LOCAL GEOMETRY OF EVEN CLIFFORD STRUCTURES ON
CONFORMAL MANIFOLDS
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ABSTRACT. We introduce the concept of a Clifford-Weyl structure on a conformal
manifold, which consists of an even Clifford structure parallel with respect to the
tensor product of a metric connection on the Clifford bundle and a Weyl structure on
the manifold. We show that the Weyl structure is necessarily closed except for some
“generic” low-dimensional instances, where explicit examples of non-closed Clifford-
Weyl structures can be constructed.
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1. INTRODUCTION

Even Clifford structures on Riemannian manifolds were introduced in [9] as a natural
generalisation of almost Hermitian and almost quaternion Hermitian geometries and
consist of a (locally defined) Euclidean vector bundle (E, h) over (M, g) together with
an algebra bundle morphism ¢ : C1°(E, h) — End(TM) mapping A?E into the bundle
of skew-symmetric endomorphisms End™ (TM). Alternatively, one can define even
Clifford structures as structure group reductions, cf. [I] and [4] for details. Several
articles appeared recently on this topic, see e.g. [2], in which the twistor space is
constructed, [3] which studies even Clifford structures with large automorphism groups,
[7] for rigidity and vanishing results, [§] for the classification of homogeneous even
Clifford structures, or [I1] and [12] for relations with symmetric spaces and the Severi
varieties.

The present paper studies even Clifford structures over conformal — rather than Rie-
mannian — manifolds. We introduce the notion of a Clifford-Weyl structure, defined
by the following data: a conformal manifold (M, ¢), equipped with a Weyl structure D
and an even Clifford structure (E, h, ) which is parallel with respect to D and some
metric connection VE on E. In the case where D is exact (that is, the Levi-Civita con-
nection of some metric in ¢), this notion is equivalent to that of a parallel even Clifford
structure from [9]. Immediately the natural question to ask is under what conditions
does this problem locally reduce to a problem in Riemannian geometry, i.e. under what
conditions is D closed? We show that there are six instances (called generic) where

the presence of a Clifford-Weyl structure need not force the Weyl connection to be
1
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closed, and that in all other cases (called non-generic), the associated Weyl structure
of a Clifford-Weyl structure is automatically closed. More precisely, our results can be
stated as follows:

Theorem 1. Suppose a conformal manifold of dimension n carries a rank r > 2
Clifford-Weyl structure such that (n,r) is different from (2,2), (4,2), (4,3), (4,4) and
(8,8). Then the associated Weyl connection is closed. The same conclusion holds if
(n,r) = (8,4), provided that the restriction of the Clifford morphism ¢ to A*E is not
mjective.

The cases excluded by this theorem are somehow generic, and they are treated in
the following

Proposition 2. (i) Let D be a Weyl structure on an oriented conformal manifold
(M, c) of dimension 2, 4 or 8. Then (M, c) carries a Clifford-Weyl structure of
rank r =2 formn =2, r =3 orr =4 forn =4 and r =8 forn = 8, whose
assoctated Weyl structure is D.

(i1) Let D be a Weyl structure on a conformal manifold (M"™, c). Then there exists
a Clifford-Weyl structure of rank 2 on (M, c) with associated Weyl structure D
if and only if D preserves a complex structure compatible with c. If n = 4, every
complex structure J compatible with ¢ is preserved by a unique Weyl structure
DY, which is closed if and only if J is locally conformally Kihler.

(iii) Let D be a Weyl structure on a conformal manifold (M®,c). Then there exists
a Clifford-Weyl structure of rank 4 whose Clifford morphism ¢ = CI°(E,h) —
End(TM) is injective upon restriction to A*E, if and only if D is the adapted
Weyl structure of a conformal product structure on (M, c) with 4-dimensional

factors (cf. [5]).

The paper is organised as follows. Section [2 recalls several notions of even Clifford
structures, defines Clifford-Weyl structures and introduces the required differential
and algebraic objects from differential and conformal geometry. It finishes with a toy
problem from Hermitian geometry which inspires the beginning of the proof of the
theorem (and provides the proof for the case n > 4, r = 2). Section |3| establishes the
theorem for large rank r > 5 structures and Section {4] establishes the theorem in the
remaining low rank setting. Section [5| considers the generic cases of Proposition [2] and
shows that in each of these cases there are examples of Clifford-Weyl structures with
non-closed associated Weyl structures.

2. PRELIMINARIES

Let M be a smooth manifold. It is well-known that there is a one-to-one correspon-
dence between isomorphism classes of oriented Euclidean rank k vector bundles (£, h)
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over M and isomorphism classes of principal SO(k)-bundles P over M. By this cor-
respondence, one may identify metric covariant derivatives on (E, h) with connections
on P. We denote

SO(k) if k& is odd

PSO) = {SO(k)/{iIk} if & is even

and by a slight abuse of language we set the following

Definition 3. A locally defined oriented Euclidean rank k vector bundle over M 1is a
principal PSO(k)-bundle over M.

The terminology is justified by the fact that the structure group of a principal
PSO(k)-bundle can be reduced to SO(k) over any contractible open neighborhood U
of M, and thus gives rise to an oriented Euclidean rank & vector bundle over U.

Remark 4. For k even, the obstruction for a locally defined bundle to be globally
defined is measured by a cohomology class very similar to the second Stiefel-Whitney
class wy associated with the frame bundle. To see this, let P be a principal PSO(k)-
bundle over M, U; a nice open cover of M (i.e. such that any intersection of the
sets U; is contractible) and g;; : U; N U; — PSO(k) the closed cocycle defined by
a local trivialisation of P. For each g;; we choose one of the two possible lifts to
SO(k) and denote it by g;; : U; N U; — SO(k). The default of (g;;) to defining a
closed cocycle (and thus a principal SO(k)-bundle over M) is measured by the closed
2-cocycle hiji = §ijJ;1gki, Which defines a Cech cohomology class w € FIQ(M, Z]27).

If F is a locally defined oriented FEuclidean rank k vector bundle over M and p :
PSO(k) — SO(N) is a group morphism, one obtains a rank N oriented Euclidean
vector bundle p(E) over M by enlarging the structure group of E to SO(N) and
considering the associated vector bundle. In particular, since the even-dimensional
tensor powers of the standard representation of SO(k) on R* descend to PSO(k), the
even tensor powers of a locally defined oriented Euclidean vector bundle are globally
defined vector bundles.

We can now recall the definition of even Clifford structures on Riemannian manifolds,
which have been introduced in [9].

Definition 5. A rankr > 2 even Clifford structure on a Riemannian manifold (M™, g)
is an oriented, locally defined, rank r Euclidean bundle (E,h) over M together with
a non-vanishing algebra bundle morphism, called Clifford morphism, ¢ : CIO(E, h) —
End(TM) which maps A*2E C CI°(E, h) to the bundle of skew-symmetric endomor-
phisms End™ (T M)
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Definition 6. An even Clifford structure (M, g, E, h,p), is called parallel if there
exists a metric connection V¥ on (E,h) such that ¢ is connection preserving with
respect to VE and the Levi-Civita connection ¥V of (M, g).

As End™ (TM) is invariant under a conformal change of the metric g, the notion
of an even Clifford structure extends directly to the setting of a conformal manifold
(M,c). The condition of parallelism is transferred by considering Weyl connections
giving what we term Clifford-Weyl structures.

Definition 7. A rank r > 2 Clifford-Weyl structure on a conformal manifold (M™, c),
is a tuple (E, h,p, V¥, D) where

e (E,h) is an oriented locally defined rank r Euclidean bundle;

e o : CI°(E,h) — End(TM) is an algebra bundle morphism sending A’°E to
End™ (TM);

o V¥ is a metric connection on E;

e D is a Weyl connection on (M, c),

such that @, seen as a section of CI°(E,h)* @ End(TM), is parallel with respect to
VE®D.

Let (E,h,p, V¥ D) be a rank r Clifford-Weyl structure on a conformal manifold
(M", c) and let L denote the weight bundle of M (the real line bundle associated
with the principal bundle of frames via the representation | det |/ of GL(n;R), cf. [5,
Section 2]).

Consider a metric ¢g in the conformal class ¢. Associated with g we have the Levi-
Civita connection V as well as the gauge ¢ (a section of L) and Lee form 6 defined
respectively by

c=g® 7>, Di=0R¢.

This gives the useful formula Dg = —20 ® g. Independent of the choice of metric in the
conformal class, we have the Faraday form F' = df. The Weyl structure D is closed if
and only if D is locally the Levi-Civita connection of a metric in the conformal class.
This is equivalent to F' = 0.

Let &, ...,& be a local oriented orthonormal frame for (E,h). We introduce the
collection of connection coefficients and the curvature two-forms

VEfj =: ij ® &, REfj =: sz’j ® &,

(with wi; = dni; + > ik A 1k;), and define endomorphisms J;; == ¢(§; - ;) where -
denotes Clifford multiplication. Because of the relations in the Clifford algebra, and
the fact that ¢ is an algebra bundle morphism mapping A?E into End™(TM), the
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endomorphisms J;; are locally defined almost Hermitian structures on M for 7 # j.
Moreover, for mutually distinct indices 4, j, k we have

(& -&) (& &) =& & =—(& &) (& &)

and thus J;; anticommutes with J;,. In particular, this shows that

where (-, -) denotes, as usual, minus the trace of the product of two endomorphisms.

Let ey, ..., e, denote a local orthonormal frame for (TM, g). For each J;; with i # j,
we obtain an associated non-degenerate two-form €2;;:

Qi) == g(Jij - )

(In the process of establishing , as well in the the rank » = 4 case, the calculations
are simplified by summing indiscriminately over subscripts, for this we define €;; := 0.)
Using the natural scalar product on the bundle of exterior forms induced by g, we
obtain the Lefschetz-type operators for ¢ # j,

Lij = Qz]/\> = L* = ZJ” ea 1€ 1

For later use, notice that by the usual identification using the metric g of A*(T*M) with
End™ (TM), the Lefschetz operator A;; acting on A?(T*M) (with ¢ # j) is identified
with 1(.J;;,-) acting on End™(TM).

We finish this section with a toy problem: That when r = 2 and n > 4, the Weyl
connection is closed. This is a standard fact in Hermitian geometry, but the proof
below contains, at embryonic state, the main ideas of the proof of Theorem

We choose as before a metric g in the conformal class and drop the superfluous
subscripts on .Jj5 and ;5. First, the fact that ¢ is V¥ @ D-parallel implies

DJ = D(p(& - &)) = o(VE(& - &))

and as

V&G &)= ®&) - S+E& - (m2®&) =—(n2+ n21)Lcwo(gn = 0,

we conclude J is parallel with respect to D. Differentiating €2 with respect to the Weyl
connection

(DQ)(-,-) = (Dg)(J-,-) + g(DJ--)

and using the formulae DJ = 0 and Dg = —20 ® g gives D2 = —20 ® 2 which upon
extracting the totally antisymmetric part yields

dQ = —-20 A Q.
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Differentiating this equation gives
0=d’Q=-2FAQ—-40AOAQ

and as () is non-degenerate with n > 4, the equation F' A €2 = 0 forces F' = 0.

3. LARGE RANK CLIFFORD-WEYL STRUCTURES

For this section suppose that (E, h,p, VE, D) is a rank r Clifford-Weyl structure on
a conformal manifold (M", c), with r > 5. The structure of C1° forces the dimension
of the manifold to be a multiple of 8. Apart from the generic situation n = 8, r = 8§,
which will be treated later on, we will show that the Weyl connection is closed.

As in the previous section, we consider an arbitrary Riemannian metric g in the con-
formal class c¢. Then (E, h) is an even Clifford structure, and we may build Lefschetz-
type operators as well as identify A*(T*M) with End™(TM).

The connection coefficients give for all i # j

P& &) Zﬁm (& - &) + 1k @ (& - &)

= Z i @ (§k + &) — My @ (& - &)

k#i,j

and as the even Clifford structure is parallel,

DJ;; = Z Miei @ Jrj — Mg @ S
ki,

Differentiating €2;; with respect to the Weyl connection
(D) (- ) = (Dg)(Jijs ) + g(D iy, )

and using the previous formula as well as the fundamental formula Dg = —20 ® ¢
provides

DQy; = —20 @ 4y + Z Mhi @ Qi — My @ Q.
k#i,j

Taking the totally antisymmetric part of this equation (and recalling €;; := 0) gives

AQy = =20 A Qi+ Y mei A Qi — i A Qi
k
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Differentiating this equation and replacing appearances of d€;; (as well as d€); and
d€);) using this same equation yields

2F A Qi]’ = Z (29 /\nki A ij —|—d77]ﬁ A ij — Nksi A ko]) — {Z < ]}
P
= Z (dnki N gy — M /\Z (Wk A gy — 1 AQ€k>> —{i < j}
P ¢

=Z<dﬁki+27]kz/\77ﬁ> AN —{i > j}
k y4

where {i <> j} corresponds to the previously displayed term with indices i and j
interchanged. The previous equation simplifies upon introducing the curvature two-
forms w;; of V¥ into

2F N Qij = Zwki VAN ij — Wgj A\ ka
k

Writing this using the Lefschetz-type operators establishes, for all ¢ # j,
QLUF = Z ijwki - Lkiwkj. (31)
k
Assuming ¢ # j, we apply A;; to (3.1). Calculating A;; applied to the left hand side
of (3.1) is aided by the sl(2) structure of the Lefschetz-type operators. Specifically
2[A;j, Li;]F = (n—4)F and L;;(2A,; F) identifies, as an endomorphism, with (J;;, F') J;;.

In order to calculate A;; applied to the right hand side of (3.1]), we note that the sum
in (3.1) may be taken over k # i, 7 and we write

Aij = % Z Jij(ea) 1€q 1
(recall that ey, ...e, denotes a local orthonormal frame for (TM,g)). This gives, for
k#1,7j,
2AiijjWk:i = Z Jl-j(ea) _ (ij(ea) A\ Wi + ij A\ wki(ea)>

The summands in the previous display consist of four terms, the first of which vanishes
because of (2.1). Developing the remaining three terms gives

2A,;ijjwki = Z —ij(6a> A\ (wki o) Jij)(ea) + (ij @) Jij)(ea> A\ wki(ea) + <Jij,wki>ij.

Testing against two tangent vectors shows

Z —Qji(eq) A (wii 0 Jij)(ea) = wii(Jikes -) + Wi (-5 Jig)

Z(ng‘ o Jij)(ea) N wrileq) = wii(Jike, ) + wii (-, Jik*)

a
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which, viewed as endomorphisms via the metric, are each precisely [Jy;, wy;]. Therefore,
for 4, 7, k distinct,

AijLiwri = [Ty wii] + 3 (Jig, wii) Qg
which establishes, for i # j,
(n = )F + (Jig, F)5 = Y [ i) + iy wig] + 5 (i 00i) Qs = 34, i) i

k#i,j
(3.2)

Working with (3.2)), we apply 2A;;,2Mq,2A4 for a,b different from ¢, 5. For 2A;;
applied to (3.2)) we remark that (J;;, J;;) = n while J;; is orthogonal to Ji; and Jj; for
1, 7, k distinct hence

(2n = 4)(Jij, F) = > (Jig, [ris wial) + (Jigs g wig])

ki,
= Z ([Jijs Jrils wra) + ([Jijs Jrjl, wij)
ki,
establishing
(2n = ) (T, F) =2 (T, wra) — (Jrir wij), (3.3)

ki, j
For 2A;, applied to (3.2), we remark that (J,, Jx;) = —ndga for k # 4,7 and impor-
tantly, as r > 5, the terms involving (J;,, Ji;) vanish [9, Equation 2]. Therefore
(n = 4)(Jia, F) = 5{Jij, waj) + Z (Jias Jrils wri) + ([Jiay il wiy)
ki, j

where

Z ([ias Jki)s wri) = Z (ko — Jak, Wri) = QZ<Jkaawki>

ki, ki, k]
and since J;, commutes with Jy; for k # 4, j except when k = a,
Z ([Jias Irj)s Wrs) = ([Jias Jajl, Wag) = —2(Jij, Waj)
ki,
establishing

(n = 4){(Jia, F) = (% = 2)(Jijr wag) +2 > (Jna, Whi), (3.4)
k#j
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For 2A,, applied to (3.2), we again use the large rank hypothesis r > 5. Indeed, due
to this condition, for k # 4, j, terms involving (Jup, Ji;) and (Jap, Ji;) vanish. So

(n—4)(Jp, F) = Z ([Jabs ki) wri) + ([Jab, i), wij)
ki,
= Z ([Jaby Jha)s wii) + ([Jaby Jiz)s wiej)
ke{a,b}

and developing the four terms from the summation in the preceding display establishes
(n — 4)<Jab7 F> = 2<<]bi7 wm} — 2<Jm',wbi> -+ 2(ij,waj> — 2<Jaj,wbj). (35)

Armed with the preceding numbered equations, we may establish the orthogonality
between J;; and F. From ({3.5)), by collecting the first two terms, and collecting the
second two terms, we see that (Jy;, wei) — (Jai, wsi) is independent of i so

(n —4)(Jap, F) = 4{Jbi, Wai) — 4(Jais Whi)
Summing the previous display over ¢ # a,b and changing the notation of indices
a,b,i — 1,7, k gives
(r=2)(n—4)(Jy, F) =4 Z (Jrjr wri) — (Jri, Wij)-
ki,
Comparing this equation with (3.3)) provides the constraint

whence (J;;, F) = 0 unless 4(2n —4) = 2(r — 2)(n —4). As r > 5 and n is a multiple
of 8, the only obstructive case is the generic case n = 8, r = 8, which was excluded.
Therefore

(Jij, F) =0 Vi # 7. (3.6)
Updating and using this orthogonality, we obtain a pair symmetry from
(3-5)
(Jia, Wija) = (Jjas Wia), Y i, j, a distinct. (3.7)
which, upon switching the variables j,a in , provides

(2 = 3)(iar Wia) = —2Jag, i) +2 D (o i)
k
giving

(2= )i wja) = ¥ _(iwswi), Vi, j,a distinet. (3.8)
k
Therefore if n = 8, the sum on the right hand side vanishes, while if n # 8, (J;,, wja)
is independent of a # i, j hence

(2 = P Jiar Wja) = (1 = 2){Jia, Wja)
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and so J;, is orthogonal to wj,. It thus turns out that the sum ), (Jix, w;)) vanishes
no matter what the dimension n is.

As a penultimate result, we remark that upon summation over j # i (for ¢ fixed),
the final two terms of (3.2)) vanish:

> (Z (Jig» Whi) Jrj — <Jz‘j;wkj><]ki> =0 (3.9)
g0 \k#ij
In fact, the previous display naturally splits into two collections of summations, each

collection vanishing independently as we now show. The first collection of summations
in (3.9) may be written as the sum over j, k both different from i and from each-other:

Z (Z(%,wﬁ%) = Z(Jijawki>t]kj

j#i \k#ij g ki
J#k

i, Wki) 1s symmetric in j, k due to (3.7 while J;;, is antisym-
metric in j, k. Considering the second collection of summations in (3.9)), we rearrange
the summation,

which thus vanishes as (/J,

Z <Z<Jiﬂ'7wkﬂ'>‘]hi> = Z (Z(Jij7wkj><]ki)

J#i \k#i,j j#i \ k#i
= Z <Z zj7wkj>> i

ki jF#i
= Z (Z(Jijawkj>> i

k#i,j \

and by the remark following ({3.8]), the preceding display vanishes and provides ({3.9)).
We may now establish the result. By defining S; := ), [Jki, wiil, (3.2) now reads

(n_4)F: S’L_'_S_] - z]7wm 2 Z ankz Jk] <J1j7wkj>t]ki-
k#i,j
Keeping i fixed and summing over j # i, making use of (3.9)), we obtain
(r=1)(n—4F =Y (Si+8; - 2[Jij,w;])
J#i

:(7‘—4)SZ+ZS]

which implies (as r # 4) that S; is independent of ¢ and proportional to F:
(r—1)(n—-4)F =2(r —2)5;.
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Equation (3.2)) thus develops to
2(n —4)

g b= AT wig) = Y (Tigs wrid Jug — (Tigs ) -

ki

Commuting F' with J;; we see that

2(n—4
—(r 5 )FJij = 4(JjjwijJij + wij) — Z (Jijs Wri) Tri + (Jij, W) Ty
ki,
2(n—4
%JZ]F = —4(wij + JijwijJij) + Z (J,-j,wki><]ki + (Jij,wkj>ka.
k#i,j

Therefore F' anticommutes with J;; for every ¢ # j. By taking some £ different from
both i and j we get that I’ commutes with J;.J;, = J;;. Hence F' = 0, thus proving
Theorem (1| when the rank of the Clifford-Weyl structure is at least 5.

4. Low RANK CLIFFORD-WEYL STRUCTURES

We consider now the remaining cases from Theorem [I] If the rank of the Clifford-
Weyl structure is 2, this follows directly from our toy problem described at the end of
Section

That D is closed for r = 3 and n > 8 is a standard result in quaternion Hermitian
Weyl geometry (or locally conformally quaternion Kéhler geometry) [10]. We present
a proof which can also be adapted to the case r = 4.

Define Q := Q3, + Q% + Q2, to be the fundamental four-form (or Kraines form) of
quaternion Hermitian geometry. By ({3.1)), which continues to hold for » = 3, we obtain

Q%Q VAN F = 5912 A 913 A\ W32 — %ng A 923 A w31

and cyclically commuting (1,2, 3) gives two similar equations. Upon summation, can-
cellations give Q2 A F' = 0 and, as the fundamental four-form is well-known to be
non-degenerate (and n # 4), F' = 0. (Alternatively, if one follows the derivation of
, one obtains similar equations for df2;; in terms of the connection coefficients
n;; which result in the equation d€) = —460 A Q. Differentiating a second time gives
QAF=0.)

Finally, if (E, h, VE, ¢) is a rank 4 Clifford-Weyl structure and n > 8, let us consider
A € End(TM) to be the image under ¢ of the volume element of E. From the
properties of ¢, A is a symmetric involution, hence the tangent bundle splits into a
direct sum TM = T* & T~ of the &1 eigenspaces of A. If either Tt or T~ are of
dimension zero, then the rank 4 even Clifford structure is effectively a rank 3 even
Clifford structure and the result follows from the previous paragraph. We may thus
assume the decomposition of TM is non-trivial. In particular ¢ is injective upon
restriction to A%2E, so we only need to consider the case n > 12.
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We construct quaternionic structures on T+
Jis = Fa(Jut Jg), J5 = Fa(JisF aa), o5 =Fs(Ji2 % Jz)

which vanish upon restriction to TF. We may thus define two four-forms Q. € A*(T*)*
as in the case of quaternion Hermitian geometry and set Q2 = €2, +Q_. We decompose
the exterior algebra A*M = G(AP(TT)*®AY(T~)*) and say that elements of AP(T+)* @
AI(T™)* are of type (p,q). The decomposition of A2M enables us to write F =
F, + F,, + F_ where F, F,, F_ are respectively of type (2,0), (1,1), (0,2). Using
this we calculate Q A F' (whose 6 pieces are of distinct type). Meanwhile, we remark

that
_ 1 2 _ 1 2
Q=3 Q=1 9
i<j i

and via (3.1]), which continues to hold for r = 4,
Q?j NF = %ZQU /\Qik/\(Jka _Qij/\ij:/\wki
k

Summing over ¢, 7 the second term in the previous sum, Zij i $2i5 A Qi A wy; may be
written, under a permutation ¢, j,k — k,4,j, as the first term Zijk Qij A Qi A Wi
hence

QAF =0.

Since they have different types, each of the six terms in the expansion of Q2 A F' also
individually vanish. As M is at least 12-dimensional with both subbundles T* being
non-trivial, we deduce from 2_ A F, =0 and 2, A F_ =0 that F. = 0. And as one of
the subbundles T* has rank larger than 4 (say 7) then F,, = 0 (from Q. A F,,, = 0).

This finishes the proof of Theorem [1| when the rank of the Clifford-Weyl structure
is 2, 3 or 4.

5. GENERIC CASES

In this final section we prove Proposition 2| and, in the process, show examples of
Clifford-Weyl structures with non-closed associated Weyl covariant derivatives.

(¢) If M has dimension 2, we define (E, h) to be the trivial rank 2 Euclidean vector
bundle with trivial flat connection V¥, and ¢ : A2E — End™ (TM) by @(&, A &) == J,
where {1, & is an oriented orthonormal frame of E and J is the rotation in TM by 7/2
in the positive direction determined by c. Since DJ = 0, (E, h, p, V¥ D) is a rank 2
Clifford-Weyl structure.

If M has dimension 4, we define £ := A™M @ L? (the bundle of self-dual two-
forms of conformal weight 0), V¥ to be the covariant derivative induced by D on E
and h to be the canonical scalar product induced by ¢ on E. Since A’2M ® L? is
canonically isomorphic to End™ (TM), E is in fact a rank 3 sub-bundle of the bundle
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of skew-symmetric endomorphisms of M. Moreover, since F is oriented, the metric h
provides an identification of A2E with E, and thus a map ¢ : A2E — End™ (TM). It is
straightforward to check that this map extends to an algebra morphism from ClO(E h)
to End(TM) which is tautologically parallel with respect to V¥ @ D, thus defining a
rank 3 Clifford-Weyl structure.

Moreover, every rank 3 Clifford-Weyl structure (E h,V¥, o, D) determines in a
tautological way a rank 4 Clifford-Weyl structure (E, h, vE 3, D) where E = E® R
with induced metric i and connection VZ , and ¢ is defined on A’F ~ A’E & FE
by @ = ¢ on A’E and ¢ = p o x on E, where * denotes the Hodge isomorphism
x: E— A’°FE

If M has dimension 8, we define F = X{M (the bundle of real half-spinors of
conformal weight 0, cf. [6]) and V¥ and h to be the covariant derivative and the scalar
product induced on E by D and c. Of course, if M is not spin, £ is only locally defined,
but A2E is always globally defined. We consider the map ¢ : A2E — End™ (TM)
defined by

(YA G) =X 1 — Zh Y- X -, 0) e — h(1h, ) X

where ¢ is a local section of L and e; is a local frame of TM satisfying c(e;, e;) = Ezéij.
The map ¢ is tautologically parallel with respect to V¥ @ D. Moreover, ¢ extends
to an algebra morphism from CI°(E, k) to End(TM). Indeed, in order to check the
universality property for the even Clifford algebra ([0, Lemma A.1]), consider local
sections 1, ¢ and £ of E such that ¢ is orthogonal to ¢ and £ and h(v,4) = 1. Then
{¢te;-4p} is a local orthonormal basis of the zero-weight half-spin bundle ¥, M (whose
metric is also denoted by h) and thus

8

[p(¥ A 0) o NQIX) = =3 R X 0, ) (v A ) (e)
=Y h(l7% - X b, (L% - e, d) ¢

= h(@’zX e 42072 c(es, X )b, E)h(£%e; - 1), ej - 0)e;

=
M

8
Zh (X e d) e
=

—p(ENO)(X) = h(9,6) X
= (e NE(X) = (g, ) X
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This shows that (E, h, ¢, VF D) is a rank 8 Clifford-Weyl structure on M.

(#7) With any Clifford-Weyl structure of rank 2 on M one can associate the image,
J, of the volume form of F through the Clifford morphism . Clearly J is an almost
complex structure on M compatible with ¢ and D-parallel. On the other hand, every
almost complex structure preserved by a torsion-free connection is integrable.

Conversely, if D is a Weyl structure on (M, c) and J is a D-parallel Hermitian
structure, we define as before a rank 2 Clifford-Weyl structure on M by taking (E, h)
to be the trivial rank 2 Euclidean vector bundle with trivial flat connection V¥, and
¢ : A’F — End™ (TM) defined by the fact that it maps the volume form of E onto J.

For the second point, recall that on 4-dimensional conformal manifolds, every com-
plex structure J compatible with the conformal structure is preserved by a unique
Weyl covariant derivative D (see e.g. the proof of [5, Lemma 5.7]) which is closed if
and only if (J, ¢) is locally conformally Ké&hler.

(ii1) If (E, h, p, VE, D) is a Clifford-Weyl structure of rank 4 with ¢ injective on A*F
on an 8-dimensional conformal manifold (M, ¢), then the image of the volume form of
E through ¢ is a D-parallel involution of TM whose eigenbundles are 4-dimensional
D-parallel distributions. By [B, Theorem 4.3], (M, ¢) has a conformal product structure
defined by these two distributions.

Conversely, every conformal product structure on (M, ¢) with 4-dimensional distri-
butions T* defines a unique Weyl connexion D (called the adapted Weyl structure in
[5, Definition 4.4]) such that the splitting TM = T" @ T~ is D-parallel. We obtain in
this way a structure group reduction from CO(8) to G := CO(8) N (CO(4) x CO(4)),
that is, a G-principal bundle P over M and a connection induced by D on P. Since
CO(4) = R* x (Spin(3) xz/2z Spin(3)), the projections from R* x (Spin(3) x Spin(3)) to
the second and third factors respectively define group morphisms 7, and i, from CO(4)
to SO(3). Let E denote the (locally defined) rank 4 Euclidean vector bundle over M
associated with P via the group morphism #; X i, from G to SO(3) x SO(3) = PSO(4),
and let V¥ denote the induced covariant derivative. By construction, A?E is globally
defined, and isomorphic to the weightless bundle (AT(T+) ® L™2) ® (A~ (T~) @ L72).
The composition of this isomorphism with the canonical inclusion in AT (TM)® L2 =
End ™ (TM) yields as before a Clifford morphism, which is VZ® D-parallel by naturality
of the construction.

Examples of conformal products with non-closed adapted Weyl structures can be
easily constructed. Take (M, g;) and (M, go) two 4-dimensional Riemannian mani-
folds and let M = M, x M, with conformal class ¢ = [e/g; + ¢»] where f is any smooth
map on M. Then the adapted Weyl structure of this conformal product structure is
closed if and only if there exist functions f; on M; such that f = @7 (f1)+ 75 (f2) where
m; M — M, are the canonical projections (see [5, Section 6.1] for details).
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