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Abstract. We study compact toric strict locally conformally Kähler manifolds. We show
that the Kodaira dimension of the underlying complex manifold is −∞ and that the only
compact complex surfaces admitting toric strict locally conformally Kähler metrics are the
diagonal Hopf surfaces. We also show that every toric Vaisman manifold has lcK rank 1
and is isomorphic to the mapping torus of an automorphism of a toric compact Sasakian
manifold.

1. Introduction

When searching for the best Hermitian metrics on a compact complex manifold (M,J),
one is naturally led to consider Kähler metrics. However, there are well-known topological
obstructions which severely restrict the class of compact complex manifolds carrying such
metrics. A more general class of compatible metrics, which was introduced by I. Vaisman [21]
in the 70’s, are the locally conformally Kähler (lcK) metrics. These are characterized by
the condition that around any point in M , the metric g can be conformally rescaled to a
Kähler metric. If this metric can be globally defined, the structure is globally conformally
Kähler (gcK), otherwise it is called strict lcK. The topological obstructions imposed by the
existence of lcK metrics are less restrictive than in the Kähler case. In complex dimension 2,
for instance, it was widely believed that any compact complex surface admits an lcK metric,
until F. Belgun [1] proved that some Inoue surfaces do not admit any lcK metric.

In this paper we investigate compact strict lcK manifolds admitting an effective torus action
of maximal dimension by twisted Hamiltonian biholomorphisms. Such structures are called
toric lcK and were introduced in [17].

The paper is organized as follows: after some preliminaries on lcK manifolds, we study the
properties of their automorphism group in Section 3 and give several general results about
lifts of group actions on lcK manifolds in Section 4.

In Section 5 we use the special decomposition of the space of harmonic 1-forms on compact
Vaisman manifolds to show that every toric Vaisman manifold has first Betti number b1 = 1
and is thus isomorphic to the mapping torus of an automorphism of a toric compact Sasakian
manifold.
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In Section 6 we show that the Kodaira dimension of every compact complex manifold
admitting a toric strict lcK structure is −∞ (see Theorem 6.1).

Using this result and the Kodaira classification of non-Kählerian compact complex surfaces,
we show in Theorem 7.2 that the only compact complex surfaces with a toric strict lcK metric
are the diagonal Hopf surfaces. Indeed, lcK metrics on these manifolds have been constructed
by P. Gauduchon and L. Ornea, [8], and they turn out to admit toric T 2-actions.

Acknowledgments. This work was supported by the Procope Project No. 32977YJ and
by the SFB 1085. We thank Nicolina Istrati for pointing out to us an error in a preliminary
version of the paper and for useful suggestions.

2. Preliminaries on lcK manifolds

Let (M2n, J) be a (connected) complex manifold of complex dimension n ≥ 2. A Kähler
structure on (M,J) is a Riemannian metric g compatible with J (in the sense that J is
skew-symmetric with respect to g), and such that the 2-form Ω := g(J ·, ·) is closed.

Two Kähler structures g and g′ on (M,J) in the same conformal class are necessarily
homothetic. Indeed, if g′ = fg for some positive function f , the associated 2-forms are
related by Ω′ = fΩ, thus 0 = dΩ′ = df ∧Ω + fdΩ = df ∧Ω, which shows that df = 0, since
the wedge product with the non-degenerate form Ω is injective on 1-forms.

A locally conformally Kähler (lcK) structure on (M,J) is a Riemannian metric g which
is locally conformally Kähler in the sense that there exists an open covering {Uα}α∈A of M
and smooth maps ϕα ∈ C∞(Uα) such that (Uα, J, e

−ϕαg) is Kähler. This definition is clearly
independent on the metric g in its conformal class [g], so one usually refers to (J, [g]) as being
an lcK structure.

Since e−ϕαg and e−ϕβg are Kähler metrics in the same conformal class on Uα∩Uβ, we deduce
from the above remark that ϕα − ϕβ is locally constant, and thus dϕα = dϕβ on Uα ∩ Uβ.
This shows the existence of a closed 1-form θ, called the Lee form of the lcK structure (J, g),
such that θ|Uα = dϕα. If Ω := g(J ·, ·) denotes like before the 2-form associated to g and J ,
then by definition e−ϕαΩ is a closed form on Uα, thus

0 = d(e−ϕαΩ) = e−ϕα(−dϕα ∧ Ω + dΩ) = e−ϕα(−θ ∧ Ω + dΩ),

showing that dΩ = θ ∧ Ω everywhere on M . If the lcK metric is changed by a conformal
factor, g′ := e−ϕg, the corresponding Lee form satisfies θ′ = θ − dϕ.

If the Lee form vanishes, g is Kähler, if it is exact, θ = dϕ, then g is globally conformal to
the Kähler metric g′ = e−ϕg, and if it is parallel, g is called Vaisman. In this paper we will
always assume that the lcK structure is strict, in the sense that its Lee form is not exact.
This definition clearly does not depend on the choice of the metric g in its conformal class.

Let now M̃ be the universal covering of an lcK manifold (M,J, g, θ), endowed with the

pull-back lcK structure (J̃ , g̃, θ̃). Since M̃ is simply connected, θ̃ is exact, i.e. θ̃ = dϕ, and
by the above considerations, the metric gK := e−ϕg̃ is Kähler. The group π1(M) acts on

(M̃, J̃ , gK) by holomorphic homotheties. Indeed, since θ̃ is π1(M)-invariant, there exists a
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group morphism ρ : π1(M)→ (R,+), γ 7→ cγ, such that

(1) γ∗ϕ = ϕ+ cγ, ∀γ ∈ π1(M).

We thus have γ∗gK = e−cγgK , for every γ ∈ π1(M). The Kähler structure (J̃ , gK) is tauto-

logically invariant by ker ρ and defines a Kähler structure denoted (Ĵ , gK) on M̂ := M̃/ ker ρ.

The Kähler manifold (M̂, Ĵ , gK) is called the minimal covering of (M,J, g) (and it actually
only depends on the conformal class [g]).

We thus obtain the following sequence of Galois coverings

M̃
ker ρ−→ M̂

Γ−→M,

where Γ := π1(M)/ ker ρ. Since ρ induces an injective group homomorphism Γ → R∗+,
it follows that the automorphism group Γ of the minimal covering is isomorphic to a free
Abelian group Zk, for some k ∈ N. The integer k is called the rank of the lcK structure.

A useful tool in lcK geometry is the so-called Gauduchon metric. If (M,J, [g]) is a compact
lcK manifold, the Gauduchon metric g0 ∈ [g] is characterized by the fact that its Lee form is
co-closed: δg0θ0 = 0, and it is unique, up to a positive factor, in the given conformal class, [7].

The so-called twisted differential of an lcK structure (M,J, g, θ) is defined as follows:
dθ : Ω∗(M)→ Ω∗+1(M), dθα := dα−θ∧α. Note that dθ = 0 implies dθ ◦dθ = 0. However, dθ

does not satisfy the Leibniz rule. If α ∈ Ωk(M) and β ∈ Ω`(M), then the following relation
holds:

dθ(α ∧ β) = dθα ∧ β + (−1)kα ∧ dθβ + θ ∧ α ∧ β.
In particular, for f ∈ C∞(M), we have

(2) dθ(fβ) = df ∧ β + fdθβ.

Lemma 2.1. On a strict lcK manifold (M,J, [g]), the twisted differential acting on functions
is injective, i.e. ker(dθ : C∞(M)→ Ω1(M)) = {0}.

Proof. Let f ∈ ker(dθ), so f satisfies the linear first order differential equation df − fθ = 0.
If f does not vanish at any point of the manifold, then θ = d log |f |, which is not possible,
since the lcK manifold is assumed to be strict. Thus, f vanishes at some point, which implies
that f ≡ 0, by uniqueness of the solution. �

3. Automorphisms of lcK manifolds

An automorphism of an lcK manifold (M,J, [g]) is a conformal biholomorphism. We denote
by Aut(M,J, [g]) the group of all automorphisms and by aut(M,J, [g]) its Lie algebra. In this
section we establish a few properties of the automorphisms of lcK manifolds, that will be
used in the sequel. Let us recall the following notions:

Definition 3.1. Let (M,J, g, θ) be an lcK manifold. A vector field X on M is called twisted
Hamiltonian if there exists hX ∈ C∞(M), such that XyΩ = dθhX . The space of all such
vector fields on M is denoted by hamθ(M). An action of a Lie group on M is called twisted
Hamiltonian if all its fundamental vector fields belong to hamθ(M).
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Definition 3.2. An lcK manifold (M2n, J, [g]) equipped with an effective holomorphic and
twisted Hamiltonian action of the standard (real) n-dimensional torus T n, is called toric lcK.

Next we give a class of examples of toric Vaisman manifolds. For this purpose, let us recall
the definition of a Sasakian manifold. A Sasakian structure on a Riemannian manifold (S, gS)
is a complex structure J̃ on R× S, such that the cone metric gK := e−2t(dt2 + gS) is Kähler
with respect to J̃ , and for each λ ∈ R, the homothety (t, w) 7→ (t+ λ,w) is holomorphic.

Example 3.3. An example of a toric lcK manifold is the Hopf manifold S1 × S2n−1, whose
natural Vaisman structure is toric, as noticed in [17, Example 4.8]. More generally, a class of
toric Vaisman manifolds can be constructed as follows. Given a compact toric Hodge manifold
N of complex dimension n− 1, we consider the total space of the S1-bundle S corresponding
to the integral cohomology class of its Kähler form, which carries a Sasakian metric gS. Hence
the product R×S is endowed with a Kähler structure (gK := e−2t(dt2+gS), J̃). The action of Z
by translations on R and extended trivially on S is holomorphic and isometric with respect to
the gcK structure (J̃ , g̃ := e2tgK , 2dt), which thus projects onto a Vaisman structure (J, g, θ)
on the compact manifold S1 × S. By construction, N is the quotient (S1 × S)/{θ], Jθ]} and
its toric Kähler structure is the projection of (J, g). According to [17, Theorem 5.1], this
Vaisman structure on S1 × S is toric.

We continue by proving some preliminary results.

Lemma 3.4. Let (M,J, g, θ) be an lcK manifold with fundamental 2-form Ω. There exists
a morphism of Lie algebras σ : aut(M,J, [g]) → R, such that for any X ∈ aut(M,J, [g]), we
have

dθ(XyΩ) = σ(X)Ω,(3)

LXg = (θ(X) + σ(X))g.(4)

Proof. For X ∈ aut(M,J, [g]), there exists fX ∈ C∞(M), such that LXΩ = fXΩ. By the
Cartan formula, we have

(5) (fX − θ(X))Ω = LXΩ− θ(X)Ω = d(XyΩ)− θ ∧ (XyΩ) = dθ(XyΩ).

Since (dθ)2 = 0 and Ω is dθ-closed, it follows by (2) that d(fX − θ(X)) ∧ Ω = 0, which
by the injectivity of Ω ∧ · on 1-forms implies that d(fX − θ(X)) = 0. Hence there exists
σ(X) ∈ R, such that fX = θ(X) + σ(X). Since X is a holomorphic vector field, it follows
that LXg = (θ(X) + σ(X))g.

It remains to show that σ is a Lie algebra morphism, i.e. that σ([X, Y ]) = 0, for all
X, Y ∈ aut(M,J, [g]). Since θ is closed and σ(X) and σ(Y ) are constant functions, we obtain

(6) θ([X, Y ]) = X(θ(Y ))− Y (θ(X)) = X(fY − σ(Y ))− Y (fX − σ(X)) = X(fY )− Y (fX).

On the other hand, we compute

L[X,Y ]Ω = LXLY Ω− LYLXΩ = LX(fY Ω)− LY (fXΩ) = (X(fY )− Y (fX))Ω,

so that f[X,Y ] = X(fY )−Y (fX). By (6), it follows that σ([X, Y ]) = f[X,Y ]−θ([X, Y ]) = 0. �
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Remark 3.5. Let (M,J, [g]) be an lcK manifold. On its universal covering M̃ endowed with
the Kähler structure (gK ,ΩK), Lemma 3.4 reads

d(X̃yΩK) = σ(X)ΩK ,(7)

LX̃g
K = σ(X)gK ,(8)

for each vector field X on M , whose lift on M̃ is denoted by X̃.

We denote by Auts(M,J, [g]) the subgroup of Aut(M,J, [g]) consisting of automorphisms

whose lifts to M̃ are isometries with respect to the Kähler metric gK . By (8), its Lie algebra
is auts(M,J, [g]) := kerσ. The elements of Auts(M,J, [g]) are called special automorphisms
of the lcK structure (M,J, [g]).

Lemma 3.6. On an lcK manifold (M2n, J, [g]), the following inclusion holds:

(9) hamθ(M) ∩ hol(M) ⊆ auts(M,J, [g]),

where hol(M) denotes the set of holomorphic vector fields on (M,J).

Proof. Let X ∈ hamθ(M)∩hol(M). Then there exists hX ∈ C∞(M), such that XyΩ = dθhX .
We now compute using Cartan’s formula and the fact that d = dθ + θ ∧ ·

LXΩ = dθ(XyΩ) + θ ∧ (XyΩ) +XydθΩ +Xy(θ ∧ Ω)

= θ ∧ (XyΩ) +Xy(θ ∧ Ω) = θ(X)Ω.
(10)

Since X is a holomorphic vector field, it follows that LXg = θ(X)g. Hence, X ∈ aut(M,J, [g]).
Moreover, (4) implies that X ∈ kerσ. �

It turns out that this inclusion is even an equality under some additional assumption:

Lemma 3.7. Let (M2n, J, [g]) be a compact lcK manifold. Assume that the minimal covering
of M coincides with its universal covering. Then hamθ(M) ∩ hol(M) = auts(M,J, [g]).

Proof. Let ΩK = e−ϕπ∗Ω be the fundamental form of the Kähler structure on the universal
covering of M , where π∗θ = dϕ. Let us fix some X ∈ auts(M,J, [g]). By (7), the following

equality holds d(X̃yΩK) = 0, where X̃ is the lift of X to M̃ . Thus, there exists a function

h ∈ C∞(M̃), such that dh = X̃yΩK .

The hypothesis implies that every non-trivial element in π1(M) acts by a strict homothety

on (M̃, gK). Thus π1(M) is commutative, since a commutator of homotheties is an isometry.

For each γ ∈ π1(M), we have γ∗ϕ = ϕ + cγ, where γ
ρ7→ cγ is the group morphism defined

in (1). Hence, we have γ∗ΩK = e−cγΩK , which implies γ∗dh = e−cγdh, or equivalently
d(γ∗h − e−cγh) = 0. Therefore, there exists a constant λγ, such that γ∗h − e−cγh = λγ. Let

us fix some γ0 ∈ π1(M) \ {id}. By replacing h with h− λγ0
1−e−cγ0 , we may assume λγ0 = 0. We

now prove that in fact λγ = 0, for all γ ∈ π1(M). Comparing the following two relations

γ∗γ∗0h = γ∗(e−cγ0h) = e−cγ0 (e−cγh+ λγ),

γ∗0γ
∗h = γ∗0(e−cγh+ λγ) = e−cγ0−cγh+ λγ,
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and using the commutativity of π1(M), we obtain λγ(1 − e−cγ0 ) = 0. As cγ0 6= 0, it follows
that λγ = 0, for any γ ∈ π1(M). Concluding, we have shown that

γ∗h = e−cγh, ∀γ ∈ π1(M).

It follows that the function eϕh projects onto M . Moreover, on M̃ we have

dθ(eϕh) = eϕ(hθ + dh)− eϕhθ = eϕX̃yΩK = X̃yπ∗Ω.

Thus, X is a twisted Hamiltonian vector field on M , whose Hamiltonian function is the
projection of eϕh onto M . �

Proposition 3.8. Let (M2n, J, [g]) be a compact lcK manifold. The following assertions hold:

(i) Every vector field in aut(M,J, [g]) is a Killing vector field for the Gauduchon metric
g0 ∈ [g].

(ii) If θ0 denotes the Lee form of the Gauduchon metric, we have auts(M,J, [g]) ⊆ ker θ0.

(iii) For any X ∈ auts(M,J, [g]), its lift X̃, resp. X̂, to the universal (resp. minimal)
covering of (M,J, [g]) is a Killing vector field for the Kähler metric gK.

Proof. (i) It suffices to prove that any ψ ∈ Aut(M2n, J, [g]) is an isometry of g0. We first
notice that the metric ψ∗g0 ∈ [ψ∗g] is also a Gauduchon metric. By definition, ψ preserves
the conformal class, so [ψ∗g] = [g]. Since in any conformal class, a Gauduchon metric is
unique up to a positive constant, there exists c > 0, such that ψ∗g0 = cg0. This means that
ψ is a homothety. However, on a compact manifold any homothety is already an isometry.
Therefore, ψ is an isometry for g0.

(ii) Follows from (i) and (4).

(iii) Follows from (8). �

Proposition 3.9. Let (M2n, J, [g]) be a compact strict lcK manifold endowed with an effective
twisted Hamiltonian holomorphic Tm-action. Then the orbits of the action are isotropic with
respect to the fundamental 2-form Ω and m ≤ n.

Proof. Let X, Y be two fundamental vector fields associated to the given Tm-action on M .
Lemma 3.6 implies that X, Y ∈ auts(M). We then compute using Lemma 3.4 and the fact
that [X, Y ] = 0:

d(Ω(X, Y )) = d(Y yΩ(X)) = LY (Ω(X))− Y yd(Ω(X)) = (LY Ω)(X)− Y y(LXΩ−XydΩ)

= θ(Y )Ω(X)− θ(X)Ω(Y ) + Y yXy(θ ∧ Ω) = Ω(X, Y )θ.

This shows that dθ(Ω(X, Y )) = 0. By Lemma 2.1, we conclude that Ω(X, Y ) = 0, so each
Tm-orbit is isotropic with respect to Ω and hence has dimension at most n. On the other
hand, a known consequence of the principal orbit theorem (see e.g. [6, Theorem 2.8.5]) is
that any Tm acting effectively on a compact manifold, acts freely on its principal orbit. Thus,
it follows that m ≤ n.

�
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4. Group actions on lcK manifolds

We start with a few general lemmas about lifts of group actions from the basis to the total
space of a covering. Let G be a connected Lie group acting smoothly on a connected manifold

M , and let π : M̂ → M be a covering with connected covering space. For every x ∈ M we
denote by fx : G→M the map fx(a) := a · x.

Lemma 4.1. The action of G on M lifts to an action of G on M̂ if and only if for each

x ∈M and x̂ ∈ M̂ with π(x̂) = x, the map fx lifts to a smooth map fx̂ : G→ M̂ which maps
1G to x̂.

Proof. One direction is clear. Conversely, we define the map f : G × M̂ → M̂ by (a, x̂) 7→
a · x̂ := fx̂(a). Since π ◦ f(a, x̂) = a · π(x̂), the map f is smooth. Moreover, for every a, b ∈ G
and x̂ ∈ M̂ we have

π(a · (b · x̂)) = a · π(b · x̂) = a · (b · π(x̂)) = (ab) · π(x̂) = π((ab) · x̂),

thus showing that a · (b · x̂) and (ab) · x̂ belong to the same fibre. By continuity of the
map f , the set of points (a, b, x̂) such that a · (b · x̂) = (ab) · x̂ is open, closed and contains

1G×G×M̂ ⊂ G×G×M̂ . Since G×G×M̂ is connected, the above relation holds identically,
thus showing that f is a group action. �

Corollary 4.2. If G = G1 × G2 acts on M and the action of Gi on M lifts to an action of

Gi on M̂ for i = 1, 2, then the action of G on M lifts to an action of G on M̂ .

Proof. We apply the previous lemma, noting that for each x ∈ M and x̂ ∈ M̂ the map fx
lifts to the map fx̂(a1, a2) := a1 · (a2 · x̂). �

Lemma 4.3. Assume in addition that M̂ is a Galois covering of M whose automorphism

group has no torsion and let p : Ĝ → G be a finite covering. If the induced action of Ĝ on

M lifts to M̂ , then the action of G lifts to M̂ .

Proof. We denote by K the image of π1(M̂) in π1(M). The hypothesis shows that K is a
normal subgroup of π1(M), and π1(M)/K has no element of finite order (except the identity).

For every x ∈ M we consider as before the map fx : G → M , a 7→ a · x and denote

by f̂x := fx ◦ p : Ĝ → M . By the classical covering lemma, fx lifts to M̂ if and only if

(fx)∗(π1(G)) ⊂ K. By assumption, f̂x lifts to M̂ , so we have (f̂x)∗(π1(Ĝ)) ⊂ K, whence

(fx)∗(p∗(π1(Ĝ))) ⊂ K. The map f∗ thus induces a group morphism

ρ : π1(G)/p∗(π1(Ĝ))→ π1(M)/K.

On the other hand, p∗(π1(Ĝ)) has finite index in π1(G) since Ĝ → G is a finite covering,
and π1(M)/K has no torsion, so the morphism ρ vanishes identically. This shows that

(fx)∗(π1(G)) ⊂ K, so fx lifts to M̂ . We conclude by Lemma 4.1. �
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Proposition 4.4. Let (M2n, J) be a compact complex manifold carrying an lcK structure

(J, g, θ) with minimal covering M̂ . Let G be a compact connected Lie group acting holomor-
phically on M . Then the following assertions hold:

(i) If the action of G lifts to M̂ , then there exists an lcK structure (J, g′, θ′) on M , such
that G ⊆ Auts(M,J, [g′]).

(ii) If G ⊆ Auts(M,J, [g]), then the action of G lifts to M̂ .

Proof. (i) Let Γ denote the automorphism group of the covering π : M̂ →M . The pull-back

π∗θ of the Lee form to M̂ is exact, so there exists a function ϕ on M̂ such that π∗θ = dϕ.
Since π∗θ is Γ-invariant, there exists a group morphism Γ → (R,+), γ 7→ cγ, such that
γ∗ϕ = ϕ + cγ for every γ ∈ Γ, similar to (1). The Kähler metric gK := e−ϕπ∗g is then
Γ-equivariant, in the sense that γ∗gK = e−cγgK , for every γ ∈ Γ.

We claim that G and Γ commute. By assumption, for every a ∈ G and x̂ ∈ M̂ , we have
π(ax̂) = aπ(x̂). Consequently, for every γ ∈ Γ we obtain

π(aγx̂) = aπ(γx̂) = aπ(x̂) = π(ax̂).

Since G is connected and Γ is discrete, this shows that for every γ ∈ Γ there exists γ′ ∈ Γ
such that aγ = γ′a for every a ∈ G. Taking a = id shows that γ = γ′, thus proving our claim.

Let now dµ denote the Haar measure of G (normalized such that G has unit volume) and

let ϕ̂ and ĝK be the average on M̂ over G of ϕ and gK respectively:

ϕ̂ =

∫
G

a∗ϕ dµ(a), ĝK =

∫
G

a∗gK dµ(a).

Clearly ĝK is still Kähler, and by construction, taking into account the commutation of G

and Γ, we see that the function ϕ̂ and the metric ĝK are G-invariant and Γ-equivariant:

γ∗ϕ̂ = ϕ̂+ cγ, γ∗ĝK = e−cγ ĝK , ∀γ ∈ Γ.

It follows that the metric eϕ̂ĝK projects onto a G-invariant lcK metric g′ on M , whose
corresponding Lee form θ′ satisfies θ′(X) = 0, for any fundamental vector field X of the
G-action. Since such an X is also a Killing vector field with respect to g′, we obtain by (4)
that G ⊆ Auts(M,J, [g′]).

(ii) Any compact Lie group is a finite quotient of T k × Gs, for some k ∈ N and Gs a

simply connected compact Lie group. By Lemma 4.1, the action of Gs lifts to M̂ , so using
Corollary 4.2 and Lemma 4.3, it suffices to show that if T k ⊆ Auts(M,J, [g]) on a compact lcK

manifold (M2n, J, [g]), then its action lifts to the minimal covering M̂ . By Corollary 4.2 again,
we may assume k = 1. Equivalently, we need to show that the lift of every X ∈ auts(M,J, [g])

with closed orbits on M has closed orbits on M̂ .

By Proposition 3.8, X is Killing with respect to the Gauduchon metric g0 on M , and its

lift X̂ to M̂ is Killing with respect to both π∗g0 and gK . Since the flow of X is equal to the

identity at some time t0 > 0, it follows that the flow of X̂ at time t0 is an automorphism
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of the covering M̂ , and at the same time an isometry of gK , as X̂ preserves gK . On the

other hand, by definition of the minimal covering, the only automorphism of M̂ which is an

isometry of gK is the identity, thus showing that X̂ has closed orbits. �

A straightforward consequence of Proposition 4.4 is the following:

Corollary 4.5. Let (M2n, J) be a compact complex manifold and let G be a compact Lie group
acting holomorphically on M . If the G-action does not lift to any of the non-compact coverings
of M , then there exists no lcK structure (J, [g]) on M , such that G ⊆ Auts(M,J, [g]).

5. Toric Vaisman manifolds

In this section, we investigate toric compact Vaisman manifolds and show that each such
manifold is obtained as the mapping torus of a compact toric Sasakian manifold.

Without loss of generality, we assume that the norm of the Lee form of a Vaisman structure
equals 1. Recall that on a Vaisman manifold the Lee and anti-Lee vector fields θ] and Jθ] are
Killing and holomorphic. We will need in the sequel the following elementary observation:

Lemma 5.1. For any Killing vector field X and any harmonic 1-form α on a compact con-
nected Riemannian manifold, the following identity holds LXα = d(α(X)) = 0. In particular,
α(X) is constant.

Proof. Since the manifold is compact, α is closed and co-closed. Cartan’s formula then yields
LXα = d(α(X)). On the other hand, the 1-form LXα is harmonic, as X is a Killing vector
field. By the Hodge decomposition theorem on a compact Riemannian manifold, the only
harmonic and exact differential form is the trivial one. Thus, LXα = d(α(X)) = 0. �

The following result is folklore, see e.g. [11], [19], [20], [23]. For the convenience of the
reader we give here an elementary proof.

Lemma 5.2. Let (M2n, J, g, θ) be a compact Vaisman manifold of complex dimension n ≥ 2.

(i) If α ∈ Ω1(M) is a harmonic form pointwise orthogonal on θ, then Jα is also harmonic
and pointwise orthogonal on θ.

(ii) The following decomposition of the space of harmonic 1-forms holds:

(11) H1(M) = span{θ} ⊕H1
0(M),

where each element of H1
0(M) is pointwise orthogonal on θ and H1

0(M) is J-invariant.

Proof. (i) Lemma 5.1 applied to the harmonic form α and the Killing vector fields θ] and Jθ]

yields

(12) Lθ]α = 0, LJθ]α = d(α(Jθ])) = 0

and the function 〈Jθ, α〉 =: c is constant on M . Furthermore, by Cartan’s formula and using
the fact that θ] is a holomorphic vector field, we obtain

(13) θ]ydJα = d〈Jα, θ〉+ θ]ydJα = Lθ](Jα) = 0.
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Recall that on the universal covering M̃ , endowed with the pull-back lcK structure (J̃ , g̃, θ̃),

the metric g̃ and the Kähler metric gK are conformally related by gK = e−ϕg̃, with dϕ = θ̃.

Hence, their corresponding Laplace operators acting on a 1-form β on M̃ are related as follows
(see for instance [3, Theorem 1.159]):

(14) ∆Kβ = eϕ
(

∆̃β + (n− 1)d(〈β, θ̃〉) + (n− 2)θ̃]ydβ + (n− 1)〈β, θ̃〉θ̃ + (δ̃β)θ̃
)
,

where all operators of the right hand side are associated to the metric g̃. Applying this
formula for β = α̃, the pull-back of α, and taking into account that α̃ is closed and co-closed
and orthogonal on θ̃, we obtain that α̃ is also harmonic with respect to the Kähler metric,
i.e. ∆Kα̃ = 0. Since on a Kähler manifold the Laplace operator commutes with the complex

structure, it follows that ∆K J̃ α̃ = J̃∆Kα̃ = 0. Applying now (14) to β = J̃ α̃ and projecting
on M , we obtain:

(15) ∆Jα + (n− 1)d(〈Jα, θ〉) + (n− 2)θ]ydJα + (n− 1)〈Jα, θ〉θ + (δJα)θ = 0,

which further simplifies, using (13) and the fact that 〈Jθ, α〉 = c is constant, to:

(16) ∆Jα + (n− 1)c θ + (δJα)θ = 0.

Taking in (16) the scalar product with θ and integrating over M yields (n − 1)c = 0. Since
n ≥ 2, we get 0 = c = 〈Jθ, α〉, so Jα is pointwise orthogonal to θ. Applying the codifferential
to (16) yields

δdδJα− θ](δJα) = 0.

On the other hand, using the fact that θ] is Killing and holomorphic, together with (12), we
obtain θ](δJα) = Lθ]δJα = 0. Hence, we get

∆δJα = δdδJα = 0.

Thus, the function δJα is constant, and as its integral over M vanishes, we get that δJα is
identically zero. Substituting this into (16) implies that Jα is harmonic.

(ii) Let β ∈ H1(M). By Lemma 5.1, the function 〈β, θ〉 is constant and thus β − 〈β, θ〉θ is
harmonic. According to (i), this completes the proof. �

Remark 5.3. A direct consequence of Lemma 5.2 is the fact that the first Betti number of
a compact Vaisman manifold is odd, which was proven in [12].

Proposition 5.4. Let (M2n, J, g) be a compact toric Vaisman manifold. Then the following
assertions hold:

(i) The lcK rank of (J, [g]) equals 1.
(ii) M is obtained as the mapping torus of a compact toric Sasakian manifold.

Proof. (i) The rank of any lcK structure on M is less than or equal to the first Betti number
of M . Hence, it is enough to show that H1(M,R) ∼= R. According to the Hodge theory on
compact manifolds and to the decomposition (11), it suffices to show that H1

0(M) = {0}.
Let β ∈ H1

0(M) and let ξ be a fundamental vector field of the toric action. By Lemma 5.1
applied to β and to the Killing vector field ξ, the function β(ξ) is constant. On the other hand,
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ξ is twisted Hamiltonian, so there exists h ∈ C∞(M), such that (Jξ)[ = ξyΩ = dθh = dh−hθ.
We now integrate over M the constant β(ξ):∫

M

β(ξ)dv =

∫
M

〈Jβ, (Jξ)[〉dv =

∫
M

〈Jβ, dh− hθ〉dv =

∫
M

(δ(Jβ)h− h〈Jβ, θ〉)dv = 0,

where for the last equality we used that Jβ ∈ H1
0(M) cf. Lemma 5.2, so Jβ is orthogonal to

θ and co-closed. Hence, β(ξ) = 0. In particular, the same holds also for Jβ, since H1
0(M) is

J-invariant, by Lemma 5.2.

Let us now consider a basis of the Lie algebra of the torus T n, {ξ1, . . . , ξn}. We denote by the
same symbols the corresponding fundamental vector fields on M . According to the principal
orbit theorem, there exists a dense open set M0 of M , on which {ξ1, . . . , ξn, Jξ1, . . . , Jξn}
forms a basis of the tangent bundle of M0. As shown above, each β ∈ H1

0(M) vanishes on
{ξ1, . . . , ξn, Jξ1, . . . , Jξn}, hence β = 0 on M0, and by density also on M . We thus conclude
that H1

0(M) = {0}.

(ii) We recall that the minimal covering M̂ of a Vaisman manifold M , endowed with the
Kähler metric gK , is biholomorphic and isometric to the Kähler cone over a Sasakian manifold
S. Moreover, each homothety of (R × S, gK) is of the form (t, p) 7→ (t + a, ψa(p)), for some
a ∈ R and ψa an isometry of S. If the Vaisman structure is assumed to be toric, then by [17,
Theorem 4.9], the Sasakian manifold S is also toric.

Since by (i), the lcK rank of the toric Vaisman structure equals 1, the deck transformation

group of the minimal covering M̂ is Γ ∼= Z. Using this identification, we assume that Γ
is generated by the strict homothety (t, p) 7→ (t + 1, ψ1(p)). Hence, M is obtained as the
mapping torus [0, 1] × S/ ∼, where (0, p) ∼ (1, ψ1(p)). Moreover, this also shows that S is
compact. �

Remark 5.5. According to [16, Theorem 1.1], the fundamental group of a compact toric
Sasakian manifold is a finite abelian group. Hence, from the proof of Proposition 5.4, (ii), it
follows that the universal covering of a compact toric Vaisman manifold is the Kähler cone
over a compact toric Sasakian manifold. We recall that compact toric contact manifolds were
classified by E. Lerman in [15, Theorem 2.18].

6. The Kodaira dimension of toric lcK manifolds

Let (M,J) be a compact complex manifold of complex dimension n and K := Λn,0M its
canonical line bundle. We recall that the Kodaira dimension of (M,J) is defined as

κ(M) := lim sup
`→∞

log(dimH0(M,K⊗`))

log `
,

where H0(M,K⊗`) denotes the space of holomorphic sections of K⊗`. For properties of the
Kodaira dimension, as well as for the Kodaira-Enriques classification of compact complex
surfaces we refer to [2] or [13], [14].

Theorem 6.1. The Kodaira dimension of a compact toric strict lcK manifold is −∞.
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Proof. Let (M2n, J, [g]) be a compact toric strict lcK manifold. An effective action of the torus
T n has n-dimensional principal orbits, and their union is a dense open set M0 in M by the
principal orbit theorem (see e.g. [6, Theorem 2.8.5]). Consequently, there exist real holomor-
phic vector fields X1, . . . , Xn which mutually commute and such that X1, . . . , Xn are linearly
independent on M0. Since X1, . . . , Xn are twisted Hamiltonian, Lemma 3.6 and Proposi-
tion 3.9 show that Ω(Xj, Xk) = 0 for every j, k ≤ n. Consequently X1, . . . , Xn, JX1, . . . , JXn

are linearly independent on M0. Moreover, these 2n vector fields mutually commute, since
X1, . . . , Xn are holomorphic and mutually commute. We thus obtain holomorphic sections
Zj := Xj − iJXj of T 1,0M satisfying [Zj, Zk] = [Zj, Z̄k] = 0 for every j, k ∈ {1, . . . , n} and
such that Z1, . . . , Zn are linearly independent on M0. The anti-canonical bundle (KM)∗ '
Λn(T 1,0M) thus has a non-trivial holomorphic section σ := Z1 ∧ . . . ∧ Zn.

Assume, for a contradiction, that some positive power (KM)⊗k of the canonical bundle has
a non-trivial holomorphic section α. Then α(σ⊗k) is a non-trivial holomorphic function on
M , thus it is a non-zero constant. Consequently, σ is nowhere vanishing, so {Zj}1≤j≤n is a
basis of T 1,0M at each point of M . We denote by ωj ∈ Ω1,0M the dual basis and claim that
ωj are closed holomorphic 1-forms. Indeed, since ωi(Zj) = δij and ωi(Z̄j) = 0, we obtain for
all i, j, k:

dωi(Zj, Zk) = Zj(ωi(Zk))− Zk(ωi(Zj))− ωi([Zj, Zk]) = 0,

dωi(Zj, Z̄k) = Zj(ωi(Z̄k))− Z̄k(ωi(Zj))− ωi([Zj, Z̄k]) = 0.

Define now the real (1, 1)-form Ω := i
∑n

j=1 ωj ∧ωj. From the above we have that Ω is closed.

Moreover, the symmetric bilinear form Ω(·, J ·) is positive definite, so Ω is a Kähler form on
M compatible with J . By a result of I. Vaisman, [22, Thm. 2.1], the lcK structure is then
globally conformally Kähler, contradicting the assumption that the lcK structure is strict.

This contradiction shows that the positive tensor powers of KM have no holomorphic
sections, hence κ(M) = −∞. �

7. Toric lcK surfaces

Using the Kodaira classification of compact complex non-Kählerian surfaces, Theorem 6.1
and a recent result of N. Istrati [10], we will now describe all compact complex surfaces
carrying a toric strict lcK structure. Let us first recall the definition of Hopf surfaces.

Definition 7.1. A primary Hopf surface is a complex surface (C2 \ {0})/Γ, where Γ is the
group generated by

γ(z1, z2) := (βz1, αz2 + λzm1 ),

with α, β, λ ∈ C, satisfying 0 < |α|, |β| < 1, λ(α − βm) = 0 and m ∈ N \ {0}. The following
two cases are distinguished:

(i) The diagonal primary Hopf surfaces, when λ = 0.
(ii) The non-diagonal primary Hopf surfaces, when λ 6= 0 (and thus α = βm).

A secondary Hopf surface is a finite quotient of a non-diagonal primary Hopf surface.

The main result of this section is the following:
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Theorem 7.2. The only compact complex surfaces admitting a toric strict lcK structure are
the diagonal Hopf surfaces.

Proof. Let (M,J) be a compact complex surface carrying a toric strict lcK structure. By
Theorem 6.1, κ(M) = −∞. The Kodaira classification of non-Kählerian compact complex
surfaces shows that the only possible examples with Kodaira dimension −∞ are the Inoue
surfaces, the Hopf surfaces, the surfaces in the class V II+

0 (i.e. with b2 > 0), and blow-ups
thereof (see e.g. [13] or [1, Proposition 1]). On the other hand, by a recent result of N. Istrati
[10], any toric lcK manifold admits a toric Vaisman structure. By the classification of compact
Vaisman complex surfaces, obtained by F. Belgun [1, Theorem 1], it follows that the only
ones with Kodaira dimension −∞ are the diagonal Hopf surfaces.

Let Mα,β := (C2 \ {0})/Γ be a diagonal Hopf surface, where Γ is the group generated by
γ(z1, z2) := (βz1, αz2), according to Definition 7.1.

A Vaisman metric on Mα,β was constructed by P. Gauduchon and L. Ornea [8], as follows:
let φα,β : C2 \ {0} −→ R be the function implicitly defined as the unique solution of the
equation

|z1|2|β|−2φα,β(z) + |z2|2|α|−2φα,β(z) = 1,

for any z ∈ C2 \ {0}. It can be checked that the function |αβ|φα,β is a potential for a Kähler
metric gK := ddc|αβ|φα,β on C2 \ {0} and g := |αβ|−φα,βgK projects to a Vaisman metric on
Mα,β (for details see [8, Proposition 1]).

We now prove that the above defined Vaisman structure on Mα,β is toric. We first notice
that C2 \ {0} carries a T 2-action given by

(17) T 2 −→ Diff(C2 \ {0}), (t1, t2) · (z1, z2) = (t1z1, t2z2),

which is effective, holomorphic and Γ-invariant and hence descents to an effective, holomor-
phic T 2-action on Mα,β. The potential φα,β is smooth and satisfies φα,β ◦γ = φα,β + 1, for any
γ ∈ Γ, and is constant along the T 2-orbits, so T 2 acts isometrically on C2 \ {0} with respect
to gK . As the conformal factor between g and gK is exactly this potential, it follows that T 2

also acts isometrically with respect to g and is a subgroup of Auts(Mα,β). By Lemma 3.7,
the T 2-action is twisted Hamiltonian. �

An alternative proof of Theorem 7.2 can be obtained without using the above cited result
of N. Istrati, as a direct consequence of Theorem 6.1 and the following more general result,
which is interesting in itself:

Proposition 7.3. The only non-Kählerian compact complex surfaces of Kodaira dimen-
sion −∞ admitting an effective holomorphic T 2-action are Hopf surfaces.

For the proof of Proposition 7.3, we will need the following standard result which relates
holomorphic vector fields on a complex manifold and on its blow-up at some point (see for
instance [4]):

Lemma 7.4. Let M be a compact complex manifold. The holomorphic vector fields on the
blow-up of M at a point p are exactly the lifts of holomorphic vector fields on M that vanish
at p.
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Proof of Proposition 7.3. As mentioned above, by the Kodaira classification, the only non-
Kählerian compact complex surfaces of Kodaira dimension −∞ are the following: the Inoue
surfaces, the Hopf surfaces, the surfaces in the class V II+

0 (i.e. with b2 > 0), and blow-ups
thereof.

The space of holomorphic vector fields is at most one-dimensional on Inoue surfaces (see [9,
Prop. 2 (ii), Prop. 3 (ii) and Prop. 5] or [1, Prop. 12]) and on surfaces in the class V II+

0 (see
e.g. [5, Remark 0.2]). Consequently, these surfaces cannot admit an effective holomorphic
T 2-action. By Lemma 7.4, the same holds for each of their blow-ups.

We now consider the two types of Hopf surfaces.

1) Diagonal Hopf surfaces and blow-ups thereof.

Let Mα,β := (C2 \ {0})/Γ be a diagonal Hopf surface, where Γ is the group generated by
γ(z1, z2) := (βz1, αz2). Let us first note that Mα,β admits an effective holomorphic T 2-action,
according to (17).

In order to prove that a blow-up at a point of Mα,β does not admit an effective holomorphic
T 2-action, we start by determining the space of holomorphic vector fields on Mα,β. Namely,
we have the following

Claim. The space of Γ-invariant holomorphic vector fields on C2 \ {0} is generated by

a)
{
z1

∂
∂z1
, z2

∂
∂z2
, z2

∂
∂z1
, z1

∂
∂z2

}
, if α = β.

b)
{
z1

∂
∂z1
, z2

∂
∂z2
, zm2

∂
∂z1

}
, if α = βm for some integer m ≥ 2.

c)
{
z1

∂
∂z1
, z2

∂
∂z2
, zm1

∂
∂z2

}
, if β = αm for some integer m ≥ 2.

d)
{
z1

∂
∂z1
, z2

∂
∂z2

}
, if α 6= βk and β 6= αk for any k ∈ N.

Proof of the Claim. Like before, any holomorphic vector field on C2 \ {0} can be extended
to C2, since the singularity is isolated. Let X := u ∂

∂z1
+ v ∂

∂z2
be a holomorphic vector field,

where u and v are two holomorphic functions on C2. The vector field X is Γ-invariant if and
only if u(αz1, βz2) = αu(z1, z2) and v(αz1, βz2) = βv(z1, z2). Equivalently, ajk(α−αjβk) = 0
and bjk(β − αjβk) = 0 for all j, k ∈ N, where ajk and bjk are the coefficients of the power
series of u and v respectively. Since 0 < |α|, |β| < 1, it turns out that in each of the four
possible cases, X is a linear combination of the vector fields as stated in the claim. X

The next step is to show that there are no two linearly independent commuting holomorphic
vector fields which vanish at the same point. Note that it suffices to prove this for the cases
a) and b) in the above claim.

Case a) Assume that α = β and let X, Y ∈ span
{
z1

∂
∂z1
, z2

∂
∂z2
, z2

∂
∂z1
, z1

∂
∂z2

}
, such that there

exists w ∈ C2 \ {0} with Xw = Yw = 0. Hence, there exist a ∈ C2 \ {0} and cj ∈ C, such

that Xz = (a1z1 + a2z2)
(
c1

∂
∂z1

+ c2
∂
∂z2

)
and Yz = (a1z1 + a2z2)

(
c3

∂
∂z1

+ c4
∂
∂z2

)
. Therefore,
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the Lie bracket of X and Y is given by

[X, Y ]z = (a1z1 + a2z2)

(
(a1c1 + a2c2)

(
c3

∂

∂z1

+ c4
∂

∂z2

)
− (a1c3 + a2c4)

(
c1

∂

∂z1

+ c2
∂

∂z2

))
= (a1z1 + a2z2)(c2c3 − c1c4)

(
a2

∂

∂z1

− a1
∂

∂z2

)
.

Thus, if X and Y commute, then c2c3 = c1c4, hence X and Y are linearly dependent.

Case b) Assume that α = βm for some integerm ≥ 2 and letX, Y ∈ span
{
z1

∂
∂z1
, z2

∂
∂z2
, zn2

∂
∂z1

}
,

such that there exists w ∈ C2 \ {0} with Xw = Yw = 0. This readily shows that there exist
a, b ∈ C2 \ {0} such that either

Xz = a1z
m
2

∂

∂z1

+ a2z2
∂

∂z2

, Yz = b1z
m
2

∂

∂z1

+ b2z2
∂

∂z2

or

Xz = (a1z1 + a2z
m
2 )

∂

∂z1

, Yz = (b1z1 + b2z
m
2 )

∂

∂z1

.

Therefore, we compute

[X, Y ]z = m(a2b1 − a1b2)zm2
∂

∂z1

, respectively [X, Y ]z = b1Xz − a1Yz.

In both cases, X and Y commute if and only if they are linearly dependent.

By applying Lemma 7.4, we conclude that no blow-up of Mα,β carries two linearly inde-
pendent commuting holomorphic vector fields, and in particular cannot carry an effective
holomorphic T 2-action.

2) Non-diagonal Hopf surfaces and blow-ups thereof.

Since the secondary Hopf surfaces are finite quotients of non-diagonal primary Hopf sur-
faces, it suffices to show that the latter ones do not admit an effective holomorphic T 2-action.
Let M := (C2 \ {0})/Γ be a non-diagonal primary Hopf surface, where Γ is generated by
γ(z1, z2) := (βz1, β

mz2 + λzm1 ), according to Definition 7.1. We first determine the space of
holomorphic vector fields on M . These correspond to the holomorphic vector field on C2\{0}
invariant under the action of Γ.

Claim. The space of Γ-invariant holomorphic vector fields on C2 \ {0} is generated by

X1 := z1
∂

∂z1

+mz2
∂

∂z2

, X2 := zm1
∂

∂z2

.

Proof of the Claim. Let X = u ∂
∂z1

+v ∂
∂z2

be a Γ-invariant holomorphic vector field on C2\{0},
where u and v are two holomorphic functions on C2 \ {0}. Since the singularity is isolated, u
and v extend holomorphically to the whole complex plane C2. The Γ-invariance of X reads

u ◦ γ(z) = βu(z),(18)

v ◦ γ(z) = mλzm−1
1 u(z) + βmv(z),(19)

for all z ∈ C2. On the other hand, by induction on n ∈ N, we establish that

(20) γn(z) = (βnz1, β
mnz2 + nλβm(n−1)zm1 ).
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In the sequel, we use the fact that for every β ∈ C with 0 < |β| < 1, k ∈ N and n ∈ N\{0},
an entire function f , which satisfies f(βnz) = βkf(z) for any z ∈ C, is either a monomial of
degree k

n
, if n divides k, or identically zero otherwise.

For z1 = 0, (18) reads u(0, βmz2) = βu(0, z2). By the above remark, the function z2 7→
u(0, z2) is linear if m = 1, or identically zero otherwise. Hence, there exists cm ∈ C (which
vanishes if m 6= 1), such that z1 = 0 is a zero of the function z1 7→ u(z1, z2) − cmz2. Thus

ũ(z) := u(z)−cmz2
z1

is an entire function and by (18) it satisfies ũ ◦ γ = ũ − cmλ
β

. Therefore,

ũ ◦ γn(z) = ũ(z)− n cmλ
β

for every z ∈ C2 \ {0}. Taking the limit in this identity for n→∞,

and using the fact that γn(z) tends to 0 for every z by (20), it follows that cm = 0 and ũ
is constant. We deduce that u(z) = cz1 for some constant c ∈ C. Substituting in (19) and
iterating, we obtain by immediate induction

(21) v ◦ γn(z) = βnmv(z) + nmcλβm(n−1)zm1 , ∀n ∈ N.

In particular, for n = 1 and z1 = 0, we readily obtain v(0, βmz2) = βmv(0, z2), for all z2 ∈ C.
So, there exists c′ ∈ C, such that v(0, z2) = c′z2, hence the entire function z1 7→ v(z1, z2)−c′z2

vanishes at z1 = 0. Therefore, either v(z) = c′z2, for any z ∈ C2, or there exists k ∈ N \ {0}
and an entire function ṽ, such that v(z) − c′z2 = zk1 ṽ(z) and ṽ(0, a) 6= 0, for some a ∈ C.
In the first case, (19) implies that c′ = mc. We now consider the second case. By (21), the
function ṽ satisfies

ṽ ◦ γn(z) = β(m−k)n(ṽ + nλβ−m(mc− c′)zm−k1 ).

We now let n→∞ and distinguish the following cases:

• if k > m, then ṽ ≡ 0 and c′ = mc.
• if k < m, then the function ṽ vanishes at (0, z2), for all z2 ∈ C. This contradicts the

definition of k and ṽ.
• if k = m, then c′ = mc and ṽ is constant.

We conclude that u(z) = cz1 and v(z) = mcz2 + c′′zm1 , for some constants c, c′′ ∈ C. This
proves the claim. X

A direct consequence of the above Claim is that there are no two linearly independent
commuting Γ-invariant holomorphic vector fields on C2 \{0} which vanish at the same point.
Hence, by Lemma 7.4, no blow-up of M carries an effective holomorphic T 2-action.

Since the vector fields X1 and X2 commute, the flow of any holomorphic vector field
X := aX1 + bX2, with a, b ∈ C, is the composition of the flows of aX1 and bX2, which are
given by

ϕt(z1, z2) = (eatz1, e
matz2), ψt(z1, z2) = (z1, z2 + btzm1 ).

Namely, the flow of X is (ϕt ◦ ψt)(z1, z2) = (eatz1, e
mat(z2 + btzm1 )). Hence, the orbits of

X are all relatively compact in C2 \ {0} if and only if a ∈ iR and b = 0, i.e. X is a
multiple of X1. On the other hand, on M := (C2 \ {0})/Γ, the projection of the vector field
Y := log β · X1 + λ

βm
· X2, where log denotes a branch of the complex logarithm containing

β in its domain of definition, is a holomorphic vector field with closed orbits. Consequently,
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the real parts of the projections of X1 and Y to M induce an effective holomorphic T 2-action
on M . This finishes the proof Proposition 7.3. �

Remark 7.5. Let us note that Theorem 7.2 can be deduced from Proposition 7.3 as follows.
Let (M,J) be a compact complex surface admitting a toric lcK metric g. By Theorem 6.1 and
Proposition 7.3, (M,J) is a Hopf surface. It thus remains to rule out the case of non-diagonal
Hopf surfaces. We assume now thatM := (C2\{0})/Γ is a non-diagonal primary Hopf surface.
Then, Lemma 3.6 implies that T 2 ⊆ Auts(M,J, [g]). Furthermore, by Proposition 4.4, the
T 2-action lifts to C2\{0}, which is not only the universal covering of M , but also the minimal
covering of any lcK structure on M , since π1(M) = Z. This contradicts the last computation
in the proof of Proposition 7.3, which shows that there do not exist two linearly independent
holomorphic Γ-invariant vector fields on C2\{0} with relatively compact orbits. We conclude
that a non-diagonal primary Hopf surface does not carry a toric lcK structure. On the other
hand, each diagonal Hopf surface admits a toric lcK structure, where the T 2-action is defined
by (17).

Note that any non-diagonal primary Hopf surface (M,J) admits an lcK metric (cf. [1,
Proposition 11]), which can be averaged to an lcK metric g by an argument of L. Ornea and
M. Verbitsky, [18], such that T 2 ⊆ Aut(M,J, [g]). However, as seen above, T 2 is never a
subgroup of Auts(M,J, [g]).
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