TORIC NEARLY KAHLER MANIFOLDS

ANDREI MOROIANU AND PAUL-ANDI NAGY

ABSTRACT. We show that 6-dimensional strict nearly Kéhler manifolds admitting effective
T3 actions by automorphisms are completely characterized in the neigbourhood of each point
by a function on R? satisfying a certain Monge—Ampere-type equation.

1. INTRODUCTION

Nearly Kahler manifolds were originally introduced as the class W, in the Gray-Hervella
classification of almost Hermitian manifolds [7]. More precisely, an almost Hermitian manifold
(M, g,J) is called nearly Kahler (NK in short) if (VxJ)(X) = 0 for every vector field X on
M, where V denotes the Levi-Civita covariant derivative of g. A NK manifold is called strict

if V.J £ 0.

In [13] it was shown that every NK manifold is locally a product of one of the following
types of factors:

e Kéhler manifolds;

e 3-symmetric spaces;

e twistor spaces of positive quaternion-Kéahler manifolds;
e G-dimensional strict NK manifolds.

It is thus crucial to understand the 6-dimensional case, to which we will restrict in the
sequel. In dimension 6, strict NK are important for several further reasons: they admit real
Killing spinors [5], in particular they are Einstein with positive scalar curvature, and they
can be characterized in terms of exterior differential systems as manifolds with special generic
3-forms in the sense of Hitchin [8].

Until 2015, the only known examples of compact 6-dimensional strict NK manifolds were
the 3-symmetric spaces S® = G,/SU(3), F(1,2) = SU3/S! x St CP? = Sp,/S! x Sp, and
S$3 x 83 = Sp; x Sp; X Sp;/Sp;. Moreover, J.-B. Butruille has shown in [1] that these are the
only homogeneous examples.

A breakthrough was achieved very recently by L. Foscolo and M. Haskins, who studied
cohomogeneity one NK metrics and obtained the first examples of non-homogeneous NK
structures on S® and S® x S?, cf. [4], [3]. The corresponding metrics are shown to exist but
cannot be constructed explicitly. However, their isometry group is known, and is equal to
SU(2) x SU(2) in both cases.
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2 A. MOROIANU AND P.-ANAGY

It is easy to show that a torus acting by automorphisms of a NK structure (M9, g, J) has
dimension at most 3 (Corollary 3.2), and if equality holds, then the corresponding commuting
vector fields span a totally real distribution on a dense open set of M (cf. Lemma 3.4). In the
present paper we study 6-dimensional nearly Kahler manifolds whose automorphism group
has maximal possible rank. We call them toric NK structures by analogy with the Kahler
case.

Our main result is to give a local characterization of toric NK structures in terms of a
single function of 3 real variables satisfying to a certain Monge—-Ampere-type equation. We
conjecture that the only compact toric NK manifold is S% x S% with its 3-symmetric NK
structure.

2. STRUCTURE EQUATIONS

Let M® be an oriented manifold. An SU(3)-structure on M is a triple (g, J,v), where g
is a Riemannian metric, J is a compatible almost complex structure (i.e. w := g(J-,-) is a
2-form), and ¢ = ¥t 4+ i~ is a (3,0) complex volume form satisfying

(2.1) Y Atp = —8ivol,,.

Following Hitchin [8], it is possible to characterize SU(3)-structures in terms of exterior
forms only. If ¥T is a three-form on M, one can define K € End(TM) ® A°M by

X K(X) = (X)) Ayt € °M ~TM @ A°M.
Lemma 2.1. ([8]) A non-degenerate 2-form w on M, and a 3-form ™ € A3M satisfying
(i) wAYT =0.
(il) trK? = —3(w®)? € (A°M)®2.
(iii) w(X, K(X))/w? > 0 for every X # 0.
define an SU(3)-structure on M.

Proof. 1t is easy to check that

1
(2.2) K* = slde tr(K?) € End(TM) ® (ASM)®2,
From (ii) we see that J := 6K /w? is an almost complex structure on M. The tensor g

defined by ¢(+,-) := w(-,J-) is symmetric by (i) and positive definite by (iii). Finally, it is
straightforward to check that ¢+ +iy~ is a (3,0) complex volume form satisfying (2.1), where
==t (T ). [

1

sw?, (2.1) is equivalent to

Since vol, =

(2.3) YT AYT = §w3.
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Definition 2.1. A strict NK structure on M is an SU(3)-structure (v*,w) satisfying

(2.4) dw = 3¢"
and
(2.5) dy” = 2w A w.

For an alternative definition and more details on NK manifolds we refer to [6] or [10].

Let g denote the Riemannian metric induced by (¢*,w), with Levi-Civita covariant deriv-
ative V, and let J denote the induced almost complex structure. From now on we identify
vectors and 1-forms, as well as skew-symmetric endomorphisms and 2-forms using g.

We then have the relations (cf. [10]):
(2.6) JX Wt = (Xt od=—Jo (X", VXeTM,

(2.7) VxJ =Xupt, VX eTM

3. TORUS ACTIONS BY AUTOMORPHISMS

Suppose that (M5 % w,g,J) is a strict NK structure carrying a toric action by auto-
morphisms. More precisely, we assume that there exists some positive integer d > 1 and £
linearly independent Killing vector fields ¢;, 1 < i < d such that [(;,(;] =0 for 1 <i,5 <d,
which are pseudo-holomorphic in the sense that L., J = 0 for 1 <4 < d. This last condition
is equivalent with the requirement that
(3.1) Lev™ =0, Lew =0, 1<i<d.

Notice that if M is compact and not isometric with the standard sphere, (3.1) follow directly
from the Killing condition (cf. [10], Proposition 3.1).

We define the smooth functions p;; on M by setting j;; = w((;, ().
Lemma 3.1. The following relations hold for every i,j, k € {1,...,d}:

(1) dpsi; = —3G Gt
(ii) PG, Gy Gr) = 0.
(iii) [¢, J¢] = 0.
(IV) [JCZ, JCJ] = 4(JCJJC1_|17D+)ﬁ

Proof. (i) From (2.4) together with the Cartan formula we get

0 = Lcjw = Cdew —I— d(Cij) = 3Cj—'¢+ —f- d(ngW).
Taking now the interior product with (; yields

0 = 3CiJCj—‘¢+ + Cin(CjJ(JJ)

and the claim follows by taking into account that

Giud(Gjow) = L, (Gow) — d(GaGw) = dpij.
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(ii) Using (i) we can write

1 1
V(GG G) = —gdﬂjk(@) = —gLQ(W(C]’, Cx)) =0.

(iii) Follows directly from L, J = 0 and the fact that the ¢;’s mutually commute.
(iv) On every almost Hermitian manifold, the Nijenhuis tensor
N(X,Y) =X, Y|+ JX,JY]+ J[JX,Y]| - [JX, JY]
can be expressed as
(3.2) N(X,Y)=J(LxJ)Y — (L;xJ)Y

for all vector fields X,Y. On the other hand, (2.7) shows that on every NK manifold, the
Nijenhuis tensor satisfies

(3.3) N(X,Y)=J(VxJ)Y = J(VyJ)X — (Vyx )Y + (Vv J)X = —4Y . JX ™.
Applying (3.2) and (3.3) to X = (;, and using the fact that L;,J = 0 yields

(3.4) (Lye,J) =4J¢ .

This, together with (iii), finishes the proof. OJ

Lemma 3.2. If £ is a Killing vector field, J¢ cannot be Killing on any open set U.

Proof. From Corollary 3.3 and Lemma 3.4 in [10] we have
(dJEPY) = dJ¢ = —Eodw = =3¢t
and
()2 = —Jg

for every Killing vector field £. If J¢ were Killing on some open set, the same relations applied
to J& would read

()0 = 3J¢ "
and
(dJE)EY = ¢t

a contradiction. ]

Assume from now on that the dimension of the torus acting by automorphisms satisfies
d>2.
Lemma 3.3. For every i # j in {1,...,d}, the vector fields {(;,(j, JG, J(;} are linearly
independent on a dense open subset of M.

Proof. One can of course assume i = 1,7 = 2. If the contrary holds, there exists some open
set U on which (; does not vanish and functions a,b : U — R such that

(3.5) G =aC + bJG.
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We differentiate this relation on U with respect to the Levi-Civita covariant derivative V and
obtain the following relation between endomorphisms of TM:

Vi = da®( +aVQG+db® JG +DVJIG
= da®( +aV( +db® J¢G — bG bt +0J o (VE).
Taking the symmetric parts in this equation yields
0=da®G+db® JG +b(J o (V())™m.

Since V(; is skew-symmetric, (J o (V(1))®™ commutes with J, whence J commutes with
da ® (1 +db ® J{;. On the other hand, J commutes with da ® {; + Jda ® J(;, thus it
commutes with (db — Jda) ® J¢;. This implies db = Jda. Differentiating this again with
respect to V yields

Vdb = V(Jda) = —dap* + J o Vda.

Taking the skew-symmetric part in this equality shows that
dap™ = (J o Vda)**v.

But the left hand side anti-commutes with .J, whereas the right hand side commutes with
J (since Vda is symmetric). Thus da = 0, so a and b are constants. From (3.5), we obtain
that J(; is a Killing vector field on U, which is impossible by Lemma 3.2. This contradiction
concludes the proof. O

Corollary 3.1. The vector fields {(y, (2, JCi, JCoy CraConth™, J( oGt} are linearly indepen-
dent on a dense open subset of M.

Proof. This follows from Lemma 3.3 using the fact that the vectors ;1(o¢" and J aG ™
are orthogonal to (i, (s, J(; and J(3, and they are both non-vanishing at each point where
{C1, o, JC1, J(o} are linearly independent. O

From now on we assume that d > 3.

Lemma 3.4. For every mutually distinct 1 < 1,5,k < d, the 6 vector fields (;, (j, Ci, JG,
J(j, JCi are linearly independent on a dense open subset My of M.

Proof. We may assume that ¢ = 1, j = 2 and & = 3. Like before, if the statement does not
hold, there exists some open set U on which (; does not vanish and functions aq, by, as, by :
U — R such that

(3.6) Gz = a1C1 + b1 JG + axCe + baJ(o.

By Lemma 3.3, one may assume that {(y, (s, J(1, J(o} are linearly independent on U. Taking
the Lie derivative with respect to J¢; in (3.6) and using Lemma 3.1 (iii) and (iv) yields

0= JG(a1)G + JCi(b)JG + JGi(a)Ce + JCi(be) J G + 4by J G aCop .

From Corollary 3.1 we get by = 0. Similarly, taking the Lie derivative with respect to J(, in
(3.6) we get by = 0. Therefore (3.6) becomes

(3.7) (3 = a1(1 + asC.
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Differentiating this equation with respect to V and taking the symmetric part yields
0=da; © ¢ +dax ® (.

Since (; and (, are linearly independent on U, this implies da; = ¢(s and day = —c(; for
some function ¢ : U — R. On the other hand, taking the Lie derivative with respect to (5 in
(3.7) yields 0 = (a(a1)C1 + C2(a2)Ga, thus ¢a(ar) = 0, so finally c|(f* = g(dar, ) = G(ar) =0,
whence ¢ = 0. This shows that a; and as are constant, contradicting the hypothesis that
(1, and (3 are linearly independent Killing vector fields. This proves the lemma. O

Corollary 3.2. The rank d of the automorphism group of M is at most 3.

Proof. Assume for a contradiction that d > 4, so there exist 4 linearly independent mutually
commuting Killing vector fields (y,...,{4 on M preserving the almost complex structure J.
From Lemma 3.4, there exist functions a; and b; (i = 1,2,3) on M, such that

3

(3.8) Go=Ya;(; +b;J¢;.

J=1

From Lemma 3.1 (ii) we get ¥+ ({3, o, (3) = ¥ ({1, 2, C4) = 0. Using (3.8) together with the
fact that ¥ (X, JX,-) =0 for every X, we get b3)"((y, (2, J(3) = 0.

Assume that b3 is not identically zero on M. Then ¢ ((y, (2, J(3) = 0 on some non-empty
open set U. On the other hand, the 1-form ¥*((y, (s, ) vanishes when applied to (i, J(i, (o,
J(3 and (3, so by Lemma 3.4, ¢/ ((y, (2, -) vanishes on the non-empty open set U N M. This
contradicts Corollary 3.1. Consequently b3 = 0, and similarly b, = by = 0. We thus get

3
(39) C4 = Zaj(’j.
j=1

Taking the Lie derivative in (3.9) with respect to (; and J¢; for i = 1,2, 3 and using Lemma
3.1 (iii) we obtain (;(a;) = J(;(a;) = 0 for every 4,5 € {1,2,3}, so a; are constant on My,
thus showing that (4 is a linear combination of (i, (s, (3, a contradiction. 0

4. Toric NK STRUCTURES

In view of Corollary 3.2 we can now introduce the following:

Definition 4.1. A 6-dimensional strict NK manifold is called toric if its automorphism group
has rank 3, or equivalently, if it carries 3 linearly independent mutually commuting pseudo-
holomorphic Killing vector fields (1, (s, (3.

Assume from now on that (M®, g, J, (1, (s, (3) is a toric NK manifold and consider on the
dense open subset My given by Lemma 3.4 the basis {0, 0% 63 7', v v3} of A'My dual to
{¢1, o, G3, J G,y J oy (3}, together with the function

(4.1) e =1 ((1,(2,G3)-
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For further use, let us also introduce the symmetric 3 x 3 matrix
(4.2) C = (Cy) = (9(¢i: G))-

As a direct consequence of Lemma 3.4, we have that ( + J{ = TMg, where ( is the 3-
dimensional distribution spanned by (;, 1 < k < 3. This enables us to express )", and 1~ in
terms of the basis {6,747} and of the function ¢, simply by checking that the two terms are
equal when applied to elements of the basis {¢;, J;} of TM:

¢+ 25(7123 o 912 A ,YS o 931 A 72 o 923 A 71)
w— 25(0123 o 712 A 03 o 731 A 92 o ,}/23 A 01),
123

(4.3)

where here and henceforth the notation y'?* stands for ! Ay2A~? etc. Recalling the definition
of p;5 == w(¢;, ), the fundamental 2-form w := ¢(J-, -) can be expressed by the formula:

3
(4.4) w= Z i (07 +~47) + Z N

1<i<j<3 i=1
. . 3 .
where the 1-forms ¢’ in A*(J(*) are given by ¢/ = Y Cj;7?. A short computation yields
=1

(4.5) WP = —60123 A 123 1 60123 A e A,
where 1 in A?(J(*) is given by
ni= > w0
1<i<j<3
and ¢ in A'(J(*) is given by

= posc! + p31 + pac’.
Therefore from the compatibility relations (2.3) it follows that

(4.6) ' =y L ey,
which is equivalent to
(4.7) det C = &> +'V OV,

where we denote by

23
(48) V.= ( H31 >

M2
Lemma 4.1. The following relations hold:

(i) dpiz = —3e7?%, dpgi = —3e7?, dpgs = —3e7!;
(i) de = 4e.

Proof. (i) Using (2.4), (4.3) and the Cartan formula we can write
dpz = d(¢aiow) = GuCiadw = 3¢t = —3e7°.

The other formulas are similar.



8 A. MOROIANU AND P.-ANAGY

(ii) Using (2.5), (4.4) and the Cartan formula again, we get

de = d((3202G007) = —(32CaCadep™
= 2(30(00( w? = A(pazc' + fi31¢* + lecg)-

O

We will now show that Equation (2.5) is equivalent to some exterior system involving the
1-forms 6°.

Lemma 4.2. Equation (2.5) holds if and only if the forms 0;,1 < i < 3 satisfy the differential
system:

1
—edft = AP — asn

4
1
(4.9) ng@Q =Nt — ugim
1
Z—lﬁdﬁ3 =c' A — an

Proof. Assume that (2.5) holds. By (4.3)
(410) CQJC1J¢_ = 593.

Since (x, 1 < k < 3 are commuting Killing vector fields preserving the whole SU(3)-structure,
(4.4) yields

d(CQJCl_Iwi) = CQJCle'l/]i = —2<2J<1J((U N w) = —493 Nc— 4/,612’)7 -+ 4(31 A\ CQ.
hence by (4.10) and Lemma 4.1 (ii) we get
1 1 1
ngeg = Zd(eﬁg’) — Zlde AP =—PNe—pan+c A2 —cNOP = ANc? — .

The proof of the two other relations is similar.
Conversely, we notice that (2.5) holds if and only if

GiaGjadep™ = =215 aw?, V1<i,j<3,
JC0JCond Gadyp™ = —2J¢ 0J CouJ (aw?.

The first relation was just shown to be equivalent to (4.9). It remains to check, by a straight-
forward calculation, that the second relation is automatically fulfilled.

OJ

We finally interpret Equation (2.4) in terms of the frame {c'}.

Lemma 4.3. Equation (2.4) holds if and only if (4.6) holds and the forms ect are closed for
1<k <3,
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Proof. Taking the interior product with (; in (2.4) and using (4.3), (4.4) and Lemma 4.1 (i)
yields
(= AP+ P AYY) = 30T = Gudw = —d(Cow) = —d(p120% — psi0® + )
3e7 A 0% — p19d0* — 3 A 03 + g dd® — dc,
whence
dC1 = ,ugld@?’ — M12d02.

From Lemma 4.2 and Lemma 4.1 (ii) we thus obtain

d(ect) = denc' +4fusi(ct A — pran) — paa(c At — pain)]
= A(pasc’ + ppc® + pac®) A+ A(pzct A — pac® Act) = 0.

Conversely, we notice that (2.4) holds if and only if

Giadw = 3¢, V1<i<3,
ngJJCQJJC?,_de = 3]{1JJC2JJ53J¢+.

We have just shown that the first equation is equivalent to ec® being closed. The component
of dw = 3¢y on A3J( is given by

3
dn + Z do¥ A ¥ = 3412,
k=1

so using (4.9), the second equation is equivalent to (4.7). O

Let us now consider the 3-dimensional quotient U := M,/ of the open set My by the
action of the 3-dimensional torus generated by the Killing vector fields (;. Clearly the natural
projection m : M — U is a submersion. We shall now interpret the geometry of the situation
down on U. Since (;(pjx) = 0, there exist functions y; on U such that 7*y; = po3, 7'y =
ps1, ™Y = p12. Moreover, since € does not vanish on My, Lemma 4.1 (i) shows that {y;}
define a global coordinate system on U. From now on we will identify the projectable functions
or exterior forms on M with their projection on U. Since everything is local, we may suppose
that U is contractible.

Remark 4.1. By Lemma 3.1 (i) it follows that the map p: M — A*R3 = 50(3) defined by

0 pi2 p13 0 ys —¥
po=pan 0 ps|=7"|-ys 0 1
H31 32 0 Y2 — 0

is the multi-moment map of the strong geometry (M,") defined by Madsen and Swann in
9] and studied further by Dizon [2] in the particular case where M = 5% x S3. Similarly, the
function € can be seen as the multi-moment map associated to the closed 4-form dip~. These
maps will play an important role in Sections 5 and 6 below.

Proposition 4.1. There ezists a function ¢ on U (defined up to an affine function) such
that Hess(yp) = C' in the coordinates {y;}.
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Proof. From Lemma, 4.3, there exist functions f; on U such that df; = ec® for 1 < i < 3.
Notice that by Lemma 4.1 (i), this is equivalent to

ofi 1
(9yj N 3

(4.11) Cy;.

From Lemma 4.1 (i) we get

3 3
A~ fidy) =Y _df Ady; = —szsc Aey' = Z e2C Ayt =0,
=1 =1

7,7=1
so there exists some function ¢ such that
3
p=-3 Z fidy;.
i=1
This means that g‘ﬁ_ = —3f;, which together with (4.11) finishes the proof. O
Yi

Let us introduce the operator 0, of radial differentiation, acting on functions on U by
3

of

@ = 5 .

vy

Proposition 4.2. The function @ can be chosen in such a way that

8
(4.12) g2 = g( — 0rp).
Proof. 1t is clearly enough to show that the exterior derivatives of the two terms coincide.
Since ,
90
ayj z; 6yj ay]
Lemma 4.1 yields
8
—gd(argo p)=—= Z Ciyidy; =8 Z Ciyiey’ = 8ec = d(g?).

7,]1 i,j7=1

Summing up, we get the following result:

Corollary 4.1. The function ¢ given in the previous proposition satisfies the equation

(4.13) det (Hess(ip)) = S —

—pp + 0.
3P~ ot oy

Proof. We have
3 3

dp oy |~ P e
4.14 02 =0, i— | = = i ——— = 0,0+ VOV,
@) o (zyay) Syt S v =0+



TORIC NEARLY KAHLER MANIFOLDS 11

o0 (4.13) is a consequence of (4.7) and (4.12). O

5. THE INVERSE CONSTRUCTION

In this section we will show that conversely, every solution ¢ of Equation (4.13) on some
open set U C R3 defines a NK structure with 3 linearly independent commuting Killing vector
fields on Uy x T3, where U is some open subset of U. More precisely, let y1, 92, y3 be the
standard coordinates on U and let p be the 3 x 3 skew-symmetric matrix

0 Ys  —Y2
(5.1) pi=1_1-ys 0
y2 -y O

Define the 6 x 6 symmetric matrix

=)

Let Uy denote the open set
(5.2) Up:={z €U | ¢(x)—0p(x)>0and D is positive definite}.
The next result is straightforward:

Lemma 5.1. The matrix D is positive definite if and only if

(i) C = Hess(y) is positive definite and
(ii) (pna,b)? < (Ca,a){Ch,b) for all (a,b) € (R* x R3)\ (0,0).

On Uo we deﬁne a positive function e by (4.12), 1-forms " by dy; = —3e7y" and a 2-form
77 = ylfy A3+ ygfy A+ ysvt A2 We denote as before by C' the Hessian of ¢ and define

Z] L Cig .
Lemma 5.2. The following hold:

(i) The 1-forms ec' are exact.
(ii) The 2-forms 1 := (A —yin)/e, 72 = (BNt —yan) /e and 73 := (c* N —y3n) /e
are closed.

Proof. (i) We have:
10y 1o~ 0%
d{ — = =—- ) — Cidy; =
( 3(9%.) 3;(‘9%@% Z 145 = ec’.

(ii) We first compute using (i):

d(e’n) = d(EE@(Ene - ym)) = —d(y1€2?7)
= —d@Fe*Y* + yiye®y? + yiyae®y'?) = 12y,%9 .
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On the other hand,
3
dEH AT = 3%denm = 125(2 yi) AP A =)
j=1
3
= 12ey(det C — Z Oijyiyj)7123 = 12y,e°y'%,

ij=1
the last equality (which is the converse to (4.7)) following from (4.12), (4.13) and (4.14).
These two relations show that 7 is closed. The proof that dm, = d73 = 0 is similar. ]

By replacing Uy with a smaller open subset if necessary, one can find 1-forms o; such that
do; = 47;. Consider now the 6-dimensional manifold M := U, x T? with coordinates v, y2, ¥3
and w1, T2, 23 (locally defined). The 1-forms #° := dz; + o; satisfy the differential system
(4.9). We define ¢* and w by (4.3) and (4.4) and we claim that they determine a strict NK
structure on M whose automorphism group contains a 3-torus.

Let us first check that (y*,w) satisfy the conditions of Lemma 2.1. The relation (i) is
straightforward, (ii) is equivalent to (4.7), and (iii) holds from the definition (5.2) of Uj.

In order to prove that (¢*,w) defines a NK structure, we need to check (2.4) and (2.5).
By Lemma 4.3, (2.4) is equivalent to ec’ being closed (Lemma 5.2 (i)) together with (4.7).
Similarly, Lemma 4.2 shows that (2.5) is equivalent to the system (4.9) together with (4.7)
again.

It remains to check that the automorphism group contains a 3-torus. This is actually clear:
the action of T on M = Uy x T? by multiplication on the first factor, preserves the SU(3)
structure. We have proved the following result:

Theorem 5.1. Every solution of the Monge—Ampére-type equation (4.13) on some open set
U in R? defines in a canonical way a NK structure with 3 linearly independent commuting
infinitesimal automorphisms on Uy x T2, where Uy is defined by (5.2).

6. EXAMPLES

We will illustrate the above computations on a specific example of toric nearly Kahler
manifold, namely the 3-symmetric space S3 x S3.

Let K := SU, with Lie algebra £ = suy; and G := K x K x K with Lie algebra g = t@td e
We consider the 6-dimensional manifold M = G/K, where K is diagonally embedded in G.
The tangent space of M at o = eK can be identified with

p={(X,)Y,Z)etatat| X+Y +Z =0}
Consider the invariant scalar product B on sus such that the scalar product
<(X,Y.2),(X.Y,Z) >= B(X,X) + BV,Y) + B(Z.2)

defines the homogeneous nearly Kéhler metric g of scalar curvature 30 on M = S3 x S3 (cf.
[12], Lemma 5.4).
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The G-automorphism o of order 3 defined by (a1, as, az) = (as, as, a;) induces a canonical
almost complex structure on the 3-symmetric space M by the relation

—Id ++/3J
O = —7——, on p,
2
whence
(6.1) J(XY,Z)= Z(Y. 2, X) + £(X,Y.Z), V(X.Y,Z)€p.

Let ¢ be a unit vector in suy, with respect to B. The right-invariant vector fields on G
generated by the elements

Cl - (57070)7 CQ = (07570)7 C3 = (07075)
of g, define three commuting Killing vector fields (3, (2, (3 on M.

Let us compute ¢((1, J(2) at some point a/X € M, where a = (ay, as,a3) is some element
of G. By the definition of J we have

9(¢, JG)ax = < (a7 Ga)y, J(a ' Ga)y >=< (a7'€ay,0,0),, J(0,a5"¢as, 0), >
1
= 5 < (o6, —ay €, —ar €a), J(—az ' €as, 25 Caz, —ay ' Caz) >
1
g < (Qal_lﬁal, —al_lfal, —aflgal), \/§(a2‘1§a2, 0, —a;léag) >

1
= —=B(ay'¢a1,a;"¢as).

V3

We introduce the functions vy, yo, y3 : G — R defined by
1
yi(ar, az,a3) = —ﬁB(%—lﬁ%@Zlfak),
for every permutation (i, j, k) of (1,2,3). The previous computation yields:
9(JC2, G3)ax = y1(a), 9(J 3, C1)ar = ya(a), 9(JC1, G2)ax = y3(a), Va € G.

A similar computation yields
1
—yr(a

for every even permutation (i, j, k) of (1,2,3). In other words, the matrix C' defined in (4.2)
satisfies

2
9(Gi, G)ar = g@j +

1
ﬁyka

where by a slight abuse of notation we keep the same notations y; for the functions defined
on M by the K-invariant functions y; on G.

2
Cij = §5ij +
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The function ¢ in the coordinates y; such that Hess(¢) = C' is determined by

3

up to some affine function h in the coordinates y;. On the other hand, since

1 1
(6.2) o(y1,y2,y3) = =(y1 + v5 + y3) + ﬁ?/1y2?/3 +h,

9 2 8
det(C) = —§(yf +5 +ys) + — =Yy + oo,

3V3 27

an easy computation shows that the function ¢ given by (6.2) satisfies indeed the Monge—

Ampere-type equation (4.13) for h = é. For the sake of completeness we list the other

functions involved in the previous section, in the particular case of the present situation:

, 16

€= —§(yf +ys +y3) — sy + §7
9 3v3 27

2
VOV = Sy + 5 +v3) + 2v/3y1 293,

where ¢ was defined in (4.1) and V' in (4.8).

6.1. Radial solutions. We search here particular solutions to equation (4.13), namely when
¢ is a radial function on (some open subset of) R?® with coordinates y;,1 < k < 3. Let
therefore ¢(y1, y2,ys3) = m(%) where z is a function of one real variable and r? = y? +y3 +13.
A direct computation yields

y%x// _"_ x/ y1y2x// yly?)x//
Hess(y) = nyer”  yax” + ' yaysa”
yl ygx// y2 y3$// yg l’” _"_ l’/

2
=2'ld + x”(E)V v

Y1
where V' := | y2 | . In particular,

Ys
det Hess(p) = (2/)%2"r* + (2')?
Orp =122, 020 = r*a” + 2r°2/,

r?

whence after making the substitution ¢ := %

we get:

Proposition 6.1. Radial solutions to the Monge-Ampére type equation (4.13) are given by
solutions of the second order ODE

(6.3) " = F(t,z,2)

_ 3
where F(t,p,q) := %t_q;g;z).

To decide which solutions to (6.3) yield genuine Riemannian metrics in dimension six we
observe that
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Proposition 6.2. For a radial solution p = x(%) to (4.13), the set Uy defined in (5.2) is
Uy = {t >0 z(t) > 2ta’'(t) > 2tv/2t}.
Proof. Having ¢ — 0, > 0 is equivalent with
2t (t) — x(t) < 0.

The matrix Hess( 2 has the eigenvalues x’(é) with eigenspace F := {a € R® | (a,y) = 0}

and 2/ (%) + r?z"(%) with eigenvector y. Therefore Hess(yp) > 0 if and only if

(6.4) Z'(t) >0, 2/(t) + 2tz"(t) > 0.
However 2/ (t)42tx" (t) = ;zgz,_)—;t_m;z) from (6.3), thus showing that the system (6.4) is equivalent

to #'(t) > v/2t. By Lemma 5.1, it remains to interpret the condition
(6.5) (pa,b)y? < (Ca,a)(Ch,b)
for all (a,b) € (R? x R?)\ (0,0).

We split a = Ay +v1, b = Aoy + vy, with vy, v9 € E and take into account that C' preserves
the orthogonal decomposition R?* = Ry & E and also that y belongs to ker . Then

(Ca,a){Ch,b) = (\{(Cy,y) + (Co1,v1))(A(Cy, ) + (Ca, 12))
and since p is skew-symmetric,
(na,0)* = (por,va)*.
Thus (6.5) holds if and only if (Cvy,v1)(Cvg, va) > (uvy, v9)? for all non-zero vy, vy € E. This
is equivalent to
(6.6) (o1, v2)* < (' (£))|v1[*|va?
for all vy, v, in E '\ {0}. By the Cauchy-Schwartz inequality this is equivalent to —3tr(p?) <

(2)(t) and since tr(u?) = —2r? = —4t, (6.6) is equivalent to 2'(t) > v/2t. However this was
already known and the proof is finished. OJ

Remark 6.1. The solutions of the ODE (6.3) of the form x = kt' with k,l € R are z;, =
:I:%it% and x3 = kt%, corresponding to

3 k
P12 = ir—, 3 = —T.
9 V2

However, they do not satisfy the positivity requirements from Proposition 6.2.

Solutions to the Cauchy problem (6.3), admissible in the sense of Proposition 6.2, are
obtained by requiring the initial data (o, z(to), 2’ (t9)) belong to

S:={(t,p,q) eR>:t >0, p> 2tq > 2t\/2t}.



16

1]

=

8]
[9]

[10]
[11]
[12]

[13]

A. MOROIANU AND P.-ANAGY

REFERENCES

J.-B. Butruille, Classification des variétés approximativement kéhleriennes homogénes, Ann. Global
Anal. Geom. 27 (2005), 201-225.

K. Dixon, The multi-moment map of the nearly Kahler S% x S3, arXiv:1702.05297.

L. Foscolo, Deformation theory of nearly Kéahler manifolds, J. London Math. Soc. 95 (2017), no 2,
586-612.

L. Foscolo, M. Haskins, New G2-holonomy cones and exotic nearly Kahler structures on the 6-sphere
and the product of two 3-spheres, Ann. Math. 185 (2017), no 1, 59-130.

Th. Friedrich, R. Grunewald, On the first eigenvalue of the Dirac operator on 6—-dimensional manifolds,
Ann. Global Anal. Geom. 3 (1985), 265-273.

A. Gray, The structure of nearly Kahler manifolds, Math. Ann. 223 (1976), 233-248.

A. Gray, L. M. Hervella, The sixteen classes of almost Hermitian manifolds and their linear invariants,
Ann. Mat. Pura Appl. 123 (1980), 35-58.

N. Hitchin, The Geometry of three-Forms in six dimensions, J. Differential Geom. 55 (2000), 547-576.
T. B. Madsen, A. Swann, Closed forms and multi-moment maps, Geom. Dedicata 165, no. 1 (2013),
25-52.

A. Moroianu, P.-A. Nagy, U. Semmelmann, Unit Killing vector fields on nearly Kédhler manifolds, Inter-
nat. J. Math. 16 (2005), 281-301.

A. Moroianu, P.-A. Nagy, U. Semmelmann, Deformations of nearly Kéhler structures, Pacific J. Math.
235 (2008), 57-72.

A. Moroianu, U. Semmelmann, The Hermitian Laplace operator on nearly Kahler manifolds, Commun.
Math. Phys. 294, 251-272 (2010).

P.-A. Nagy, Nearly-Kaehler geometry and Riemannian foliations, Asian J. Math. 6 (2002), no 3, 481-504.

ANDREI MOROIANU, LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIvV. PARIs-SuD, CNRS, UNI-
VERSITE PARIS-SACLAY, 91405 ORSAY, FRANCE

FEmail address: andrei.moroianu@math.cnrs.fr

PAuL-ANDI NAGY, DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF MURCIA, CAMPUS DE Es-
PINARDO, E-30100 ESPINARDO, MURCIA, SPAIN

Email address: npaulandi@gmail.com



