ON TORIC LOCALLY CONFORMALLY KAHLER MANIFOLDS
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ABSTRACT. We study compact toric strict locally conformally Kéhler manifolds. We show
that the Kodaira dimension of the underlying complex manifold is —oo and that the only
compact complex surfaces admitting toric strict locally conformally K&hler metrics are the
diagonal Hopf surfaces. We also show that every toric Vaisman manifold has 1cK rank 1
and is isomorphic to the mapping torus of an automorphism of a toric compact Sasakian
manifold.

1. INTRODUCTION

When searching for the best Hermitian metrics on a compact complex manifold (M, J),
one is naturally led to consider Kahler metrics. However, there are well-known topological
obstructions which severely restrict the class of compact complex manifolds carrying such
metrics. A more general class of compatible metrics, which was introduced by I. Vaisman [21]
in the 70’s, are the locally conformally Kdhler (lcK) metrics. These are characterized by
the condition that around any point in M, the metric ¢ can be conformally rescaled to a
Kéhler metric. If this metric can be globally defined, the structure is globally conformally
Kéhler (gcK), otherwise it is called strict IcK. The topological obstructions imposed by the
existence of IcK metrics are less restrictive than in the Kéhler case. In complex dimension 2,
for instance, it was widely believed that any compact complex surface admits an 1cK metric,
until F. Belgun [1] proved that some Inoue surfaces do not admit any 1cK metric.

In this paper we investigate compact strict IcK manifolds admitting an effective torus action
of maximal dimension by twisted Hamiltonian biholomorphisms. Such structures are called
toric lcK and were introduced in [17].

The paper is organized as follows: after some preliminaries on lcK manifolds, we study the
properties of their automorphism group in Section 3 and give several general results about
lifts of group actions on lcK manifolds in Section 4.

In Section 5 we use the special decomposition of the space of harmonic 1-forms on compact
Vaisman manifolds to show that every toric Vaisman manifold has first Betti number b; =1
and is thus isomorphic to the mapping torus of an automorphism of a toric compact Sasakian
manifold.
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In Section 6 we show that the Kodaira dimension of every compact complex manifold
admitting a toric strict 1cK structure is —oo (see Theorem 6.1).

Using this result and the Kodaira classification of non-Kahlerian compact complex surfaces,
we show in Theorem 7.2 that the only compact complex surfaces with a toric strict lcK metric
are the diagonal Hopf surfaces. Indeed, lcK metrics on these manifolds have been constructed
by P. Gauduchon and L. Ornea, [8], and they turn out to admit toric T2-actions.

Acknowledgments. This work was supported by the Procope Project No. 32977YJ and
by the SFB 1085. We thank Nicolina Istrati for pointing out to us an error in a preliminary
version of the paper and for useful suggestions.

2. PRELIMINARIES ON LCK MANIFOLDS

Let (M?",J) be a (connected) complex manifold of complex dimension n > 2. A Kihler
structure on (M, J) is a Riemannian metric g compatible with J (in the sense that J is
skew-symmetric with respect to g), and such that the 2-form Q := g(J-, ) is closed.

Two Kahler structures g and ¢’ on (M, J) in the same conformal class are necessarily
homothetic. Indeed, if ¢ = fg for some positive function f, the associated 2-forms are
related by Q' = fQ, thus 0 = dQ =df AQ+ fdQ = df A, which shows that df = 0, since
the wedge product with the non-degenerate form {2 is injective on 1-forms.

A locally conformally Kéahler (IcK) structure on (M, J) is a Riemannian metric g which
is locally conformally Kéhler in the sense that there exists an open covering {U, }aea of M
and smooth maps ¢, € C*(U,) such that (U,, J,e~#>g) is Kéhler. This definition is clearly
independent on the metric g in its conformal class [¢], so one usually refers to (J, [g]) as being
an IcK structure.

Since e~ ¥>g and e~ %# g are Kahler metrics in the same conformal class on U,NUg, we deduce
from the above remark that ¢, — ¢g is locally constant, and thus dy, = dypsz on U, N Ug.
This shows the existence of a closed 1-form 6, called the Lee form of the 1cK structure (., g),
such that 0|y, = dps. If Q := g(J-,+) denotes like before the 2-form associated to g and J,
then by definition e~%=() is a closed form on U,, thus

0=d(e#Q) = e % (—dp, AQ+dQ) = e (= A Q + dQ),

showing that d2 = 6 A Q2 everywhere on M. If the lcK metric is changed by a conformal
factor, ¢’ := e~ ?g, the corresponding Lee form satisfies ¢ = 6 — de.

If the Lee form vanishes, g is Kahler, if it is exact, # = dy, then g is globally conformal to
the Kéahler metric ¢’ = e ?g, and if it is parallel, g is called Vaisman. In this paper we will
always assume that the IcK structure is strict, in the sense that its Lee form is not exact.
This definition clearly does not depend on the choice of the metric g in its conformal class.

Let now M be the universal covering C of an lcK manifold (M J,g,0), endowed with the

pull-back 1cK structure (J g, 9) Since M i 1S simply connected, 0 is exact, i.e. 0 = dey, and
by the above considerations, the metric g% := %7 is Kahler. The group 7 (M) acts on

(]Tf ,J,¢") by holomorphic homotheties. Indeed, since 0 is m1(M)-invariant, there exists a
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group morphism p: m (M) — (R, +), v+~ ¢,, such that

(1) V=9t Vyem(M)

We thus have v*gX = e~ g%, for every v € m(M). The Kihler structure (j, g%) is tauto-
logically invariant by ker p and defines a Kahler structure denoted (j ,g%) on M:=M / ker p.
The Kéhler manifold (]\/4\ ,J, g%) is called the minimal covering of (M, J,g) (and it actually
only depends on the conformal class [g]).

We thus obtain the following sequence of Galois coverings
3 T D
where I' := m;(M)/kerp. Since p induces an injective group homomorphism I' — R*,

it follows that the automorphism group I' of the minimal covering is isomorphic to a free
Abelian group Z*, for some k € N. The integer k is called the rank of the 1cK structure.

A useful tool in 1cK geometry is the so-called Gauduchon metric. If (M, J, [g]) is a compact
lcK manifold, the Gauduchon metric gy € [g] is characterized by the fact that its Lee form is
co-closed: 696, = 0, and it is unique, up to a positive factor, in the given conformal class, [7].

The so-called twisted differential of an 1cK structure (M, J,g,0) is defined as follows:
d’: (M) — Q*T1(M), d%a := da— 0 Aa. Note that df = 0 implies d? od? = 0. However, d’
does not satisfy the Leibniz rule. If « € Q¥(M) and 8 € QY(M), then the following relation
holds:

d(anp)=d?anB+(-Dfand’B+OAanp.
In particular, for f € C*(M), we have

(2) d°(fB) = df A B+ fd’B.

Lemma 2.1. On a strict lcK manifold (M, J, [g]), the twisted differential acting on functions
is injective, i.e. ker(d’: C*(M) — QY(M)) = {0}.

Proof. Let f € ker(d?), so f satisfies the linear first order differential equation df — f6 = 0.
If f does not vanish at any point of the manifold, then # = dlog|f|, which is not possible,
since the lcK manifold is assumed to be strict. Thus, f vanishes at some point, which implies
that f = 0, by uniqueness of the solution. |

3. AUTOMORPHISMS OF LCK MANIFOLDS

An automorphism of an 1cK manifold (M, J, [¢]) is a conformal biholomorphism. We denote
by Aut(M, J,[g]) the group of all automorphisms and by aut(M, J, [¢]) its Lie algebra. In this
section we establish a few properties of the automorphisms of 1cK manifolds, that will be
used in the sequel. Let us recall the following notions:

Definition 3.1. Let (M, J, g,0) be an 1cK manifold. A vector field X on M is called twisted
Hamiltonian if there exists hxy € C®(M), such that X _Q = d’hx. The space of all such
vector fields on M is denoted by ham?(M). An action of a Lie group on M is called twisted
Hamiltonian if all its fundamental vector fields belong to ham®(M).
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Definition 3.2. An IcK manifold (M?", J, [g]) equipped with an effective holomorphic and
twisted Hamiltonian action of the standard (real) n-dimensional torus 7", is called toric 1cK.

Next we give a class of examples of toric Vaisman manifolds. For this purpose, let us recall
the definition of a Sasakian manifold. A Sasakian structure on a Riemannian manifold (S, gs)
is a complex structure J on R x S, such that the cone metric g% := e=2(dt> + gg) is Kihler
with respect to .J, and for each A € R, the homothety (¢, w) — (¢ + A, w) is holomorphic.

Example 3.3. An example of a toric IcK manifold is the Hopf manifold S x S?*~! whose
natural Vaisman structure is toric, as noticed in [17, Example 4.8]. More generally, a class of
toric Vaisman manifolds can be constructed as follows. Given a compact toric Hodge manifold
N of complex dimension n — 1, we consider the total space of the S*-bundle S corresponding
to the integral cohomology class of its Kéahler form, which carries a Sasakian metric g5. Hence
the product Rx S is endowed with a Kéhler structure (g% := e~ (dt*+gs), J). The action of Z
by translations on R and extended trivially on S is holomorphic and isometric with respect to
the gcK structure (J, § := e*¢’,2dt), which thus projects onto a Vaisman structure (.J, g, #)
on the compact manifold S x S. By construction, N is the quotient (S* x S)/{6*, J6*} and
its toric Kéhler structure is the projection of (J,¢). According to [17, Theorem 5.1], this
Vaisman structure on S x S is toric.

We continue by proving some preliminary results.

Lemma 3.4. Let (M, J,g,0) be an lcK manifold with fundamental 2-form ). There ezists
a morphism of Lie algebras o: aut(M, J,[g]) — R, such that for any X € aut(M, J,[g]), we
have

(3) d(X_.Q) = o(X)Q,
(4) Lxg = (0(X)+0(X))g.

Proof. For X € aut(M, J,[g]), there exists fx € C*®(M), such that LxQ = fxQ. By the
Cartan formula, we have

(5) (fx —0(X)Q = LxQ—0(X)Q=d(XQ) —0A(XQ) =d(X_Q).

Since (d?)? = 0 and Q is d’closed, it follows by (2) that d(fx — #(X)) A Q = 0, which
by the injectivity of Q@ A - on 1-forms implies that d(fx — 6(X)) = 0. Hence there exists
o(X) € R, such that fx = 6(X) + o(X). Since X is a holomorphic vector field, it follows
that Lxg = (0(X) + o(X))g.

It remains to show that ¢ is a Lie algebra morphism, i.e. that o([X,Y]) = 0, for all
X,Y € aut(M, J,[g]). Since 0 is closed and o(X) and o(Y) are constant functions, we obtain

(6) O([X,Y])=X(0(Y)) - Y(0(X)) = X(fy —o(Y)) = Y(fx — (X)) = X(fyr) = Y(fx).
On the other hand, we compute

ﬁ[_}gy]Q — ﬁxﬁyQ - £y£)(Q — ﬁx<ny) - ,Cy(fo) — (X(fy) - Y(fx))Q,
so that fixy) = X(fy) =Y (fx). By (6), it follows that o([X,Y]) = fixy;—0([X,Y]) =0. O
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Remark 3.5. Let (M, J, [g]) be an 1cK manifold. On its universal covering M endowed with

the Kéhler structure (g%, Q%), Lemma 3.4 reads
(7) d(X_05) = o(X)OQK,
(8) Lzg" =a(X)g",

for each vector field X on M, whose lift on M is denoted by X.

We denote by Autg(M, J, [g]) the subgroup of Aut(M, J,[g]) consisting of automorphisms

whose lifts to M are isometries with respect to the Kihler metric ¢. By (8), its Lie algebra
is auts(M, J, [g]) := kero. The elements of Auts(M, J,[g]) are called special automorphisms
of the IcK structure (M, J, [g]).

Lemma 3.6. On an lcK manifold (M?", J,[g]), the following inclusion holds:
(9) ham’(M) Nhol(M) C auty(M, J, [g]),
where hol(M) denotes the set of holomorphic vector fields on (M, J).

Proof. Let X € ham®(M)Nhol(M). Then there exists hx € C>°(M), such that X 1Q = d’hy.
We now compute using Cartan’s formula and the fact that d = d? + 6 A -

LxQ=d°(X10)+0A(X20) + X2d°Q+ X0 A Q)
=0N(X1Q)+X10ANQ)=0(X)Q.

Since X is a holomorphic vector field, it follows that £xg = 6(X)g. Hence, X € aut(M, J, [g]).
Moreover, (4) implies that X € kero. O

(10)

It turns out that this inclusion is even an equality under some additional assumption:

Lemma 3.7. Let (M?", J,[g]) be a compact IcK manifold. Assume that the minimal covering
of M coincides with its universal covering. Then ham®(M) N bol(M) = aut,(M, J, [g]).

Proof. Let Q% = e=#7*Q) be the fundamental form of the Kéhler structure on the universal
covering of M, where 70 = dyp. Let us fix some X € auty(M, J,[g]). By (7), the following

equality holds d(X 2O =0, where X is the lift of X to M. Thus, there exists a function
h € C®(M), such that dh = X _QF.

The hypothesis implies that every non-trivial element in 71 (M) acts by a strict homothety
on (]T/[/ ,g%). Thus 7 (M) is commutative, since a commutator of homotheties is an isometry.
For each v € m (M), we have v*p = ¢ + ¢,, where v > ¢, is the group morphism defined
in (1). Hence, we have 7*QF = e7QF  which implies v*dh = e “7dh, or equivalently
d(v*h —e~“h) = 0. Therefore, there exists a constant )\7, such that v*h —e “h = \,. Let
us fix some g € m (M) \ {id}. By replacing h with h —

—;» We may assume Ay, = 0. We

now prove that in fact A, =0, for all v € m;(M). Comparmg the following two relations
V*VSh =~* (e_C’YO h) = ¢ % (G_C'Yh + /\7)’
7 h = yele h 4 A) = e 0 R 4 A,
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and using the commutativity of m1(M), we obtain A,(1 —e~%0) = 0. As ¢,, # 0, it follows
that A, =0, for any v € m;(M). Concluding, we have shown that

Yh=e“h, Yvyem(M).
It follows that the function e¥h projects onto M. Moreover, on M we have
d’(e?h) = e?(hf + dh) — e#hf = e* X QO = X 7" Q.

Thus, X is a twisted Hamiltonian vector field on M, whose Hamiltonian function is the
projection of e¥h onto M. O

Proposition 3.8. Let (M*", J,[g]) be a compact lcK manifold. The following assertions hold:

(1) Every vector field in aut(M, J,[g]) is a Killing vector field for the Gauduchon metric
90 € [9]-
(1) If By denotes the Lee form of the Gauduchon metric, we have auts(M, J,[g]) C ker 6.
(13i) For any X € auty(M, J,[g]), its lift X, resp. X, to the universal (resp. minimal)
covering of (M, J,[g]) is a Killing vector field for the Kdhler metric g'*.

Proof. (i) Tt suffices to prove that any ¢ € Aut(M?", J,[g]) is an isometry of go. We first
notice that the metric ¥*gy € [)*g] is also a Gauduchon metric. By definition, ¢ preserves
the conformal class, so [)*g] = [g]. Since in any conformal class, a Gauduchon metric is
unique up to a positive constant, there exists ¢ > 0, such that ¢*gy = cgyo. This means that
1 is a homothety. However, on a compact manifold any homothety is already an isometry.
Therefore, 1 is an isometry for go.

(17) Follows from (i) and (4).
(7i1) Follows from (8). O
Proposition 3.9. Let (M?", J,[g]) be a compact strict lcK manifold endowed with an effective

twisted Hamiltonian holomorphic T™-action. Then the orbits of the action are isotropic with
respect to the fundamental 2-form €2 and m < n.

Proof. Let X,Y be two fundamental vector fields associated to the given T™-action on M.
Lemma 3.6 implies that X,Y € aut,(M). We then compute using Lemma 3.4 and the fact
that [X,Y] = 0:
d(QX,Y)) =d(YiQUX)) = Ly (X)) = Yd(2X)) = (LyQ)(X) = YI(LxQ — X1dQ)
=0(Y)QUX) —0(X)QY )+ YiX(0AQ)=Q(X,Y)6.

This shows that d?(2(X,Y)) = 0. By Lemma 2.1, we conclude that Q(X,Y) = 0, so each
T™-orbit is isotropic with respect to {2 and hence has dimension at most n. On the other
hand, a known consequence of the principal orbit theorem (see e.g. [6, Theorem 2.8.5]) is
that any T™ acting effectively on a compact manifold, acts freely on its principal orbit. Thus,
it follows that m < n.

O
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4. GROUP ACTIONS ON LCK MANIFOLDS

We start with a few general lemmas about lifts of group actions from the basis to the total
space of a covering. Let G be a connected Lie group acting smoothly on a connected manifold

M, and let 7 : M — M be a covering with connected covering space. For every z € M we
denote by f, : G — M the map f.(a) :=a- x.

Lemma 4.1. The action of G on M lifts to an action of G on M if and only if for each
€M and & € M with w(Z) = x, the map f, lifts to a smooth map f; : G — M which maps
1g to z.

Proof. One direction is clear. Conversely, we define the map f : G X M- M by (a,z) —
a-T = fa;( ). Since wo f(a,z) = a-7w(z), the map f is smooth. Moreover, for every a,b € G

and T € M we have

wa-(b-2)=a-wb-2)=a-(b-7(z)) = (ab) - 7(z) = 7((ab) - z),

thus showing that a - (b- ) and (ab) -  belong to the same fibre. By continuity of the
map f, the set of points (a,b, ) such that a - (b- ) = (ab) - Z is open, closed and contains
la xGx M C GxGx M. Since Gx G x M is connected, the above relation holds identically,
thus showing that f is a group action. O

Corollary 4.2. If G = G x Gy acts on M and the action of G; on M lifts to an action of
G; on M fori= 1,2, then the action of G on M lifts to an action of G on M.

Proof. We apply the previous lemma, noting that for each x € M and z € M the map f,
lifts to the map fi(ai,a2) := ay - (az - ). O

Lemma 4.3. Assume in addition that M is a Galois covering of M whose automorphism
group has no torsion and let p : G— G be a finite covering. If the induced action ofG on
M lifts to M, then the action of G lifts to M.

Proof. We denote by K the image of 771(]\//.7) in m1(M). The hypothesis shows that K is a
normal subgroup of 71 (M), and 71 (M) /K has no element of finite order (except the identity).

For every © € M we consider as before the map f, : G = M, a — a-x and denote
by fx = frop: G — M. By the classical covering lemma, f, lifts to M if and only if
(fz)«(m(G)) € K. By assumption, £, lifts to M, so we have (f.)«(m(G)) C K, whence
(f2)(po(m(G))) C K. The map f. thus induces a group morphism

p:m(G)/p(mi(G)) — m (M)/K.

On the other hand, p*(m(@)) has finite index in 7 (G) since G — G is a finite covering,
and m(M)/K has no torsion, so the morphism p vanishes identically. This shows that

(f2)«(m(G)) C K, so f, lifts to M. We conclude by Lemma 4.1. O
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Proposition 4.4. Let (M?",J) be a compact complex manifold carrying an lcK structure

(J, g,0) with minimal covering M. Let G be a compact connected Lie group acting holomor-
phically on M. Then the following assertions hold:

(¢) If the action of G lifts to ]/\4\, then there ezists an lcK structure (J,¢',0") on M, such
that G C Auts(M, J, [¢']).
(i1) If G C Auts(M, J,[g]), then the action of G lifts to M.

Proof. (i) Let I' denote the automorphism group of the covering 7 : M — M. The pull-back
70 of the Lee form to M is exact, so there exists a function ¢ on M such that 70 = de.
Since 7*@ is I'-invariant, there exists a group morphism I' — (R,+), v + c¢,, such that
Yo = ¢ + ¢, for every v € T, similar to (1). The Kahler metric ¢ := e ¥7*g is then
[-equivariant, in the sense that v*¢g% = e=“ ¢, for every v € T'.
We claim that G' and I' commute. By assumption, for every a € G and 2 € M , we have
m(az) = an(z). Consequently, for every v € I' we obtain

m(ayz) = ar(yZ) = an(z) = w(az).
Since G is connected and I' is discrete, this shows that for every « € I there exists v/ € T’
such that ay = 7/a for every a € GG. Taking a = id shows that v = 4/, thus proving our claim.

Let now dp denote the Haar measure of G (normalized such that G has unit volume) and
let ¢ and g& be the average on M over G of ¢ and ¢’ respectively:

o= / codula), gk = / a* g% dyu(a).
G G

Clearly ¢g¥ is still Kéhler, and by construction, taking into account the commutation of G
and I', we see that the function ¢ and the metric ¢ are G-invariant and I'-equivariant:

Yo =+ cy, 7 gl =e gk, Vyel.

It follows that the metric e?gX projects onto a G-invariant 1cK metric ¢ on M, whose
corresponding Lee form ¢ satisfies /(X) = 0, for any fundamental vector field X of the
G-action. Since such an X is also a Killing vector field with respect to ¢’, we obtain by (4)
that G C Auts(M, J, [¢']).

(it) Any compact Lie group is a finite quotient of 7% x G, for some k € N and G, a
simply connected compact Lie group. By Lemma 4.1, the action of G, lifts to M , SO using
Corollary 4.2 and Lemma 4.3, it suffices to show that if T% C Auty(M, J,[g]) on a compact lcK
manifold (M?", J, [g]), then its action lifts to the minimal covering M. By Corollary 4.2 again,
we may assume k = 1. Equivalently, we need to show that the lift of every X € aut,(M, J, [g])
with closed orbits on M has closed orbits on M.

By Proposmon 3.8, X is Killing with respect to the Gauduchon metric gy on M, and its
lift X to M is Killing with respect to both 7*gy and ¢*. Slnce the flow of X is equal to the
identity at some time to > 0, it follows that the flow of X at time to is an automorphism
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of the covering M , and at the same time an isometry of g%, as X preserves g%. On the
other hand, by definition of the minimal covering, the only automorphism of M which is an
isometry of ¢g¥ is the identity, thus showing that X has closed orbits. O

A straightforward consequence of Proposition 4.4 is the following:

Corollary 4.5. Let (M?**,J) be a compact complex manifold and let G be a compact Lie group
acting holomorphically on M. If the G-action does not lift to any of the non-compact coverings
of M, then there exists no lcK structure (J,[g]) on M, such that G C Auts(M, J,[g]).

5. TORIC VAISMAN MANIFOLDS

In this section, we investigate toric compact Vaisman manifolds and show that each such
manifold is obtained as the mapping torus of a compact toric Sasakian manifold.

Without loss of generality, we assume that the norm of the Lee form of a Vaisman structure
equals 1. Recall that on a Vaisman manifold the Lee and anti-Lee vector fields #* and Jé* are
Killing and holomorphic. We will need in the sequel the following elementary observation:

Lemma 5.1. For any Killing vector field X and any harmonic 1-form o on a compact con-
nected Riemannian manifold, the following identity holds Lxa = d(a(X)) = 0. In particular,
a(X) is constant.

Proof. Since the manifold is compact, « is closed and co-closed. Cartan’s formula then yields
Lxa = d(a(X)). On the other hand, the 1-form Ly« is harmonic, as X is a Killing vector
field. By the Hodge decomposition theorem on a compact Riemannian manifold, the only
harmonic and exact differential form is the trivial one. Thus, Lxa = d(«(X)) = 0. O

The following result is folklore, see e.g. [11], [19], [20], [23]. For the convenience of the
reader we give here an elementary proof.

Lemma 5.2. Let (M?",J,g,0) be a compact Vaisman manifold of complex dimension n > 2.

(i) If a € QY (M) is a harmonic form pointwise orthogonal on 0, then Ja is also harmonic
and pointwise orthogonal on 6.
(17) The following decomposition of the space of harmonic 1-forms holds:

(11) H' (M) = span{6} & Hy (M),

where each element of Hi(M) is pointwise orthogonal on 6 and H(M) is J-invariant.
Proof. (i) Lemma 5.1 applied to the harmonic form « and the Killing vector fields 6* and J§*
yields
(12) EguOé = 0, EJ@)}OC = d(Oé(J‘gﬁ)) = 0

and the function (J6, a) =: ¢ is constant on M. Furthermore, by Cartan’s formula and using
the fact that 6 is a holomorphic vector field, we obtain

(13) 0" .dJa = d(Ja, 0) + 0*adJa = L (Ja) = 0.



10 FARID MADANI, ANDREI MOROIANU, MIHAELA PILCA

Recall that on the universal covering M endowed with the pull-back 1cK structure (j 7J, 9),
the metric § and the Kihler metric ¢¥ are conformally related by g% = e=%g, with dp = 6.

Hence, their corresponding Laplace operators acting on a 1-form 8 on M are related as follows
(see for instance [3, Theorem 1.159)):

(14)  AFB=e? (B8+ (n—1Dd((B,0) + (n— 2)FdB + (n — 1)(8,0)0 + (55)0)

where all operators of the right hand side are associated to the metric g. Applying this
formula for 5 = &, the pull-back of «, and taking into account that & is closed and co-closed
and orthogonal on 6, we obtain that & is also harmonic with respect to the Kéhler metric,
i.e. A& = 0. Since on a Kéhler manifold the Laplace operator commutes ~with the complex
structure, it follows that AXJa = JAK& = 0. Applying now (14) to 8 = Ja and projecting

on M, we obtain:

(15)  Ada+ (n—1)d((Ja,8) + (n —2)0*2dJa + (n — 1){Ja, 0)0 + (6Ja)f = 0,
which further simplifies, using (13) and the fact that (J6, «) = ¢ is constant, to:
(16) AJa+ (n—1)c+ (§Ja)d = 0.

Taking in (16) the scalar product with 6 and integrating over M yields (n — 1)c = 0. Since
n>2 weget 0 =c=(J#, a), so Ja is pointwise orthogonal to §. Applying the codifferential
to (16) yields

sdéJa — 6*(6Ja) = 0.
On the other hand, using the fact that 6 is Killing and holomorphic, together with (12), we
obtain #%(6.Ja) = Ly:0Ja = 0. Hence, we get

AdJa =d6ddJa = 0.

Thus, the function éJa is constant, and as its integral over M vanishes, we get that dJa is
identically zero. Substituting this into (16) implies that Ja is harmonic.

(ii) Let B € H'(M). By Lemma 5.1, the function (3, 6) is constant and thus 8 — (3, 6)0 is
harmonic. According to (i), this completes the proof. O

Remark 5.3. A direct consequence of Lemma 5.2 is the fact that the first Betti number of
a compact Vaisman manifold is odd, which was proven in [12].

Proposition 5.4. Let (M*",J,g) be a compact toric Vaisman manifold. Then the following
assertions hold:

(i) The lcK rank of (J,]g]) equals 1.

(1) M 1is obtained as the mapping torus of a compact toric Sasakian manifold.

Proof. (i) The rank of any 1cK structure on M is less than or equal to the first Betti number
of M. Hence, it is enough to show that H;(M,R) = R. According to the Hodge theory on
compact manifolds and to the decomposition (11), it suffices to show that H} (M) = {0}.

Let 8 € H{(M) and let € be a fundamental vector field of the toric action. By Lemma 5.1
applied to 5 and to the Killing vector field £, the function 3(&) is constant. On the other hand,
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¢ is twisted Hamiltonian, so there exists h € C*°(M), such that (J€)” = €20 = dh = dh— hd.
We now integrate over M the constant 5(§):

/M B(€)do = /M (18, (JEP)dv = /M (78, dh — h)dv = /M (6(JB)h — h{JB.6))dv =0,

where for the last equality we used that JS € H}(M) ¢f. Lemma 5.2, so Jj is orthogonal to
6 and co-closed. Hence, 3(¢) = 0. In particular, the same holds also for J3, since H{(M) is
J-invariant, by Lemma 5.2.

Let us now consider a basis of the Lie algebra of the torus 7™, {&;, ..., &, }. We denote by the
same symbols the corresponding fundamental vector fields on M. According to the principal
orbit theorem, there exists a dense open set My of M, on which {&,..., &, J&, ..., J&.}
forms a basis of the tangent bundle of M. As shown above, each 8 € H}(M) vanishes on
{&1,.. ., &0, J&, ..., JE ), hence B = 0 on My, and by density also on M. We thus conclude
that HS (M) = {0}.

(71) We recall that the minimal covering M of a Vaisman manifold M , endowed with the
Kihler metric g’, is biholomorphic and isometric to the Kihler cone over a Sasakian manifold
S. Moreover, each homothety of (R x S, g) is of the form (¢,p) — (t + a,,(p)), for some
a € R and 9, an isometry of S. If the Vaisman structure is assumed to be toric, then by [17,
Theorem 4.9], the Sasakian manifold S is also toric.

Since by (i), the 1cK rank of the toric Vaisman structure equals 1, the deck transformation
group of the minimal covering MisT = Z. Using this identification, we assume that I'
is generated by the strict homothety (¢,p) — (¢ + 1,%1(p)). Hence, M is obtained as the
mapping torus [0, 1] x S/ ~, where (0,p) ~ (1,41(p)). Moreover, this also shows that S is
compact. ]

Remark 5.5. According to [16, Theorem 1.1], the fundamental group of a compact toric
Sasakian manifold is a finite abelian group. Hence, from the proof of Proposition 5.4, (i7), it
follows that the universal covering of a compact toric Vaisman manifold is the Kahler cone
over a compact toric Sasakian manifold. We recall that compact toric contact manifolds were
classified by E. Lerman in [15, Theorem 2.18].

6. THE KODAIRA DIMENSION OF TORIC LCK MANIFOLDS

Let (M,J) be a compact complex manifold of complex dimension n and K := A™°M its
canonical line bundle. We recall that the Kodaira dimension of (M, J) is defined as

log(dim H°(M, K®*
k(M) := lim sup og(dim H7(M, )
{—00 1Og€

Y

where HO(M, K®%) denotes the space of holomorphic sections of K. For properties of the
Kodaira dimension, as well as for the Kodaira-Enriques classification of compact complex
surfaces we refer to [2] or [13], [14].

Theorem 6.1. The Kodaira dimension of a compact toric strict lcK manifold is —oc.
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Proof. Let (M?*", J,[g]) be a compact toric strict lcK manifold. An effective action of the torus
T" has n-dimensional principal orbits, and their union is a dense open set M, in M by the
principal orbit theorem (see e.g. [6, Theorem 2.8.5]). Consequently, there exist real holomor-
phic vector fields X7, ..., X,, which mutually commute and such that X,..., X,, are linearly
independent on M,. Since Xi,..., X, are twisted Hamiltonian, Lemma 3.6 and Proposi-
tion 3.9 show that Q(X;, X;) = 0 for every j, k < n. Consequently X,..., X,, JX;,...,JX,
are linearly independent on M,. Moreover, these 2n vector fields mutually commute, since

Xi,..., X, are holomorphic and mutually commute. We thus obtain holomorphic sections
Z; = X; —iJX; of T M satistying [Z;, Zy] = [Z;, Z] = 0 for every j,k € {1,...,n} and
such that Zy,...,Z, are linearly independent on M,. The anti-canonical bundle (K ;)* ~

A™(T*°M) thus has a non-trivial holomorphic section o := Z; A ... A Z,.

Assume, for a contradiction, that some positive power (K,;)®* of the canonical bundle has

a non-trivial holomorphic section a. Then a(c®*) is a non-trivial holomorphic function on
M, thus it is a non-zero constant. Consequently, ¢ is nowhere vanishing, so {Z;}1<j<, is a
basis of TH'M at each point of M. We denote by w; € QM the dual basis and claim that
w; are closed holomorphic 1-forms. Indeed, since w;(Z;) = §;; and w;(Z;) = 0, we obtain for
all 7, 7, k:

dwi(Zj, Zx) = Zj(wi(Zk)) — Zi(wi(Z;)) — willZ;, Ze]) = 0,

dwi(Z;, Zk) = Zj(wi(Zk)) — Zk(wi(Z;)) — willZ;, Zk]) = 0.
Define now the real (1, 1)-form Q :=1 Z?Zl w;j Aw;. From the above we have that €2 is closed.
Moreover, the symmetric bilinear form (-, J-) is positive definite, so 2 is a Kéhler form on
M compatible with J. By a result of I. Vaisman, [22, Thm. 2.1], the lcK structure is then
globally conformally Kéhler, contradicting the assumption that the IcK structure is strict.

This contradiction shows that the positive tensor powers of Kj,; have no holomorphic
sections, hence k(M) = —oo. O

7. TorIC LCK SURFACES

Using the Kodaira classification of compact complex non-Kéahlerian surfaces, Theorem 6.1
and a recent result of N. Istrati [10], we will now describe all compact complex surfaces
carrying a toric strict IcK structure. Let us first recall the definition of Hopf surfaces.

Definition 7.1. A primary Hopf surface is a complex surface (C? \ {0})/T, where T is the
group generated by

v(z1, 22) := (Bz1, aze + A27"),
with «, 8, A € C, satisfying 0 < |af, |5] < 1, A(a — ™) = 0 and m € N\ {0}. The following
two cases are distinguished:

(i) The diagonal primary Hopf surfaces, when A = 0.
(i7) The non-diagonal primary Hopf surfaces, when A # 0 (and thus a = ™).

A secondary Hopf surface is a finite quotient of a non-diagonal primary Hopf surface.

The main result of this section is the following:
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Theorem 7.2. The only compact complex surfaces admitting a toric strict lcK structure are
the diagonal Hopf surfaces.

Proof. Let (M, J) be a compact complex surface carrying a toric strict 1cK structure. By
Theorem 6.1, k(M) = —oo. The Kodaira classification of non-Kéhlerian compact complex
surfaces shows that the only possible examples with Kodaira dimension —oo are the Inoue
surfaces, the Hopf surfaces, the surfaces in the class VIIj (i.e. with by, > 0), and blow-ups
thereof (see e.g. [13] or [1, Proposition 1]). On the other hand, by a recent result of N. Istrati
[10], any toric lcK manifold admits a toric Vaisman structure. By the classification of compact
Vaisman complex surfaces, obtained by F. Belgun [1, Theorem 1], it follows that the only
ones with Kodaira dimension —oo are the diagonal Hopf surfaces.

Let M, 5 := (C*\ {0})/T be a diagonal Hopf surface, where T is the group generated by
(21, 22) := (Bz1, azq), according to Definition 7.1.

A Vaisman metric on M, s was constructed by P. Gauduchon and L. Ornea [8], as follows:
let ¢ 5 : C*\ {0} — R be the function implicitly defined as the unique solution of the
equation

2118205 4 [Pl e = 1,
for any 2 € C?\ {0}. It can be checked that the function |a3|?*# is a potential for a Kahler
metric g& := dd°|af|?# on C? \ {0} and g := |af]|?*#g" projects to a Vaisman metric on
M, g (for details see [8, Proposition 1]).

We now prove that the above defined Vaisman structure on M, s is toric. We first notice
that C? \ {0} carries a T?-action given by

(17) T2 — DIH(CQ \ {O}), (tl,t2> . (21, 22) = (tlzl,tgzg),

which is effective, holomorphic and I'-invariant and hence descents to an effective, holomor-
phic T?-action on M, 5. The potential ¢, 5 is smooth and satisfies ¢, 507 = ¢o 5+ 1, for any
v €T, and is constant along the T?-orbits, so T? acts isometrically on C? \ {0} with respect
to ¢®. As the conformal factor between g and ¢¥ is exactly this potential, it follows that 72
also acts isometrically with respect to ¢ and is a subgroup of Auts(M, ). By Lemma 3.7,
the T2-action is twisted Hamiltonian. O

An alternative proof of Theorem 7.2 can be obtained without using the above cited result
of N. Istrati, as a direct consequence of Theorem 6.1 and the following more general result,
which is interesting in itself:

Proposition 7.3. The only non-Kdhlerian compact complex surfaces of Kodaira dimen-
sion —oo admitting an effective holomorphic T?-action are Hopf surfaces.

For the proof of Proposition 7.3, we will need the following standard result which relates
holomorphic vector fields on a complex manifold and on its blow-up at some point (see for
instance [4]):

Lemma 7.4. Let M be a compact complex manifold. The holomorphic vector fields on the
blow-up of M at a point p are exactly the lifts of holomorphic vector fields on M that vanish
at p.
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Proof of Proposition 7.3. As mentioned above, by the Kodaira classification, the only non-
Kéhlerian compact complex surfaces of Kodaira dimension —oo are the following: the Inoue
surfaces, the Hopf surfaces, the surfaces in the class VII; (i.e. with by > 0), and blow-ups
thereof.

The space of holomorphic vector fields is at most one-dimensional on Inoue surfaces (see [9,
Prop. 2 (it), Prop. 3 (ii) and Prop. 5] or [1, Prop. 12]) and on surfaces in the class VI (see
e.g. [5, Remark 0.2]). Consequently, these surfaces cannot admit an effective holomorphic
T2-action. By Lemma 7.4, the same holds for each of their blow-ups.

We now consider the two types of Hopf surfaces.
1) Diagonal Hopf surfaces and blow-ups thereof.

Let M, 5 := (C*\ {0})/T be a diagonal Hopf surface, where T is the group generated by
Y(21, 22) = (B21,az2). Let us first note that M, g admits an effective holomorphic T?-action,
according to (17).

In order to prove that a blow-up at a point of M, g does not admit an effective holomorphic
T?-action, we start by determining the space of holomorphic vector fields on M, 5. Namely,
we have the following

Claim. The space of I-invariant holomorphic vector fields on C*\ {0} is generated by

s

el 0 0 : _
{Zlaz1 z2(’9zz z2821 Zlaz } lf()é—ﬁ

o) _ am
{zl 507 225550 % B } if « = ™ for some integer m > 2.

o

)

Oz2

)
)
) {Zlazlﬂ o zf"”az2} if B = o™ for some integer m > 2.
) {218Z1 2262} if « # B and 8 # o for any k € N.

oL

Proof of the Claim. Like before, any holomorphic vector field on C? \ {0} can be extended
to C?, since the singularity is isolated. Let X := ua%l + v(% be a holomorphic vector field,
where u and v are two holomorphic functions on C2. The vector field X is I'-invariant if and
only if u(azy, Bz9) = au(z1, 22) and v(azy, Bze) = Bu(z1, 22). Equivalently, aj(a — a? %) =0
and bx(8 — a?B%) = 0 for all j,k € N, where aj; and b;;, are the coefficients of the power
series of u and v respectively. Since 0 < |af,|8| < 1, it turns out that in each of the four
possible cases, X is a linear combination of the vector fields as stated in the claim. v

The next step is to show that there are no two linearly independent commuting holomorphic
vector fields which vanish at the same point. Note that it suffices to prove this for the cases
a) and b) in the above claim.

Case a) Assume that « = f and let X, Y € span{zla%l, 228%2, 228%1, 21%}, such that there
exists w € C*\ {0} with X,, = Y,, = 0. Hence, there exist a € C*\ {0} and ¢; € C, such

that X, = (a121 + ag29) (Claizl + @%) and Y, = (a121 + az29) <c3aiz1 + 048%2) Therefore,
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the Lie bracket of X and Y is given by

(X, Y], = (a121 + az2;) ((a161 + ascs) (03% + 481) — (a1c3 + azey) <018i1 + Co 8622))
0 0
= (a121 + as29)(cac3 — c104) (a25_1 - alaz2)
Thus, if X and Y commute, then cyc3 = ci¢y4, hence X and Y are linearly dependent

Case b) Assume that o = 4™ for some integer m > 2 and let X,Y € span{z1 8‘2 , Zop— 8Z2 ,2n 2 o },

such that there exists w € C? \ {0} with X,, = ¥,, = 0. This readily shows that there exist
a,b € C?\ {0} such that either

0 0 0
X, a12281+a222622 512281+52220Z2 or
X, = (aqz —l—azm)i Y, = (hiz —l—bzm)i
z — \U1~1 2722 821’ z = (U121 229 32’1'

Therefore, we compute

0
[(X,Y]. = m(azby — a1b2)Z§na—Zl7

In both cases, X and Y commute if and only if they are linearly dependent.

respectively [X,Y], = b X, — a1Y.

By applying Lemma 7.4, we conclude that no blow-up of M, g carries two linearly inde-
pendent commuting holomorphic vector fields, and in particular cannot carry an effective
holomorphic T?-action.

2) Non-diagonal Hopf surfaces and blow-ups thereof.

Since the secondary Hopf surfaces are finite quotients of non-diagonal primary Hopf sur-
faces, it suffices to show that the latter ones do not admit an effective holomorphic T2-action.
Let M := (C?\ {0})/T be a non-diagonal primary Hopf surface, where I" is generated by
(21, 22) = (Bz1, f" 29 + A2]"), according to Definition 7.1. We first determine the space of
holomorphic vector fields on M. These correspond to the holomorphic vector field on C?\ {0}
invariant under the action of T'.

Claim. The space of I-invariant holomorphic vector fields on C? \ {0} is generated by

0 0 0
X1 = Zla_z + mzzaz X2 = Zl az
1 2 2

Proof of the Claim. Let X = uz>— —|—v 2 be a I-invariant holomorphic vector field on C?\{0},

where u and v are two holomorphlc functlons on C*\ {0}. Since the singularity is isolated, u
and v extend holomorphically to the whole complex plane C2. The I'-invariance of X reads

(18) wo(2) = fulz),
(19) vory(z) = mAz" u(z) + BM(2),

for all z € C2. On the other hand, by induction on n € N, we establish that
(20) Y (2) = (B"z1, ™"z + nABTTI ).
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In the sequel, we use the fact that for every f € C with 0 < |#| < 1, kK € Nand n € N\ {0},
an entire function f, which satisfies f(3"2) = B8¥f(z) for any z € C, is either a monomial of
degree %, if n divides k, or identically zero otherwise.

For z; = 0, (18) reads u(0, f™z) = pu(0,22). By the above remark, the function zy +—
u(0, 25) is linear if m = 1, or identically zero otherwise. Hence, there exists ¢,, € C (which
vanishes if m # 1), such that z; = 0 is a zero of the function z; — wu(z1, 22) — ¢nz2. Thus

w(z) = %ﬁ”zz is an entire function and by (18) it satisfies w o~y = u — CT/’;’\. Therefore,
uon"(z) =u(z) — ncg’\ for every z € C?\ {0}. Taking the limit in this identity for n — oo,

and using the fact that v"(z) tends to 0 for every z by (20), it follows that ¢,, = 0 and @
is constant. We deduce that u(z) = cz; for some constant ¢ € C. Substituting in (19) and
iterating, we obtain by immediate induction

(21) voy(2) = f"(2) + nmeABm D Y € N

In particular, for n = 1 and z; = 0, we readily obtain v(0, 8" z2) = ™v(0, z2), for all 2z, € C.
So, there exists ¢ € C, such that v(0, z2) = 29, hence the entire function z; — v(z1, 22) — 29
vanishes at z; = 0. Therefore, either v(z) = 'z, for any z € C?, or there exists k € N\ {0}
and an entire function 9, such that v(z) — 'z, = 2¥9(2) and ©(0,a) # 0, for some a € C.
In the first case, (19) implies that ¢ = mc. We now consider the second case. By (21), the
function v satisfies

B oy"(z) = BTG 4 AT (me — ) 2R,
We now let n — oo and distinguish the following cases:

e if £ > m, then © =0 and ¢ = mec.

e if £ < m, then the function ¥ vanishes at (0, z3), for all z5 € C. This contradicts the
definition of k£ and .

e if k = m, then ¢ = mc and ¥ is constant.

We conclude that u(z) = cz; and v(z) = mczy + 27", for some constants ¢,¢” € C. This
proves the claim. v

A direct consequence of the above Claim is that there are no two linearly independent
commuting [-invariant holomorphic vector fields on C?\ {0} which vanish at the same point.
Hence, by Lemma 7.4, no blow-up of M carries an effective holomorphic T?-action.

Since the vector fields X; and X5 commute, the flow of any holomorphic vector field
X = aX; 4+ bX,, with a,b € C, is the composition of the flows of aX; and bXs, which are
given by

at

@t(zl»@) = (6 Z17€mat22)a ¢t(2172’2) = (2’1722 + btz{").

Namely, the flow of X is (¢ 0 ¥y)(21,20) = (e™21,e™™ (22 + bt2{")). Hence, the orbits of
X are all relatively compact in C? \ {0} if and only if @ € iR and b = 0, i.e. X is a
multiple of X;. On the other hand, on M := (C?\ {0})/T, the projection of the vector field
Y :=logh- - X; + 6%" - X5, where log denotes a branch of the complex logarithm containing
[ in its domain of definition, is a holomorphic vector field with closed orbits. Consequently,



ON TORIC LOCALLY CONFORMALLY KAHLER MANIFOLDS 17

the real parts of the projections of X; and Y to M induce an effective holomorphic T%-action
on M. This finishes the proof Proposition 7.3. 0

Remark 7.5. Let us note that Theorem 7.2 can be deduced from Proposition 7.3 as follows.
Let (M, J) be a compact complex surface admitting a toric lcK metric g. By Theorem 6.1 and
Proposition 7.3, (M, J) is a Hopf surface. It thus remains to rule out the case of non-diagonal
Hopf surfaces. We assume now that M := (C*\{0})/I is a non-diagonal primary Hopf surface.
Then, Lemma 3.6 implies that 7% C Aut,(M, J, [g]). Furthermore, by Proposition 4.4, the
T?-action lifts to C?\ {0}, which is not only the universal covering of M, but also the minimal
covering of any lcK structure on M, since 71 (M) = Z. This contradicts the last computation
in the proof of Proposition 7.3, which shows that there do not exist two linearly independent
holomorphic T-invariant vector fields on C?\ {0} with relatively compact orbits. We conclude
that a non-diagonal primary Hopf surface does not carry a toric 1cK structure. On the other
hand, each diagonal Hopf surface admits a toric 1cK structure, where the T?-action is defined

by (17).

Note that any non-diagonal primary Hopf surface (M, J) admits an 1cK metric (c¢f. [1,
Proposition 11]), which can be averaged to an IcK metric g by an argument of L. Ornea and
M. Verbitsky, [18], such that 7% C Aut(M, J, [g]). However, as seen above, T? is never a
subgroup of Auty(M, J,[g]).
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