LOCALLY CONFORMALLY KAHLER MANIFOLDS WITH
HOLOMORPHIC LEE FIELD

ANDREI MOROIANU, SERGIU MOROIANU, AND LIVIU ORNEA

Dedicated to Professor Izu Vaisman on his eightieth anniversary

ABSTRACT. We prove that a compact lcK manifold with holomorphic Lee vector field is
Vaisman provided that either the Lee field has constant norm or the metric is Gauduchon
(i.e., the Lee field is divergence-free). We also give examples of compact lcK manifolds
with holomorphic Lee vector field which are not Vaisman.

1. INTRODUCTION

Let (M, J,g) be a Hermitian manifold of complex dimension n > 2. Let w be its
fundamental form defined as w(-,-) = g(J-, ).

Definition. A Hermitian manifold (M, J, g) is called locally conformally Kdhler (1cK) if
there exists a closed 1-form 6 which satisfies

dw =0 N w.

If moreover 6 is parallel with respect to the Levi-Civita connection of g, the manifold (and
the metric itself) are called Vaisman [13].

We refer to [1] for definitions and main properties of lcK metrics.

Among IcK manifolds, Vaisman ones are important because their topology is better un-
derstood. Consequently, characterizations of this subclass are always interesting. Several
sufficient conditions are known for a compact, non-Kahler IcK manifold to be Vaisman: the
Einstein-Weyl condition ([12]); the existence of a parallel vector field ([7]); the pluricanon-
ical condition ([8]); homogeneity ([3]); having potential and being embedded in a diagonal
Hopf manifold ([9], [10]); or being toric ([4], [6]).

On the other hand, as compact Vaisman manifolds have zero Euler characteristic, the
blow-up of a compact lcK manifold (which is known to be IcK, [14]) never admits Vaisman
metrics; moreover, 1cK Oeljeklaus—Toma manifolds (in particular, IcK Inoue surfaces) are
never Vaisman, cf. e.g. [11].
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It is known that on a Vaisman manifold, the Lee and anti-Lee vector fields #* and Jé* are
holomorphic and Killing. In this note, we discuss the implications of the Lee vector field
being only holomorphic, and we add to the above list of sufficient conditions the following
result:

Theorem 1. Let (M, J, g,0) be a compact locally conformally Kdhler manifold with holo-
morphic Lee field 0%. Suppose that one of the following conditions is satisfied:

(i) The norm of the Lee form 0 is constant, or
(ii) The metric g is Gauduchon (which means by definition that the Lee form 0 is co-
closed with respect to g, see [2, pp. 502] ).

Then (M, J, g) is Vaisman.

As shown in Section 3, this result does not hold in general for holomorphic Lee vector
fields 6* without imposing some additional hypotheses like (i) or (ii).

Very recently, Nicolina Istrati has found another instance where the conclusion of The-
orem 1 holds:

Proposition (Istrati [5]). Let (M, J, g,0) be a compact locally conformally Kdihler manifold
with holomorphic Lee field. Suppose that the metric g has a potential, i.e., w = ONJO—dJ0
(cf. [9]). Then (M, J,g) is Vaisman.

2. PROOF OF THEOREM 1

2.1. Local formulae. Consider the Lee vector field T := #*. We start by proving two
straightforward results.

Lemma 2. IfT s holomorphic, then JT' is both holomorphic and Killing.

Proof. Since J is integrable and T' is holomorphic, JT must also be holomorphic. On any
lcK manifold, Cartan’s formula yields:

Lyrw=d(JT sw)+ JT 1(0 Aw)
=—df+ (0 NO) = 0.

Combined with £ ;7 J = 0, this gives £ ;79 = 0. O

Lemma 3. The Lee vector field T is holomorphic if and only if the symmetric endomor-
phism F := VT € End(TM) commutes with J.

Proof. On any lcK manifold one has the well-known identity (see e.g. [1, Cor. 1.1})
(1) VxJ =3(XANJO+ JX NO).

Here and in the sequel, when X is a vector field and a a 1-form, X A « denotes the
skew-symmetric endomorphism of TM defined by (X A a)(Y) := g(X,Y)o* — a(Y)X.
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In particular, applying (1) to X = T yields V¢J = %(T ANJO+ JT NO)=0. We thus
get for every vector field X on M:
(L I)X)=[T,JX] = J[T,X]|=VrJX =V, xT — IV X + JVxT

thus proving our claim. O

For later use, we remark that (1) yields for every local orthonormal frame {e;}1<i<on:

(2) > (Ve J)(e) = (n—1)JT, > (Ve J)(e) = —(n = 1)T.

% i

Since 6 is closed, the symmetric bilinear form defined as S(X,Y) := (Vx0)(Y) =
g(FX,Y) measures the failure of T" to being Killing:

(3) LT g = 285.

Note that by Lemma 3, T is holomorphic if and only if S is of type (1,1), i.e. (V0)?°+
(V0)%2 = 0. In fact, this is precisely the complementary condition to the IcK structure
being pluricanonical, which reads (V)" = 0, see [8].

We now derive a formula which is the main tool for proving Theorem 1:

Proposition 4. If T is holomorphic, then:
dJd|0]* = dw(F?, ) + 2w(Lp F-, ) — T(|0]*)w — 2|0*w(F-, -)

4
@) +d|0)* A JO+ 0 A Jd|).

Proof. By (3) one has:
(5) Lrw=Lr(g(J,-) =250/ ) = 2w(F", ).
Using this we compute:

d(JO) =d(T sw) =Lyrw —T sdw
(6) = 2w(F-, ") — 0w+ 0 A J6.
Now, as T is holomorphic, Cartan’s formula implies:

Lp(J0) = JLp 0= J(d(T260)+T 2db) = Jd|o|?,

whence
dJd|0f = d Lp(J0) = Lr(d(J0)),
which taking (5) and (6) into account completes the proof. O

Define now the trace of a two-form 7 with respect to w by

Tr,n = Z n(e;, Je;),
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where {e;}1<i<2n is a local orthonormal frame (of course, the trace does not depend on the
choice of the frame). Then, for an endomorphism A € End(TM) associated to a 2-form 7
by the requirement 7 = w(A-,-), one has:

(7) Tr,n=TrA:= Zg(Aei, ei).

Moreover, If o and 8 are 1-forms, then:
(8) Tro(a A B) =29(Ja, B).

Now let f is a smooth function. Using (2) and a local orthonormal frame parallel at a
point where the computation is done, we derive:

Tr, (dJdf) = Ze,(de (Je;)) ZJel Jdf (e;)) Zde e, Jei])

(9) = Zez ei(f)) + Jei(Jei(f)) — Jdf (Z(veij)€i>

= —Af = Af Y (Vi Je)(f) = Jdf (n = 1)JT)
=—-2Af+2(1 - ;)T(f)
Applying Tr,, to both sides of equation (4) and using (7)—(9) yields:
—2A0)? +2(1 —n)T(|0)?) = 4 Tr F? + 2T (Tr F) — 2nT(|0]%)
— 210> Tr F + 2T(|0]*) + 2T°(|6)%).
On the other hand, since F' = VT, we have Tr F' = —§60 and Tr F? = |V6|?, whence:
(10) AP +T(161%) + |6]%66 + 2|VO|> — T(66) =

2.2. Global consequences. From now on, suppose M is compact and that one of the
assumptions below holds:

A. Assume that |0] is constant. Let then xy be a point where 6 attains its maximum.
As [,,00vol, = 0, we see that (66)(z) > 0.

On the other hand, the first and second terms in (10) vanish because of the
assumption || = const, and T'(00)(zo) = 0 since x( is an extremum of d¢. Then
(10) implies:

10 (20)(66) (x0) + 2|VO|* () = 0.

As both terms are positive, we have, in particular (66)(zo) = 0 and so 660 < 0. Since
the integral of 6 vanishes, this means that 06 vanishes identically on M. Finally,
(10) now reduces to VO = 0, i.e., g has parallel Lee form, and Theorem 1(i) is
proven.
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B. Assume that 06 = 0. We integrate (10) on M:

o:/XAw%Hnw%+mvm%mg
M

::/Lqm%m4-mveﬁmmg

zz/ﬂvm%mw
M

which again implies V& = 0 and proves Theorem 1(ii).

3. COUNTEREXAMPLE UNDER WEAKER HYPOTHESES

We now show that the conclusion of Theorem 1 does not hold in general under the unique
assumption that the Lee field is holomorphic. For this, consider a (compact) Vaisman
manifold (M, g, J,w,#) with

w=g(J"), dw =0 Nw, 0] = 1.

Lemma 5. Let f € C°(M) be a non-constant function whose gradient is collinear to T,
or equivalently

(11) df N9 =0,
and such that f > —1. Define
(12) wi=w+ fONJE, g:=w(,J).

Then (M, g, J,@) is lcK, with Lee form 0 = (14 f)6 and Lee vector field T =T.
Proof. Recall that on a Vaisman manifold the Lee vector field is both Killing and holomor-
phic, thus L7 w = 0. This can be rewritten as
0=dJ0+Ti(0Nw)=dJ0+w—0NJO
or equivalently
(13) w=0ANJO—dJo.
: 'l;he condition f > —1 ensures that g is positive-definite. We compute using (11) and
13):
do=0Nw+df NONJO— fONATO
=0Nw+ fONw
=1+ fonw.

Hence (M, g, J,@) is 1cK, with Lee form 6 = (1 + f)f. If we denote by T the associated
Lee vector field, from (12) we have

Taw=J0+fJ0=(1+£)J0=J0=T_ w
therefore T = T as claimed. O
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Summarizing, the Lee vector field T of the lcK manifold (M, g, J,w) is holomorphic,
however 7 is not Vaisman since the norm of 7" is not constant:

T, T)=0T)= 1+ OT)=1+f.

In conclusion, the holomorphy of the Lee field T" alone is not enough for an 1cK metric to
be Vaisman.

An example of a Vaisman manifold and a function f satisfying the hypotheses of Lemma
5 can be easily constructed as follows. Let M = S* x S?"~! be the Hopf manifold obtained
as the quotient of C" \ {0} by a cyclic group of dilations generated by z +— ax for some
a > 1. The metric 47 2gce and the standard complex structure on C" are invariant by
dilations, hence they descend to a Vaisman metric on M with parallel Lee form 6 = —2dr/r
of norm 1. Every non-constant function in the variable » bounded by 1 in absolute value,
and with f(r) = f(ar) for every r, for instance f(t) = %sin(27r In(r)/In(a)), projects to a
function on M verifying the hypotheses of Lemma 5, and thus induces a non-Vaisman lcK
metric on M with holomorphic Lee vector field.

Remark. Given any nowhere vanishing closed form 6 on a connected smooth manifold M,
there exists a non-constant function f such that df A § = 0 if and only if the line spanned
by the cohomology class [#] € H'(M,R) contains an integral class.
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