime M — +oo appears
then to be covered by the monotone convergence (Proposition 1.10).

5.1 Preliminary estimates

We are going to prove that for each m € R and j € N one has limp;_, 4 Ej(Bfm v) =
E;(A7,). We recall that Q(B?, 3) = D(Bmu) = H'(R",CY), and

Bfn’M[u, u] = (Bt B m) 2re o)

:/ (IVul® + m?ul?) dx+/ (|Vul® + M?ul?) dz
0 Qe

2 2
+(M—m)(/2|iPu| ds—/z\fPJru\ as). )
:/ (IVul® + m?|ul?) dx—l—/ (|Vul® + M?ul?) dz

Q Qe
+2(M—m)/|ﬂ’u|2d8+(m—M)/\u]2ds
> >

1+3B
where PL(s) := TQS) for s € ¥, while

Q(A2) = D(An) = {ue H(Q,CY): P_u=0on X},
H
A2 [u, u] = (A, Apu) p2.0n) = / (IVul* + m*|ul’) dz —I—/ <m—|— 71> u|? ds.
Q s

Taking any ¢ € R we rewrite the above expression for B2, ,/[u,u] as

Bme[u,u]:/ (IVul® + m*|ul?) dz
Q
H
+/ (m—5+—1>|u|2ds—|—2(M—m)/ |fP_u|2ds
5 2 b

+/ (|Vul® + M>|ul?) da:—/ <M—5—I—&>]u|2ds. (43)
Qe » 2

Let us start with an additional estimate which will allow us to control the term in
the last line of (43).
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Lemma 5.1. For vy > 0 let R, be the self-adjoint operator in L*(Q°) given by

H
R, [u,u] = . |Vul?dz — /2 (’y - 71> lul?ds, Q(R,) = H'(Q), (44)

then:

(a) For some fited C > 0 and all large v > 0 there exists a linear map F, :
HY(X) — HY(Q°) such that for all f € H'(X) one has F,f = f on ¥ and

R’y[F’yfa F’yf] + 72"F’YinQ(QC) <

=1Q

112 (-

(b) For some Cy > 0 there holds E1(R,) > —v* — Cy for v — +00.

Proof. For a small § > 0 consider the sets Q§ := {z € Q¢ : dist(z,%) < §} and
IIs := ¥ x (0,6) together with the the diffeomorphisms ®°¢ : II; — QS given by
°(s,t) > s+ tr(s) and the associated unitary maps O5 : L*(Q§) — L?*(Ils) with

Su = /det ((°)) uo d.

Let us prove (a). Consider the self-adjoint operator S in L?*(0,d) given by

)
SIf, f] = / PR A O, aS) = {f € HY(0,5): £(5) =0}

and let ¢ be an eigenfunction for the first eigenvalue normalized by ¥(0) = 1. By
Lemma 3.1, with some b > 0 one has Ei(S) < =% +b and [[¢[|720 5 < b/7 as 7 is
large. For f € H'(X) define v € H'(Il5) by v = f ® ¢, i.e. v(s,t) = f(s)(t), and
then set
€)' in 0
E =
(£, f)(z) {O in Q°\ Q2.

Due to f € H'(X) and ¢(d) = 0 one has F, f € H'(Q), and the equality F, f|x =
v(+,0) = f holds by construction. Furthermore, using the result and the notation of
Lemma 3.3(a) we obtain, with some a > 0,

R’Y[F%fv va] +72||wa||2 = ‘]—’Y(F’Yf) +'YZHFWfHQ
< / <a\VSv\2 + 0wl + (v + a)|v]?) dsdt — ’y/ |E, f|? ds
I, >

= (o [ 1V s+ (BS) +97 + ) ) 100

_ b C
< (a [ 19arPds+ (b +0) 1) = < SN
X Y Y

with C' := b(b+ a). Hence, the assertion (a) is proved.
To prove (b) we remark first that due to the min-max principle one has the
inequality Ei(R,) > Ei(R) @ R,) where RY is the operator in L*(€§) given by

H C
Rfual = [ (VuPde— [ (345l ds, (R = (9%,
S
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and R/, is the self-adjoint operator in L*(€25), with Q5 := Q°\ Qf, given by

Rfuu)= [ [Vufdr, o(R) = H'()
5

Due to R/ > 0 one has Ey(R,) > min{E(RJ),0}. By Lemma 3.3(b) one has
Ei(R)) > Ei(X,) with R being the self-adjoint operator in L*(Tl;) with

Xv[v,v]:/ {a’\vsv\2+|8tv|2—a’|v|2} dsdt—w/ ‘U(S,O)‘st—a// |v(s,5)|2ds
1, > ou

and Q(X,) = H'(Q§), with some @’ > 0. Let S" be the self-adjoint operator in
L*(0,4) given by

2
)

Q(s") = HY(0,96).

ﬁﬁﬂzzwﬂwwmvwf—ﬂﬂa

As |Vsv[? > 0, due to Fubini’s theorem one has F;(X,) > Ei(S’) — o/, and now it
is sufficient to remark that by Lemma 3.2 one has F;(S’) > —? — ag with some
ag > 0 as v — +o0. O

5.2 Upper bound

Pick m € R and j € N, and let uy, ..., u; be linearly independent eigenfunctions of
A2 for the first j eigenvalues, then for any function u € V' := span(uy, ..., u;) there
holds AR [u, u] < Ej(A7)||lull72qcny- Recall that the standard elliptic regularity

argument implies one has V' C C®°(Q, CV),see Proposition A.2(b) for details, and
then
a = sup {||u]|§{1(27(c1v) cu €V with ||u||2L2(Q,(CN) =1} < o0

Using the linear map F, as in Lemma 5.1(a), for u € V define u € H'(R",C") by

- U in €,
u =
with 1 understood as the identity operator in CV, then for any u € V we have
~2 21~12 Hiy <o
(IVal? + Ma?) dz — <M+ 7>|u| ds
e b
- C Ca
= ((Ru + MY @ 1)[0,7] < Tlullfen < —lullaaen

with C' > 0 independent of u. Noting that for u € V we have P_u = 0 on X and
substituting the preceding upper bound into (43) with the choice ¢ = 0 we arrive at

- - C
B2 i) = AL fuu] + ((Rag + M) @ 1) 1,7 < (B(A2) + =) [ulfaom).
For uw € V there holds ||ﬂ||%2(Rn ovy 2 ||u||i2(Q cvy, and V= {u: u eV} is therefore

a j-dimensional subspace of H'(R",C") = Q(B, ,;). The min-max principle gives
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Bv%z M[U’U] Bfn,M[@m

EJ<B¢2n m) < sup = Sup =
’ 0£veEV ||U||L2 R7,CN) O;éUEV ||U||L2 R”,CN)
Ca
( (A7, )+_)HU’||L2 Q,CN) 9 Ca
< sup < Ej(A5) A
0AuecV H ||L2(R”,CN)
which implies limsupy, , o, E;(B2, ;) = E;(A2).

5.3 Lower bound

Now we use the representation (43) with an arbitrary fixed € > 0. By the min-max
principle, for any 5 € N one has

Ej(By ) = Ej(Kmare ® Ky ) (45)
where K, p. is the self-adjoint operator in L*(Q,CY) with the form domain
Q(Kmae) = HY(Q,CN) and

Km,M,a[u; ’LL] = / (|VU|2 + m2|u|2) dx
Q

H
+/ <m—€+—1>\u]2ds—|—2(M—m)/ P_uf? ds,
b 2 b

and K, _ is the self-adjoint operator in L*(Q¢, CY) with the form domain Q(K7, ) =
H'(Q°,CY) and

Ky [u,u] = /Q (IVul> + M?ul?) dz _/2 (M —e+ %)\uﬁds.

Using the operator R, from Lemma 5.1 one easily sees that Kf; . = (Ry-. ® 1) +
M? with 1 being the identity in CV, and then, using Lemma 5.1(b), Ey(Kj;,) =
E1(Ryr—.)+M? > eM as M is large. Due to the upper bound proved in the preceding
subsection we know already that for each fixed j € N there holds E;(B?, ;) = O(1)
for large M, hence, Eq. (45) implies

E;j(Bi ) = min{ Ej(Kpoue), Br(K5y ) } = Ej(Kpare) as M — +o00.

As the operators K, y. are increasing with respect to M, one uses the monotone
convergence (Proposition 1.10) for each j € N to obtain limy/ oo Ej(Kpmae) =
E;(C,..), where Cy, . is the self-adjoint operator in L?(2, C") given by

Hy
Con.elu, u] :/ (IVul®> + m*|ul?) dx+/ < -t 3 >|u|2 ds,
Q >
A(Cpe) ={ue H(QCY): P_u=0o0n S} = Q(42).
This shows that liminfy o E;(B7, 3) > Ej(Cme). As € > 0 is arbitrary and

we have the obvious limit lim. 0 E;(Cy,.) = E;(Cpo) = E;(A2), we arrive at the
sought lower bound liminfa o0 E;(By, 3s) > Ej(A7,), which finishes the proof.
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6 Proof of Theorem 1.3

We are going to show that for each j € N the eigenvalues Ej(BZL A7) converge to
E;(D?) as m — —oc and M — 400 with m/M — 0. Due to Lemma 2.4 for each
j € N there holds E;()?) = E;(L), hence, it is sufficient to prove that E;(BZ /)
converges to E;(L) in the same asymptotic regime.

The proof is by combining in a new way several components used for Theorem 1.1
and 1.2. For the upper bound one extends the eigenfunctions of the operator L on
both sides of ¥ by taking tensor products with the first eigenfunctions of the model
one-dimensional operators in the normal direction. These extensions are then used
as test functions in the min-max principle. For the lower bound we again decouple
the two sides of ¥ and eliminate the contribution in {2¢ by acting as in the proof of
Theorem 1.2. The analysis of the part in €2 is then quite similar to the constructions
in the proof of Theorem 1.1: one is first reduced to the analysis in a thin tubular
neighborhood of €, and then one applies a unitary transform (expansion in the
eigenfunctions of the operator in the normal direction) to obtain a monotone family
of operators.

6.1 Upper bound

Let us recall the important technical ingredients. For small § > 0 consider the sets
Qs :={x € Q: dist(z,X) < 6} and II; := X x (0,9) as well as the diffeomorphisms
¢ : II; — Qs given by ®(s,t) = s — tv(s) and the associated unitary maps Oj :
LQ(Q(s, CN) — LQ(H(;, (CN) with @5u = det((I)’) uo®d.

Consider the self-adjoint operator S in L?(0,4) with

S[f /] :/0 [Pt +m|FO)]°, (S) = {f € H'(0,0): f(5) =0}

and let ¢ be an eigenfunction for the first eigenvalue normalized by ||1D||%2(0 5 =L
By Lemma 3.1 with some b > 0 one has

Ei(S) < —m? + be 0, |¢(O)’2 < blm|, as (—m) is large.

Also recall that due to Lemma 5.1(a) one can find ¢ > 0 such that for 6 € (0, dp)
and u € H'(Qs) with u =0 on 9Qs \ ¥ there holds, with w := Osu,

H
|Vul*dz +/ (m + —1) lu|? ds
Qs ouU 2
2 2 HY 2
< (1+cd)|Vswl|* + |0ww|* + (HQ -5t 05) |w|*| dsdt
I1s

—l—m/E’w(s,O)’st. (46)

We will use the representation (43) with € = 0, i.e.

H
B,%%M[u,u]:/ (IVul?+m?|ul?) da:—l—/ <m+—1>|u|2ds+2(M—m)/ |P_ul?ds
’ Q s 2 T

+/ (|Vul® + M?|ul?) d:z:—/ <M+%)|u\2ds, u€ HY(R™ CY). (47)
Qe %
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For small a € R consider the operator L, in J{ given by

Lalg, 9] = /z [(1 + ca)|Vg|* + (Hz - ij + ca) \gﬂ ds, (48)
Q(L,) = H'(Z,CY) N K.

Finally, by Lemma 5.1 for large M > 0 there exists C' > 0 and a linear extension
map Fy : HY(Z,CY) — H(Q¢,CY) with (Fyf)|s = f and

H C
| TP+ 21 PPy de = [ (M4 ) Faf s < 7 1 som
Qe P

for all f € H(X,CV).

Let j € Nand vy, ...,v; be linearly independent eigenfunctions of L; for the first
j eigenvalues, then for v € V' := span(vy, ..., v;) one has Ls[v,v] < E;(Ls) ||v|3 =
Ej(Ls) [|v]172 (g cny- Denote

ap 1= sup {Hv”%rl(z,(cN) v €V with |v]|f =1} < oo
For v € V construct u € H'(R", CV) as follows:

O, (v®) in Qs,
u = < (0)Fpv in Q°,
0 in \ Qg.

By construction one has
||u||%2(R",(CN) > ||U||2L2(Q5,<CN) = ||U||iQ(E,<CN)||77Z}||%2(0,6) = ||U||2L2(E,(CN) = [Joll%,

hence, the subspace U := {u : v € V} C H*R",C") is j-dimensional. By the
above properties of F); and 1 one has

/Qc (|Vul® + M?|ul?) dz — /2 <M + %)Wl2 ds

H
_ Wo)}?(/ (IV Fyol? + M2|Fyol?) da —/ (M+ —1>|FMU|2d3)
Qe ) 2
.c
M
and due to (46) there holds

C m|
||U||§{1(2,<CN) < b|m| 1Y aOHUH%Q(E,(CN) = aohC—— [|v][3;,

< [1(0)] i

/(|Vu|2+m2|u|2) dx+/ <m+ﬂ)|u|2ds+2(M—m)/|iP_u|2ds
Q > 2 >
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E/Qé (IVul> + m?|ul?) daz:—i—/E <m+%)|u|2ds
J 2 2
g/o /E[(Hca)\vs(v@w)\ + [0(v @ )|
+ <m2+H2— Hzf—i—cé)’(v@w)‘z} dsdt+m/2|(v®w)(s,0)‘2ds
= ([ [+ ool + (1t B+ ) o] as) s

§
, 2
([ Wt mpOF + m i) ol
= Lyfo. o]+ (B:(8) + m?) ol < (E5(Ls) + b~ o]

Inserting the preceding inequalities into the expression (47) for B?m a one sees that
for all w € U there holds

s m|
B2l u] < (Ej(Ls) + b+ aobC ) ol ulldaqgn ov) = ol

and the min-max principle gives

B2 u)u B2 u’u
E;(B7, ) < max M — ma M

m|
= 2 =t 2
0£uel [|ullZogn ony  02vEV [lullZs

S E] (L(S) + b€_6|m| + CLObCﬁ .

R",CN)

Therefore, one has Hmsup,, , om0 £ (Bl ) < Ej(Ls). As § can be chosen
arbitrarily small and lims_,0 E;(Ls) = E;(Lo) = E;(L) one arrives at

limsup  E;(BZ ) < E;(L). (49)

m——oo, m/M—0

6.2 Lower bound

Now we will use the representation (43) with € = €y/|m| and an arbitrary but fixed
go > 0, i.e.

Brzn,M[uau]
H
:/(\Vu\2+m2\uy2) dx+/ (m—g—o——1>\ul2ds+2(]\/[—m)/|?u|2ds
Q b |m| 2 b
H
—i—/ (]Vu]2+]\/[2|u|2) dx—/ (M—€—0+—1>\u]2ds, uEHl(R",(CN).
Qe b [m| 2

Due to the min-max principle for any 7 € N one has
Ej(Bya) = Ej(Knas @ K7, o), (50)

where K, 5 is the self-adjoint operator in L*(Q, C") with the form domain given
by Q(K,, ) = HY(2,CV) and

KmM[u,u]:/(|Vu|2+m2|u|2) dz
0
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_ g Hiy e _ 2
—i—/Z(m o ) ul? ds + 20 m)/z|fPu| ds

and K, ), is the self-adjoint operator in L*(Q¢,CY) with (K7, ,,) = H'(Q,C")
and

H
(M _ S0y —1) ul? ds.

K;’M[u,u] = /c (|Vu|2 + M2|u|2) dz —/ il 5

by

Using the operator R, from Lemma 5.1 we see that in the asymptotic regime under
consideration we have, with some Cy > 0,

2
Br(Kfypr) = Br(Rasaopm) + M 2 M2 = (M — |€_0|> —Co
’ m

M 2
:280——5—()2—00—>+OO.
im[ m

As we have already the upper bound E;(B2, ;) = O(1), it follows from (50) that
E;(B2 ) > Ej(Km). One can assume in addition that M > 0 and m < 0, then
2(M —m) > —2m > 2|m/|, which implies

Ej(By ) 2 Ej(Kn), (51)
with K, being the self-adjoint operator in L*(Q, CY) with Q(K,,) = H'(2,C") and

H
Km[u,u]:/ (IVuf® +m?|ul?) dx+/ (m—g—o——l)yuﬁdsm\my/\?uPds.
Q b [m| 2 b

In order to obtain a lower bound for the eigenvalues of K, we take a small 6 > 0
and consider the domains Q5 = {z € Q : dist(z, )} and Qf := Q \ Q, then due to
the min-max principle one has

Ej(Kn) 2 Ej(K,, ® K,), (52)

where K/ is the self-adjoint operator in L?*(Qs, CV) with the form domain Q(K!)) =
H'(Q5,CY) and

/ 2 2,12 g H 2 2
K! [u,u] :/ (IVul* + m?|ul )dx—i—/ (m————)]u\ ds+\m]/ |P_ul? ds,
Qs ) Im| 2 M

while K is the self-adjoint operator in L*(Q¢, CY) with

Q(K!") = HY( g,ch), K,’,'l[u,u]:/ (|Vu|2—|—m2|u|2) dz,
Q

c
6

and E(K},) > m* = 400. By combining (51) and (52) one sees that E;(B7, /) >
E;(K], ® K]). As we already have proved the upper bound Ej;(B?, ;) = O(1), it
follows that

Ej(By ) 2 Ej(K,). (53)

Using now the diffeomorphism

O Il — Qs, Iy :=3% x(0,0), P(s,t) — s—tv(s),
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and the unitary maps O; : L?(Qs, CY) — L*(Il;, CY), Osu = /det(®’) u o @, with
the help of Lemma 3.3(b) one obtains E;(K},) = E;(©};K/,0s) > E;(K?) with K,
being the self-adjoint operator in L?(II;, C) given by

2

KO [, 0] = / {(1_ca)|v o2 + |02 + (H - HT—ca)W] ds dt

m—— /‘ 50‘ds—c/!vsd’ds—l—\m]/’?vs()}ds (54)

m|

on the form domain Q(K?) = H'(Il5,C"), where ¢ > 0 is chosen independent of &
and v. With this choice of ¢, let S” be the self-adjoint operator in L?*(0,§) with

SU.A = [ 17Paes (m= 25O - SO, () = H(0.6)

and ¢y, € L*(0,0) with & € N be its eigenfunctions for the eigenvalues Ej,(S’) forming
an orthonormal basis in L?(0,d). Due to Lemma 3.2 we have, with some b* > 0,
b> 0 and by > 0,

2
Ei(S") > —(|m| + %) —be M > —m? — 3¢y as m — —o0, (55)
b k* — by < Ep(S') < bYk? for all k > 2 and m € R. (56)

For small a € R, in addition to the operator L, in 3 defined in (48) we consider the
self-adjoint operator A, in L?(X, CY) given by

Adlg, d] _/E [<1+ca)|vg|2+ <H2 - HTIZ +ca)|g|2} ds, 0Q(A,) = H\(,CN).

Let K! be the self-adjoint operator in L?*(TI;) having the same form domain as
K? and with the sesquilinear form obtained from the one of K, by omitting the last
summand in (54), then K! admits a separation of variables: using the identification
L*(T15) ~ L*(0,0) ® L*(3,CN) one has K}, =S’ ®1+1® A_s. Using the unitary
transform

@Lz( 5)_>£2(N)7 (@f)k’_ <77bk‘af>L205)7 ]{:GN;
the identification L?(Ils) ~ L*(0,0) ® L*(X,C") and another unitary transform

E:=0®1: L) — #(N)® L*(2,CY),

v = (vg) =10, v _/ Yr(t) v(t, ) dt € L*(2,CN),

for the self-adjoint operator IA(,ln =Z2K!="in (*(N) ® L*(Z,C") one has

m

o] = Z (A_g[vk,vk] + (Ex(S") + m2)|‘vk||%2(z,ch)’
keN

while Q(KL) consists of all v € 2(N)® L*(3, CV) with v, € HY(3, CY) such that the
right-hand side of the preceding expression is finite. Using the two-sided estimate
(56) one can rewrite
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Q([?;l) = {i)\: () € (N) @ L*(%,CN) : v, € HY(X,CN) for each k € N

and 3 (Ilonl3ssen) + Bl ey ) < o0f. (57)

keN

For the operator K := ZK°Z=* one has the same form domain and

I?%[ﬁ, v = Z (A,(g[vk,vk] + (Ek(S’) +m2) HU,CH%Q(Z,CN)) + |m)| /2 |T,E*@\(-, ())‘2 ds.

keN

Using the lower bounds (55) and (56) for Ei(S’), for any v € Q(I?T%) we obtain the
inequality K° [0,7] > w,,(7,7) with the sesquilinear form w,, in £?(N) @ L*(3, CV)
defined on D(w,,) := Q(K?) by

Wi (0,0) := A_s[vy, v1] = 3eol|vr]| 72 com

+ Z (A_(S[’Uk,vk] + (bka _ bO + m2>||vk‘|%2(27CN)) + ‘m| /'Z ‘T_E*@\(’O)Pds

k>2

Using the above representation (57) one sees that the form wy, is lower semibounded
and closed, hence it generates a self-adjoint operator W,, in (?(N) ® L?(Z, CV) with
compact resolvent, and then E;(K%) > E;(W,,) for all j € N. By summarizing
all the preceding constructions, for any j € N in the asymptotic regime under
consideration one has

Ej(By ) = Ej(Win). (58)

For the analysis of the eigenvalues of W, as m — —oo we are now in the classical
situation for the monotone convergence (Proposition 1.10), as W,, are increasing
with respect to |m|. Namely, consider the set

Q. = {a: () € () QW) = Q(RY,),  sup Wi [5.7] < +oo},

m<0 m<0

then a vector ¥ = (v;) € Q(K°) belongs to Qu iff the following two conditions are
satisfied: (i) v = 0 for all £ > 2 and (ii) P_=*v(-,0) = 0. The condition (i) gives
v =e; ®uv with e; = (1,0,0,...) € £*(N), and then the condition (ii) reduces to
P_v; =0, ie. v; € H. Therefore, there holds Q, = {61®U1 c v € HY(X, CN)ﬂfH}.
Moreover, for any e; ® v; € Q. one has
lim Wler ® v, e ® v1] = Lsfor, va] — 3eol|va 5

while we recall that L_; is defined as in (48). Therefore, if one denotes by W, the
self-adjoint operator in e; ® H given by

Weoler ® v, €1 @ v1] = L_s[v, v1] — 3eo]|v1 |13,

then it follows by the monotone convergence (Proposition 1.10) that for each j € N
there holds lim,,, o E;(W,,) = E;(Ws) = E;(L_5) — 350. By (58) one has
m inf ar 4 oom—s—oom/m—0 = Ej(L_5) — 3. As both ¢ and &y can be chosen arbi-
trarily small and we have the convergence lim, .o E;(L,) = E;(L), we arrive at the
inequality im inf o m—s—oo,m/mM—0 Ej(Bfn,M) > E;(L). By combining it with the
upper bound (49) we arrive at the result of Theorem 1.3.
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A Basic properties of Euclidean Dirac operators

In the present section we would like to recall some key facts on the Euclidean Dirac
operators By, py and A,,. All the properties are very standard and well known for
n € {2,3}, but we were not able to find a suitable single reference covering arbitrary
dimensions.

The analysis of B,, »; will be provided in a slightly more general setting, with
the hope that the constructions can be of use for other works. Denote

BM = BM,M«

Proposition A.1. Let V € L*®(R"™) be real-valued with compact support. Con-
sider the linear operator C := By + V apyy in L2(R™, CN) with domain D(C) =
HY(R™ CN), then:

(a) The operator C is self-adjoint, and it is essentially self-adjoint on C>°(R™, CN).

(b) The essential spectrum of Cis (— oo, —|M|] U [|M|,+o0), and there are at
most finitely many discrete eigenvalues in (— |M|, |M]).

(c) Assume in addition that n ¢ 47Z. If E is an eigenvalue of C, then (—F) is
also an eigenvalue of C of the same multiplicity.

In particular, the three assertions hold for C := B, y = By + (m — M) 1o, 1.

Proof. (a) As both C and By are symmetric and only differ by the bounded sym-
metric operator (M + V)11, the (essential) self-adjointness of C' is equivalent to
that of By. First, it is directly seen that By is symmetric. Let S be the restriction of
By to C°(R™,CY), then S is a densely defined symmetric operator, and by applying
the definitions one sees that its adjoint S* is given by

S*u = Dou, D(S*) = {ue L*R",C"): Dyu e L*(R",C")}

with Dy acting in the sense of distributions. In order to complete the proof we simply
need to show that S* = Bj. As both operators are given by the same differential
expression Dy and S* is clearly an extension of By, one only needs to check the
inclusion D(S*) C D(By). Let a function u belong to D(S5*), i.e.

u € L*(R",CY) and — iZajﬁju € L*(R",CM).

j=1

We need to show that this implies v € H'(R",CV). We remark first that the
Fourier transform @ of u satisfies u € L?(R",C") and I'(¢)u € L*(R",C"Y). The
matrices ['(£) are Hermitian, and, by construction, I'(§)? = [£|*Iy. In particular,
one can represent I'(§) = [£|U(§) with the unitary matrices U (&) := I'({/[£]). As the
pointwise multiplication by U(-) is an isomorphism of L*(R™, C"), it follows that the
condition T'(§)u € L*(R",CY) yields |£|u € L*(R™,CY). Due to [;]| < |¢| we obtain
&u € L*(R™,CV) for each j = 1,...n. By applying the inverse Fourier transform
this implies 9;u € L*(R",C") for each j = 1,...n, and then u € H*(R",C").
(b) Let us start by showing the inclusion

(— oo, —|M|] U [|M], +00) C spec, C. (59)
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Denote e; := (1,0,...,0) € R™. For p > 0, denote during the proof
b, ={z e R": |z| < p}.

Let x € C*(R™) with x =1 in b; and x = 0 outside by, and F € R with |E| > |M]|.
Let us choose 7 € CV with

Q= (VE2—M2CY1+MQH+1+EIN)77#O,

which is possible as the matrix v/ E? — M? oy + M oy, 11+ E Iy is non-zero (otherwise
a; could not anticommute with «,,1). For large k& € N consider the following
functions u, € H'(R™, CV):

ug(x) = X(f — lcel>eiv EQ_MQ“QO

k
= x(% — kel>eivE2_M2’“( E? — M2 oy 4+ May1 + E Iy,
then one easily checks that ||uk||L2(Rn cvy = k" > 0 with ¢ = ||X||L2(]R” cvy > 0

independent of k. On the other hand, for large k£ one has V' = 0 on the support of
u, hence,

(Cug)(z) = —i Z a;0jug () + Moy u,(x)

ZO‘J ﬂ«(--ke) WE Mo
+ X(E - kel) (V E? — M? oy + ]\4Oén+1)€i B =M,
and then (C' — E)uy = v + wy with

1 - x iVEZ—M?2 z,
ZE):—E;CYJOJX(E—kGl)e EE=M @,

wg(z) = X(% — k61>ei‘/mx1( E?—M?ay + Mo, 1 — E[N>g0
= x(% _ k61>eim“ <\/E2 " MZay + Mag,, — EIN)
X <m% + Moy, 11 + E>77 =0.
One estimates easily Hvk|‘%2(ﬂ§n7(cN) = O(k"?) for k — +o00, and this shows that

1(C' = E)ug|| 2gn,cvy/ ||tk 2gn cvy = O(1/k) — 0 and yields E € spec C. It follows
that (— oo, —|M]) U (|M],+00) C specC, and one can take the closure on the left-
hand side as spec C'is a closed set. Furthermore, as the set (—oco, —|M|]U[|M], +00)
has no isolated points, it is included into the essential spectrum of C. Hence, the
claim (59) is proved.

Now it remains to check that C' has no essential spectrum in ( — |[M], |M])
and that it has at most finitely many discrete eigenvalues, which will be done by
an iterated application of the min-max principle. For F € R and a self-adjoint
semibounded from below operator T" we will denote

N(E,T):=#{j e N: E;(T) < E}.
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In other words, if spec, T N (=00, E) # ), then N(E,T) = 400, otherwise
N(E,T) is the number of eigenvalues of T in (—oo, E), where each eigenvalue
counted according to its multiplicity. In these terms, we simply need to show that
N(M?,C?) < +oo.

Choose r > 0 large such that the support of V' is contained in b,, and then pick
any R > r and real-valued functions yi, xo € C°°(R?) with

X+ xi=1, xi=1linb, xo=1inR?\bg

Let u € D(C), then for each k € {1,2} one also has xzu € D(C) and C(yru) =
XxCu —iI'(Vxg)u, and

OO0 o eny = [ (IO + 0T ruf) o+ 2

I = 2R {(xrCu, —iF(VXk)u>Cn dzx
]Rn

=R | {(Cu, ~iD@xVxi)u)g, dz = R / (Cu, =T (VD)) ), da
Rn

Rn
From xi + x3 = 1 we infer V(xj + x3) = 0 and then J; + J> = 0. Therefore,
C ; C ;
H (XlU)Hm(w,cN) + H (X2U)HL2(Rn,«:N)
— [+ dlcul st [ (TP + TP uP) do
R" R

= [ |Culdz+ [ Wluldz, W :=|Vxi]*+|Vxa|?, (60)

R™ R"

Recall that W is supported in bg \ b,, while the support of ysu does not intersect
the support of V', which gives

1€ Ol ey = || B (x2w) | Z2en o) :/]R (IVOeu)® + M?[xzul?) dz

(for u € C°(R",C") this is a simple integration by parts, and it is then extended by
density to the whole of D(C') as C>°(R", C") is a domain of essential self-adjointness
as shown above). This allows one to rewrite (60) as

HCUH%%RTL,CN) = /b (}C(X1U)|2 - W|X1U|2) dz
+/ (IVOeu))? + M?|xoul> = Wixoul?) dz. (61)

For v € L?(bg, CN) let us denote by v’ its extension by zero to the whole of R"
and consider the following sesqulinear form s; in L?(br, CV):

siv,0) = [ [CVPde,  Disi) = Hi(br, C).

br

The form s; is clearly non-negative and densely defined. Let us show that it is also
closed. Let (v,) C D(S1) and v € L*(br, CV) with |[v — v 2(pp,c8) — 0 for k& — o0
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and sy (v — v, v —vy) = ||C(vy, — U{)H%Q(Rn’CN) — 0 as k,l — +oo. Then one has
v, — V|| 2@®n,cvy —+ O for & — oo, and the closedness of the operator C' implies
that v" € D(C) with Cv' = limy_,o Cv,. Hence, the function v is such that its
extension by zero belongs to H!(R",C"), and this shows v € H}(br,CY) = D(s1)
and then s (v — v, v, —v) = ||C (v}, — v’)H%Q(Rn’CN) — 0. The semiboundedness and
closedness of s; imply the existence of a self-adjoint operator S; in L?(bgr, CY) with
Silv,v] = s1(v,v) for v € Q(S1) = D(s1), and S; has compact resolvent as Q(.S7) is
compactly embedded into L?(bp, CY).
Denote by Sy the (scalar) Schrodinger operator —A — W in L?(R™), i.e.

Solu, ] = / (Vul — Wia?)de, Q(So) = H'(R"),

and consider the linear map J : D(C) = Q(C?) — Q(S1) x Q(Sy ® Iy) given by
Ju = ((Xlu)]bR,Xgu). For any u € D(C) one has then ||Jul| 2, cNyxr2@ncNy =
||| 2(rn cvy, and the above representation (61) can be rewritten as

02[%“] = ||Cu||%2(R",<CN)
= (S1 = M)W, (aw) o] + ((So + M?) @ In) [xau, x2u]
- ((s1 —W) @ ((So+ M?) @ IN)> [Ju, Ju).

A standard application of the min-max principle (see e.g. Proposition 1.9) yields
the inequality

N(M?2, C?) < N(MQ, (S1—W) @ ((So+ M?) @ IN)>
= N(M?,S; — W) + NN(0, Sp).

As S} — W is semibounded from below with compact resolvent, one has N(M?, S} —
W) < oo, and in order to show N(M? C?) < oo it is sufficient to prove that
N(O, So) < 00.
Recall that W vanishes outside bg. Let T be the self-adjoint operator in L?(br)
with
Tifu, u] = / (IVulP — Wh?)de, Q(Tr) = H (bp),
br

denote by Op the zero operator in L?(R? \ bg), and consider the linear map
J, . Q(So) — Q(TR) X Q(OR), J’u = (u|bR,u|R2\bR).

One has then
Solu, u] > / (|IVul* = Wlu|*) dz = (Tg ® Og)[J'u, J'u]
br

1mply1ng N(O, So> < N(O, TR@OR) = N(O, TR) +N(0, OR) = N(O, TR) < 00, as TR is
semibounded from below with compact resolvent. This shows that N(M?, C?) < oo
and finishes the proof of(b).
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(¢) According to the general theory of Clifford algebras, see e.g. Theorem 15.19

n (8], for n ¢ 47Z there exists an antilinear map 6 : C¥ — CV with 62 € {-1,+1}
and?

ba; =a,0 for j=1,....n, O(on41) = (1o11)0. (62)

The pointwise map © defined by (Ou)(z) = 6(u(z)) is clearly an isomorphism of
H'(R™ CN). Let u € ker(C — E), E € R, then Ou € D(C) and

a;— + Va,u.
Z J(px] +1

The last equality in (62) rewrites as fa,,+1 = —a,+10. We compute then

- ou
—FEOu =0(—Fu) = @(12%—8% — Vozn+1u>
:—12961 —Vla 1u-—1Za Ou +Va 10u = COu,
]a n+ ] n+

which shows that Ou € ker(C' + E). By construction one has ©2 € {1, —1}, hence,
O is a bijection and the claim follows. O]

Let us now discuss the basic properties of the operator A,,.
Proposition A.2. The following assertions hold:

(a) The operator A,, is self-adjoint, and, in addition, it is essentially self-adjoint
on @oo(Am) = Coo(Qa (CN) N Q(Am)f

(b) The operator A,, has compact resolvent, and its eigenfunctions belong to

‘DOO(Am>;

(¢) Assume in addition that n ¢ 47, then the spectrum of A, is symmetric with
respect to zero, i.e. dimker(C' — E) = dimker(C + E) for any E € R.

The above assertions also hold with A,, replaced by Al,.

Proof. The assertions (a) and (b) are standard properties of elliptic Dirac operators.
One can use e.g. [3, Ex. 4.20] or [4, Ex. 7.26], by noting that B is a boundary chirality
operator, which shows that A,, belongs to the class of Dirac operators with local
elliptic boundary conditions. Then [3, Thm. 4.11] implies that the restriction R of
A on Doo(A,,) is essentially self-adjoint, while the boundary regularity theorem [3,
Thm. 4.9] implies that R C A,,. As A,, is clearly symmetric, this implies that A,,
is self-adjoint and proves (a). The same boundary regularity theorem [3, Thm. 4.9]
implies that all eigenfunctions are smooth up to the boundary, and the compactness
of the resolvent of A,, follows then from the compactness of the embedding of H*()
into L?(Q2). This proves (b).

2In the language of [8, Theorem 15.19], the matrices v, .. ., oy, ic, 41 form a basis of a minimal
representation of the Clifford algebra of R1", while § is a real (if §? = 1) or quaternionic (if §* = —1)
charge conjugation, which is shown to exist for n — 1 ¢ 47 + 3.
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The proof of (c) is very similar to the proof of Proposition A.1(c) with an addi-
tional attention given to the operator domain. Namely, for n ¢ 4Z there exist an
antilinear map 6 : C¥ — CV with 0% € {1, —1—1} satisfying (62), and the pointwise
map O defined by (Ou)(z) = 0(u(x)) is again an isomorphism of H*(Q2, C"). Fur-
thermore, if v € H'(Q2,C") satisfies the boundary condition v = Bv on ¥, then due
to

OB(s) = O — iap11I(s)) = =i, 11O0(s) = —ic,11T(s)O = BO(s)

one also has ©v = BOuv on X. Therefore, if v € D(A,,), then also Ov € D(A,,).
Finally, let v € ker(A4,, — F), E € R, then the same computation as in Proposi-
tion A.1(c) gives Ov € ker(4,, + E).

The preceding arguments apply to A/ as well. First, (—B) is still a boundary
chirality operator in the sense of [3], which implies the assertions (a) and (b). The
proof of (c) is the same by noting that v = —Bv on X yields Ov = —BOv on X. [

B Schrodinger-Lichnerowicz formula for Eucli-
dean hypersurfaces

Let ¥ C R™ be a smooth compact hypersurface with the outer unit normal field
v and endowed with the Riemannian metric induced by the embedding. Recall
that the standard scalar product in R™ gives rise to the induced scalar product in
T3, which we simply denote by (-, -) in this section. Denote by W the Weingarten
operator, WX = Vv for X € T, with V being the gradient in R™. Recall that
the Levi-Civita connection V' on ¥ is given by the Gauss formula

ViV = VyY + (WX, Yy, X,YeTS.

We denote e
Hy:=trW, |W}?:=tr(W?), H,:= %H,
i.e. Hy is the mean curvature and H, is the half of the scalar curvature of .
Let N € Nand vy,...,7v, be N x N anticommuting Hermitian matrices satisfying

77 =1, with I being the N x N identity matrix, then the matrices

V(@)= wy, v = (21, ) ERY,
7=1

satisfy the Clifford commutation relation v(x)y(y) + v(y)y(z) = 2(x,y)I for all
x,y € R™ Let us recall the definition of the associated extrinsically defined Dirac
operator D*¥ on ¥ following [13, Sec. 1-3].3 The induced spin connection V* on ¥
is defined by

1
Viv =Vx + 3 YWY (WX) : C=°(Z,CN) = C=(x,CY), X eTy,
then D* acts on functions ¢ € C>(%,CV) by

n—1
D = —y(v) Y y(e;) V2
j=1

3See footnote 1 on page 10.
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with (ei,...,e,—1) being an orthonormal frame of TY. Recall that v(e;) anticom-
mute with v(v) and, furthermore,

n—1

> Ale)y(Wey) = Hy I (63)

Jj=1

(which is seen by testing on an eigenbasis of W), and we may rewrite
D% = —w (v Z’y e;)Ve, 1,

Being viewed as an operator in L*(X, CV), the operator D* is known to be essentially
self-adjoint on C*°(3,RY). We would like to provide a elementary direct proof,
adapted to the Euclidean setting, of the eminent Schrodinger-Lichnerowicz formula

(D¥)? = (V*)*'V* + % I, (64)

where the first term on the right-hand side is the Bochner Laplacian associated with
the above spin connection V=, which is a self-adjoint operator in L*(%,CY). (We
refer to the original papers [16,21] and other sources [7,10-12] for a more general
setting.)

In what follows we use the standard identification of T3 and 7% with the help
of the musical isomorphism. For ¢ € C*(X%, CY) we have the decomposition

n—1
1
V=3 e, Vi = Zej (Ve, + 3707 (Wey) ). (65)
j=1
To compute the adjoint (V=)* : T*Y @ C°(3,CN) — C°(8,CN), let X € TY ~
T*Y and ¢, € C*(%,CY) then
<(V2)*(X ® 90)7¢>L2 sevy = (X ® 907V2¢>T*2®L2(2,<CN)
(2,CN)
1
= <(ID7 wa + 5 7(V)V(WX),¢)>L2(Z7(CN)

= (0. Vb)) + (5 WV X))

L2(s,CN)
Using Leibniz rule and the divergence theorem we have
(0, Vx¥) 2z vy = / X, ¥)en ds — (Vx@, ) 25,0
)
= _<(dlvE X)SO + VXQDa ¢>L2(E,(CN)’

where divy is the divergence on 3,

n—1

divy X =) (¢, V., X).

J=1

Therefore,

(V5)'(X © ) = ~(div X) ¢ — Vxo + 5 7(WX)y(v)e.
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By combining (65) with the last expression, for 1 € C°°(%, CV) one obtains

V= S [ (9., + L a0n0ve) ]

= S (ivee))(Ve, + 590 We,))i
Jill- (66)
] =V (T grnove)
3 Ve ) (Ve + 30 Wep)) b =51+ 52

To simplify S; we first use the Leibniz rule and the orthogonality of (e;) to obtain

n—1 n—1
divse; = Y (er, Vi, e5) = = > (Vi ex ),
k=1 k=1
n—1 n—1
Si = Z(vekek,ejwe]w > AV en ey () (Wep)e
j,k:l ]k 1

n—1 n—1

- (Z(vekek,ej VeJ@b) Zv (an_i vek6k7ej>€j)

k=1 j=1 =
n—1
Z vv%ek¢ + = Z "}/ < )
Furthermore,
n—1 1 1
Sy = Z { Ve, Ve, — (Wej) (Wej)p — 3 V(V)W(Vej(Wej))l/)
j=1

éwmvvej)vejw + 3 0IV 0+ oV (Ve |

1 1
{ - Vejveﬂb - 5 V(V)’Y(vej (Wej))w - 7(”)7(W€j)vejw}¢ - Z |W‘2¢,

=1

.

and then
n—1
(VZ)*VE¢ = Z |:vvéj6jw = Ve; Ve,
j=1

3 (W6 = T We)) o = 101 (We) Vi = WP,

Using V, (We;) = V., (We;) + [We;>v and Leibniz rule we have

WV;]_BJ' — Ve]. (Wej) = WV’ejej — V;j(Wej) + |W€j|2V = —(V/ejW)Gj + |W€j|2V
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implying v(v)y(WV, ;= V., (We;)) = =)y ((Vi,W)e; )+ [Wej|*, and then

n—1
(VE)*VE¢ = Z [vajej¢ - vejvequb

j=1

= 50T W)es) =) 2 (We) T | + WP, (o)

On the other hand,

(0% = (B =) §v<ej>vej) (LY ) §v<ej>vej¢)
By Low) Ewe])vejfh) v— 1) z’ﬂeﬂvw
-2 nz_llwej)ve]w 1) :flwej)v(vve])wek)vekw
) Z NN T o) Vo + () e )T, Tt

H = H
-5 ) ;v(ej)vej?ﬂ - W) )3 Y(e;) Ve,
n—1

k=1
n—1 n—1
=—Hiy(v) Y v(ex)Ve b +7v) Y ~(ej)y(Wej)v(er)Ve, ¥
Jj=1 j k=
n—1 n—1 o
=) (= i+ 3 A1 (Wey) (e Ve = 0
k=1 j=1

as the term in the parentheses vanishes due to (63). Therefore, Eq. (68) reads as

n—1 n—1

(D™ = T 29(0) Yo () (Ve H) = 3 41 (Vey ) Vot
- e (69)
- Z 7<€j>7(€k>vejvekw-

We transform the last summand as follows:

n—1 n—1
> e r(er) Ve, Vet :% >, (7(€j)7(6k)vejvek¢ + V(ek)V(eﬂ')vekvea‘@
Jk=1 Jk=1
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1
=3 2 (ve(en) +v(en(e) ) Ve, Vet
4 k=1
1 n—1
53 Aen)1(e) (Ve Ve, = Ve Vi )
j k=1
n—1 1
= ijvkﬂﬁ%_§‘L
j=1
where
n—1 n—1
J = 7<€j)'7(6k)(vejvek - VekVGj)w = Z 7(6j)'7(6k)v[€j76k}¢‘
4, k=1 4, k=1

Representing [e;, ex] = S0 (€1, [ej, ex])ex we have

J = v(ej)v(ex) [<61,V'ej€k> - <€l7vék€j>}vez¢>
Gikl=1
and using
n—1
Zej e, V = Ze] V..en ) ==V, e
j=1
we rewrite
n—1
J== > 1) 1Ve,en) Vet + Z )7(€)) Ve,
7,k= 7,k=1
n—1
=-2) () (Vi) Vet
k=1
n—1
+ 37 (e V(TLyen) + 1 (Ve er) 2(e) ) Vet
k=1
n—1 n—1
=23 ) ATVt +2 3 (65, VL ) Vot
j,k=1 7,k=1
n—1 n—1
= =23 e VVe,e)Ve, b =2 Y (V. ej,en) Vet
j,k:l jk=1
n—1
:—2276J (V. ek Ve b — 22va ;
j,k=1 j=1
The substitution into (69) gives
1 n—1 n—1
(Dz)zw——iﬂ——’Y( )Z’Y( Y(Ve,Hi) ¢ — Z’V Ve,er)V
Jj=1 j,k=1
n—1 -1
—Zv%veﬂw > e vekw+z
7,k=1 =
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The sum of the third and the fifth terms simplifies as

n—1

S AT eVt 4 3 2 AT )V
k=1 k=1
n—1 n—1
= > eV (Ve,ex = Ve,en) Ve b = > ey (Wey, ex)v) Ve,

k=1 k=1
n—1 n—1
Z v(ejlej, Wer))y(v) Ve, 0 = Z’Y(Wek)’Y(V)ve;cW
7,k=1 k=1

hence,
n—1
(D¥)* = —w - —7 ()> ¥(e))(Ve, Hy) ¥

7j=1

_|_27 We;)y(v)Ve, b — ZvegveﬂHZW’ &
j=1

By comparing the last expression with (67) we obtain

Dt — (V¥)' V¥

9 n—1 n—1
= %w e w——w ) DN (Ve H) ¥+ 7 (Wep)y(v) Ve,
J=1 =1
n—1
+% W) ((Ve,W)e; WFZV V(Wej)Ve,y-

1

J

The sum of the fourth and sixth term on the right hand is zero, hence,

(D™ = (V5)' V¥

1 n—1
= S0 = 510 D)V H) b+ 5 D 1)1 ((Ve, W)ey)v
j=1 J=1
n—1 n—1
—EW 5V 7( Ve, Hi €a>
j=1 j=1

Z(V'ejw)ej = > (V¢ Hiej. (70)

In order to check (70) let us remark that VxVyZ —VyVxZ — Vix y]

Z =0 for any
X,Y,Z € TY. Using the definition of V' we have

0=Vx(VyZ— (WY, Z)v) = Vy(VxZ — (WX, Z)v) = Vixy)Z +{(W[X,Y], Z)v
=V (VyZ - (WY, Z)) = (WX, VyZ — (WY, Z)v) = Vy(VxZ — (WX, Z)v)

48



+ (WY, VxZ — (WX, Z)v) = Vixy Z +(W[X,Y], Z)v.
Using V/yv = Vxv = WX we then arrive at

0=VsVyZ - (VXW)Y, Z)v — (W(VY), Z)yv — (WY, NV Z)v — (WY, Z)WX

— (WX, VyZyw = ViV Z + (ViW)X, Z)v + (WVy X, Z)v

+ (WX, VyZyv+ (WX, ZYWY + (WY, Vi Z) — VEX,Y]Z + <W[X, Y], Z>1/

=VVYZ = VyVZ = Vixy Z — (WY, Z)WX + (WX, Z)WY
+ ((VEW)X, Z)v — (VXW)Y, Z)v
+ (WYL X, Z)yw — (WYY, Z)v + (WX, Y], Z)v.

As VY — Vi X = [X,Y], the sum of the three terms in the last line van-
ishes. Considering the normal components of the remaining equality we obtain

(Ve W)X, Z) = (V5 W)Y, Z), and then (V4 W)X, Z) = (Y, (VxW)Z). Taking

Y = Z = e, and summing over k we arrive at

=

n—

<(V’ekW)X, 6k> = i: <€k, (V'XW)ek>, i.e. i <X, (V'EkW)ek> e VXHl.

£
Il

1

Using the last equality for X = e; we obtain

H
H

n—1

(e;, (VL W)er)e; = Z(VejHl)ej

1 j=1

n—~1L n—

1

<.
Il
£
Il

The left-hand side of the last equality simplifies to 7, (V. W)ex, which gives (70)
and finishes the proof of (64).

C Dirac operator on a loop

Let ¥ C R? be a smooth loop of length ¢ > 0. We give an explicit computation
for the eigenvalues of the intrinsic Dirac operator ) on ¥. Consider first the as-
sociated extrinsically defined Dirac operator D* using the notation introduced in
Subsection 2.2. Denote by T := R/({Z) and let v : T — R? be an arc-length
parametrization of >, which provides a global coordinate of 3. To be definite, as-
sume that y(s) runs through ¥ in the anti-clockwise direction as s runs from 0 to
¢, which amounts to the choice of an orientation. We take (e) with e = 7 := «/
as an orthonormal frame tangent to ¥ and denote by v the outer unit normal. In
addition, let us make an explicit choice of 2 X 2 matrices §; and Sy satisfying the
Clifford commutation relation: we choose them as the Pauli matrices,

01 0 —i
61:(1 0)7 /82:<1 0)7

then, by setting N := 14 +ivy and T := 7 + imy,

5= (3 3) s@=(37)
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Using (11) we realize D* as an operator in L?(T,C?): for ¢ € C*°(T, C?) one has

n—1

D% = (B~ p(w) > Be)Ve, Jv =50 (3% f) (2 E) v,

where x is the curvature of 3. The above choice of orientation gives 7 = iN and
s, R (1 0 /
D¢—2¢+1<0 _1)@&.

Consider the function K : R — R given by

Using the well-known identity

/Oém(t)dt:%r

we conclude that K (- +¢) = 7 + K. Hence, using the unitary transform

iK

U : 12((0,0), C2) (60 6_01K> b € LA(T,C?)

we rewrite
U DU — i <é _01) &,

and remark that U¢ € C°°(T,C?) if and only if ¢ extends to a function from
C>=(R,C?) with ¢(- 4+ £) = —¢.

It follows that D¥ is unitarily equivalent to D & (—D), where D is the operator
¢ — —i¢’ on (0,¢) with the antiperiodic boundary condition ¢(¢) = —¢(0), and one
easily shows that the eigenvalues of D are (2r — 1)x/¢, r € Z. In addition, as the
dimension n = 2 is even, the operator D¥ is also unitarily equivalent to P & (=),
which means that ) has the same eigenvalues as D.
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