KILLING AND CONFORMAL KILLING TENSORS
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ABSTRACT. We introduce an appropriate formalism in order to study conformal Killing
(symmetric) tensors on Riemannian manifolds. We reprove in a simple way some known
results in the field and obtain several new results, like the classification of conformal Killing
2-tensors on Riemannian products of compact manifolds, Weitzenbock formulas leading to
non-existence results, and construct various examples of manifolds with conformal Killing
tensors.
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1. INTRODUCTION

Killing p-tensors are symmetric p-tensors with vanishing symmetrized covariant derivative.
This is a natural generalization of the Killing vector field equation for p = 1. Since many
years Killing tensors, and more generally conformal Killing tensors, were intensively studied
in the physics literature, e.g. in [25] and [30]. The original motivation came from the fact that
symmetric Killing tensors define (polynomial) first integrals of the equations of motion, i.e.
functions which are constant on geodesics. Conformal Killing tensors still define first integrals
for null geodesics. Killing 2-tensors also appeared in the analysis of the stability of generalized
black holes in D = 11 supergravity, e.g. in [11] and [22]. It turns out that trace-free Killing
2-tensors (also called Stéckel tensors) precisely correspond to the limiting case of a lower
bound for the spectrum of the Lichnerowicz Laplacian on symmetric 2-tensors. More recently,
Killing and conformal Killing tensors appeared in several other areas of mathematics, e.g. in
connection with geometric inverse problems, integrable systems and Einstein-Weyl geometry,

¢f. [5], 8], [9], [13], [15], [23], [26].

Any parallel tensor is in particular a Killing tensor. The simplest non-parallel examples
of Killing tensors can be constructed as symmetric products of Killing vector fields. For
the standard sphere S™ there is a direct correspondence between Killing tensors and algebraic
curvature tensors on R™™!. Other interesting examples are obtained as Ricci tensors of certain
Riemannian manifolds, e.g. of natural reductive spaces.
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The defining equation of trace-free conformal Killing tensors has the important property to
be of finite type (or strongly elliptic). This leads to an explicit upper bound of the dimension
of the space of conformal Killing tensors. In this respect, conformal Killing tensors are very
similar to so-called conformal Killing forms, which were studied by the authors in several
articles, e.g. [10], [20] and [27]. Moreover there is an explicit construction of Killing tensors
starting from Killing forms, cf. Section 4.3 below.

The existing literature on symmetric Killing tensors is huge, especially coming from theo-
retical physics. One of the main obstacles in reading it is the old-fashioned formalism used
in most articles in the subject.

In this article we introduce conformal Killing tensors in a modern, coordinate-free formal-
ism. We use this formalism in order to reprove in a simpler way some known results, like
Theorem 8.1 saying that the nodal set of a conformal Killing tensor has at least codimension
2, or Proposition 6.6 showing the non-existence of trace-free conformal Killing tensors on
compact manifolds of negative sectional curvature. In addition we give a unified treatment
of some subclasses of conformal Killing tensors, e.g. special conformal Killing tensors.

We obtain several new results, like the classification of Stackel 2-tensors with at most two
eigenvalues (which is also implicitly contained in the work of W. Jelonek, cf. [15]-[17]), or
the description of conformal Killing 2-tensors on Riemannian products of compact manifolds
(which turn out to be determined by Killing 2-tensors and Killing vector fields on the factors,
cf. Theorem 5.1). We also prove a general Weitzenbock formula (Proposition 6.1) leading to
non-existence results on certain compact manifolds.

ACKNOWLEDGMENTS. This work was supported by the Procope Project No. 32977YJ.
We are grateful to Mikko Salo who discovered an error in the proof of Proposition 6.6, and to
Gregor Weingart who helped us to correct this error. We also thank the anonymous referee
for having pointed out an error in the previous version of Theorem 5.1 and for several useful
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2. PRELIMINARIES

Let (V, g) be a Euclidean vector space of dimension n. We denote with Sym”V C VP the
p-fold symmetric tensor product of V. Elements of Sym”V are symmetrized tensor products

vl-...-vp:zz VUo(1) @ ... & Vg(p) ,

where vy, ..., v, are vectors in V. In particular we have v-u = v®u+u®uv for u,v € V. Using
the metric g, one can identify V with V*. Under this identification, ¢ € Sym?V* ~ Sym?*V
can be written as g = 3 > ¢; - ¢;, for any orthonormal basis {e;}.

The direct sum SymV := @pzo Sym?V is endowed with a commutative product making
SymV into a Z-graded commutative algebra. The scalar product g induces a scalar product,
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also denoted by ¢, on Sym”V defined by
glor - v wy L wy) = Z 9(v1, Wo1)) = - -+ G(Vp, Wo(p)) -
o€ES)

With respect to this scalar product, every element K of Sym”V can be identified with a
symmetric p-linear map (i.e. a polynomial of degree p) on V' by the formula

K(vi,...,0p) = g(K,v1-...-vp) .

For every v € V, the metric adjoint of the linear map v- : Sym?V — Sym?™'V, K — v - K
is the contraction va : Sym”™'V — Sym?V, K w vl K, defined by (viK)(vi,...,v, 1) =
K(v,v1,...,v,_1). In particular we have viu? = pg(v,u)u?~*,V v,u € V.

We introduce the linear map deg : SymV — SymV, defined by deg(K) = pK for
K € Sym”V. Then we have > e; -e;0K = deg(K), where {e;} as usual denotes an or-
thonormal frame. Note that if K € Sym”T is considered as a polynomial of degree p then
vaK corresponds to the directional derivative 0, K and the last formula is nothing else than
the well-known Euler theorem on homogeneous functions.

Contraction and multiplication with the metric g defines two additional linear maps:
A SymPV — Sym? %V, K Z e;aeia KK
and
L:Sym??V — Sym?V, K — Zei e - K
which are adjoint to each other. Note that L(1) = 2¢g and AK = tr(K) for every K € Sym?V .
It is straightforward to check the following algebraic commutator relations
(1) [A, L] = 2nid + 4deg, [deg,L]=2L, [deg,A]=-2A,
and for every v € V:
(2) (A,v-] = 2vy, Jus, L] =2v, [Avs] =0=][Lov].

For V' = R™, the standard O(n)-representation induces a reducible O(n)-representation
on Sym?V. We denote by SymiV := ker(A : Sym”V — Sym? 2V) the space of trace-free
symmetric p-tensors.

It is well known that SymfR™ is an irreducible O(n)-representation and we have the fol-
lowing decomposition into irreducible summands

Sym’V = SymfV @ Sym) V@ ...,
where the last summand in the decomposition is R for p even and V' for p odd. The summands

Symg_%V are embedded into Sym?V via the map L’. Corresponding to the decomposition

above any K € Sym”V can be decomposed as

K = Ky + LK, + L*K, + ...
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with K; € Symg_%V, i,e. AK; =0. We will call this decomposition the standard decomposi-
tion of K. In the following, the subscript 0 always denotes the projection of an element from
Sym”V onto its component in SymhV. Note that for any v € V and K € SymhV we have
the following projection formula

(3) (v-K) =v- K — ———L(viK) .

n+2(p—1)
Indeed, using the commutator relation (1) we have A(L(vuK)) = 2n+4(p — 1)) (va K),
since A commutes with v and AK = 0. Moreover A(v - K) = 2v1 K. Thus the right-hand
side of (3) is in the kernel of A, i.e. it computes the projection (v - K)o.

Recall the classical decomposition into irreducible O(n) representations

(4) V@SymlV = Sym{™'V @ Sym) 'V @ SymP'V
where V' = R" is the standard O(n)-representation of highest weight (1,0,...,0), Sym{V is
the irreducible representation of highest weight (p,0,...,0) and Sym”'V is the irreducible

representation of highest weight (p, 1,0, ...,0). We note that Sym?} 1V is the so-called Cartan
summand. Its highest weight is the sum of the highest weights of V' and Sym§V.

Next we want to describe projections and embeddings for the first two summands. The
projection 7 : V ® SymfV — Sym’éHV onto the first summand is defined as

®3)
(5) Mm@ K) = (v-K) = v K - 55 LK) .

The adjoint map 7} : Sym{ ™'V — V @ SymlV is easily computed to be 7(K) = Y e ®
(e;a K). Note that for any vector v € V the symmetric tensor va K is again trace-free,

because v commutes with A. Since m 7] = (p+ 1)id on Sym§) V| we conclude that
(6) P o= lerl mim V@ SymhV — Symbt'V ¢ V@ SymhV

is the projection onto the irreducible summand of V' ® Sym}V isomorphic to Sym? Hy

Similarly the projection 7 : V @ SymfV — Sym? 'V onto the second summand in the
decomposition (4) is given by the contraction map me(v® K') := v1 K. In this case the adjoint
map 75 : Symh 'V — V @ SymiV is computed to be

K) = e® Ko=) a® (e P - L P).

It follows that memh = (n+p—1)id — n+(§;2)2 id = % id . Thus the projection
onto the irreducible summand in V' ® Sym§V" isomorphic to Sym}~ 'V is given by

(7) P2 = et MM V @ SymfV — Sym/ ™'V C V ®@SymiV .

The projection ps onto the third irreducible summand in V' ® Sym{V" is obviously given by
p3=1d —p1 —p2 .

Let (M", g) be a Riemannian manifold with Levi-Civita connection V. All the algebraic
considerations above extend to vector bundles over M, e.g. the O(n)-representation Sym”V
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defines the real vector bundle Sym” TM. The O(n)-equivariant maps L and A define bundle
maps between the corresponding bundles. The same is true for the symmetric product and
the contraction ¢, as well as for the maps 7, 75 and their adjoints, and the projection maps
P1, P2, p3- We will use the same notation for the bundle maps on M.

Next we will define first order differential operators on sections of Sym” TM. We have
d:T(Sym” TM) = T(Sym""' TM), K — ) eV K

where {e;} denotes from now on a local orthonormal frame. The formal adjoint of d is the
divergence operator § defined by

0 : T(Sym”* TM) — I'(Sym” TM), K+ —=» €1V K,
An immediate consequence of the definition is

Lemma 2.1. The operator d acts as a derivation on the algebra of symmetric tensors, i.e.
for any A € T'(Sym? TM) and B € T'(Sym? TM) the following equation holds

d(A-B) = (dA)-B + A-(dB) .

An easy calculation proves that the operators d and ¢ satisfy the commutator relations:
(8) [A,0] =0 = [L,d], [A,d] = =25, [L,d§] = 2d.

Lemma 2.2. Let K = Ko+LK1+. .. be the standard decomposition of a section of Sym” TM,
P2 N Then there exist real constants a; such that

where K; € Symy
dK; — a;LoK; € Symb 1 TM .

1

The constants are given explicitly by a; = In particular, if K is a section of

T nt2(p—2i-1)°
Sym§ TM, it holds that
(9) (dK)y = dK + 55 LK .

Proof. We write K = Zizo L! K;, where K; is a section of Symgfm TM. Then dK; — a;LOK;
is a section of Sym? ' TM if and only if

0 = AdK; —a;L0K;) = —26K; —a;(2n+4(p—2i—1))0 K; .
Thus the constants a; are as stated above. In particular we have for ¢ = 0 that the expression
dKy + #HL(FKO is trace-free. This proves the last statement. O

The operators d and ¢ can be considered as components of the covariant derivative V acting
on sections of Sym” TM. To make this more precise we first note that

(10) 7T1(VK) = (dK)O and WQ(VK) = — 0K s
which follows from VK =) ¢, ® V., K and the definitions above.
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Let K be a section of Symj TM. Then VK is a section of TM ® SymhTM and we may
decompose VK corresponding to (4), i.e. VK = Py(K) + P2(K) + P3(K), where we use the
notation P;(K) := p;(VK),i = 1,2,3. Substituting the definition of the operators P; and
applying the resulting equation to a tangent vector X we obtain

VxE = ;5 m(dK)o(X) — Groraimns T (0K)(X) + Py(K)(X)

(n+2p—2)(n+p—3)

3 X (K)o — gt (X - 0K)o + P3(K)(X)

(n+2p—2)(n+p—3)

Using (3) and (9) we rewrite the formula for Vx K in terms of dK and §K and obtain

— 1 1
VxK = ﬁXJ di + ((n+2p—2)(p+1) + (n+2p—2)(n+p—3)> L(XJ0K)
2 n+2p—4
+ <(n+2p—2)(p+1) o (n+2p—2)zzn+p—3)> X 0K + By(K)(X)

Here we applied the commutator formula X /LK = L(X 1K) +2X - K. For later use we still
note the formulas

P(K)(X) = -5 X (dK)y and  Py(K)(X) = — 220 (X - §K)p

p+ (n+2p—2)(n+p-3)

At the end of this section we want to clarify the relations between d,d and P, P,. For
convenience we introduce the notation dg K := (dK)g. The relation between dy and d is given
in (9). An easy calculation shows that 6* = dj .

Lemma 2.3. On sections of Symg TM the following equations hold:
dydy = (p+ 1) PP, and &6 = i Anied) pep

n+2p—4
Proof. Let EM be a vector bundle associated to the frame bundle via a SO(n) representation
E. The Levi-Civita connection induces a covariant derivative V acting on sections of EM. If
T denotes the tangent representation, defining the tangent bundle, we have a decomposition
into irreducible summands: F® T = F; @ ... ® Eyn. Here the spaces E; are subspaces of
E® T but often they appear also in other realizations, like the spaces Syngrl T and Symg_1 T
in the decomposition of Sym{ T ® T considered above.

Assume that F; are SO(n)—representations isomorphic to F; and that m; : E® T — E; are
representation morphisms with m; o 77 = ¢; id for some non-zero constants ¢;. Then we can
define projections p; : F® T — E; C E® T as above by p; := - n/m;. From the condition
on 7; we obtain p? = p; o p; = p;. Now we define two sets of operators on sections of EM:
di:==m oV :I(EM)— I'(E;M) and P, :=p; oV : T(EM) = T(EM ® TM).
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We then have the general formula df d; = ¢; P’ P, . Indeed we have
djd, = V'1©imV = V',V = ¢;Vipip, V = ¢, PP, .
The statement of the lemma now follows from (10) together with (6)—(7). O]

3. Basics ON KILLING AND CONFORMAL KILLING TENSORS

Definition 3.1. A symmetric tensor K € I'(Sym” TM) is called conformal Killing tensor if
there exists some symmetric tensor k € I'(Sym?' TM) with dK = L(k).

Lemma 3.2. The defining equation for conformal Killing tensors is conformally invariant.
More precisely, a section K of Sym? TM s a conformal Killing tensor with respect to the
metric g, if and only if it is a conformal Killing tensor with respect to every conformally
related metric ¢’ = e*/ g.

Proof. Let X,Y be any vector fields. Then the Levi-Civita connection V' for ¢’ is given by
VY = VxY +df(X)Y +df(Y)X — g(X,Y) grad,(f)
where grad,(f) is the gradient of f with respect to g (cf. [2], Th. 1.159). It immediately
follows that for any section K of Sym” TM we have
VXK = VxK + pdf(X)K + X -grad,(f) o K — grad,(f) - X JK .
Hence we obtain for the differential 'K =) ¢/ - V’e; K =¢2'Y".¢;- V., K the equation

1K — €*2f(dK+pgradg(f) - K + L(grad,(f) 1 K) — pgrad,(f) - K)
e dK + L' (grad,(f) 1 K) .

Hence if K is conformal Killing tensor with respect to the metric g, i.e. dK = Lk for some
section k of Sym? 2 TM, then K is a conformal Killing tensor with respect to the metric ¢/,

too. Indeed d'K = L/(k + grad,(f) 4 K). O

Note that K is conformal Killing if and only if its trace-free part is conformal Killing.
Indeed, since d and L commute, if K = ..., L'K;, with K; € T'(Sym§ > TM) is the
standard decomposition of K, then dK = Zi;() L'dK;, so dK is in the image of L if and
only if dKj is in the image of L. It is thus reasonable to consider only trace-free conformal
Killing tensors.

Lemma 3.3. Let K € I'(Sym? TM), then K is a conformal Killing tensor if and only if
dK, = L_T§K,

T n42p—2

or, equivalently, if and only if (dKy)g = 0. In particular, a trace-free symmetric tensor
K € T'(Sym§ TM) is a conformal Killing tensor if and only if P,(K) = 0.
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Proof. We write K = Y~ L' K;, where Kj is a section of Sym?™* TM. Because of [L,d] = 0

we have

dK =) L'dK;=dKo+ Y  L'dK; = (dKo + 77955 L6 Ko) — o5 LO Ko + Y L'dK;
i>0 i>1 i>1

We know from (9) that the bracket on the right hand-side is the trace-free part of dKj. Thus

dKy = — n+2p > LK, holds if and only if dK = L(k) for some section k of Sym”' TM, i.e.

if and only if K is a conformal Killing tensor. O

Remark 3.4. Since P (K) is the projection of the covariant derivative VK onto the Cartan
summand Sym% ™ TM ¢ TM @ Sym} TM, it follows that the defining differential equation
for trace-free conformal Killing tensors is of finite type, also called strongly elliptic (cf. [18]).
In particular the space of trace-free conformal Killing tensors is finite dimensional on any
connected manifold. Moreover one can show that a conformal Killing p-tensor has to vanish
identically on M if its first 2p covariant derivatives vanish in some point of M, cf. [7].

Definition 3.5. A symmetric tensor K € I'(Sym? T M) is called Killing tensor if dK =0 .
A trace-free Killing tensor is called Stdckel tensor.

Lemma 3.6. A symmetric tensor K € I'(Sym? TM) is a Killing tensor if and only if the
complete symmetrization of VK wvanishes. A Killing tensor is in particular a conformal
Killing tensor.

Proof. Recall that d : I'(Sym? TM) — T'(Sym?™' TM) was defined as dK = Y ,¢; - V.. K,
where {e;} is some local orthonormal frame. Thus

AK (X1, X)) = D0 glen Xo) (Ve, K)(Xo@), - - Xogen)
i 0ESp
= D (Vx,0, E)(Xo@) - Xoe) -
o€Sp

OJ

Proposition 3.7. Let K = Y., U'K; € T'(Sym? TM), with K; € T(Sym} > TM) be a
symmetric tensor, p = 2l + € with e = 0 or 1. Then K is a Killing tensor if and only if the
following system of equations holds:

ng = CL()L(SK(),
dKl = a1L6K1—a05K0,

dKl = alLéKl—al,léKl,l,
0 = 0K,
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where a; are the constants of Lemma 2.2. In particular, the trace-free part Ky is a conformal
Killing tensor.

Proof. We write K =3, L'K; with K; € I'(Sym}* TM), then dK = 0 if and only if

0=> LdK; =) L'(dK; — a;LoK;)+ a;L""'0K; = Y LY(dK; — a;LOK; + a;16K;_1) |

i>0 i>0 i>0
where we set a_y = 0 and K_; = 0 by convention. From Lemma 2.2 and [A,d] = 0 it
follows that dK; — a;LOK; + a;_10K;_ is trace-free. We conclude that dK = 0 if and only
if Cll(Z - CL,L(S.[(Z + ai_15Ki_1 = 0 for all 7. ]

Example 3.8. For p = 2 and K € I'(Sym® TM) we have K = K, + 2fg, for some function
f=K, € C>®(M). Then K is a Killing tensor if and only if

n+2

n+2
The second equation can equivalently be written as dtrK = 20 K.

Example 3.9. For p = 3 and K € I'(Sym® TM) we have K = K, + L&, for some vector field
¢ = K;. Then K is a Killing tensor if and only if

dKg = — 15 LoK, , d¢= 10K, and d6=0.

Corollary 3.10. If K € I'(Sym? TM) is a trace-free Killing tensor, then §K = 0. In other
words, Stackel tensors satisfy the equations dAK = 0 = K, or equivalently the equations

P (K)=0= P(K).

Conversely we may ask what is possible to say about the components of divergence-free
Killing tensors. The result here is

Proposition 3.11. Let K € I'(Sym” TM) be a divergence-free Killing tensor. Then all
components K; € F(Sym§_2’ TM) of its standard decomposition K =, L' K; are Stdckel
tensors. -

Proof. We first remark that iteration of the commutator formula (8) gives [, L] = —2:L*"'d
for i > 1. Then 6K = 0 implies 0 = 6Ky + Y ,o, 0L'K; = 0K, — 2dK; + Lk for some
symmetric tensor k;. Substituting dK; by the second equation of Proposition 3.7 we obtain
0 = (1 + 2a9)d Ky + Lky for some symmetric tensor ky. Since 0K is trace-free and since the
coefficient (1 + 2ag) is different from zero for n > 2 it follows that 0K, = 0. But then the
first equation of Proposition 3.7 gives dKy = 0. Thus K is a Stéackel tensor.

We write K = Ko+ LK with K = ., L'\ K;. Since d commutes with L and multipli-
cation with L is injective the equations dK = 0 = dKy imply dK = 0. Similarly we obtain
0=0(LK)=LIK—-2dK = LOK. Thus § K = 0 and we can iterate the argument above. [
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Remark 3.12. The above proof shows that the map L preserves the space of divergence-free
Killing tensors.

In [26] the class of special conformal Killing tensors was introduced. These tensors were
defined as symmetric 2-tensors K € I'(Sym® TM) satisfying the equation

(12) (VxK)(Y,2) = k(Y)g(X,2) + k(2)g(X,Y)

for some 1-form k. It follows that k¥ = {dtr(K) and that dK = L(k). Thus solutions
of Equation (12) are automatically conformal Killing tensors. The tensor k also satisfies
0K = —(n+ 1)k and it is easily proved that K := K — tr(K) g is a Killing tensor, which is
called special Killing tensor in [26]. Moreover the map K — K is shown to be injective and
equivariant with respect to the action of the isometry group.

We will now generalize these definitions and statements to Killing tensors of arbitrary
degree. We start with

Definition 3.13. A symmetric tensor K € I'(Sym” TM) is called special conformal Killing
tensor if the equation Vy K = X - k holds for all vector fields X and some symmetric tensor
k € T'(Sym? ' TM).

For p = 2, this is equivalent to Equation (12). Immediately from the definition it follows
that k£ = ——5K and that dK = Lk. Hence K is in particular a conformal Killing tensor.

Using the Standard decomposition K = Y7 L7 K; and k = 3~ I k; we can reformulate
the defining equation for special Conformal Kllhng tensors into a system of equations for

the components K; and k;. Let K and & be symmetric tensors as above then VyK =
_LIVxK; and by (3) we have:
Jj=0 J

Xk=YL(X k) = Z(Lj(X-kj)o mU“(XJk‘)) :

J=0 j=0

Comparing coefficients of powers of L, we conclude that K is a special conformal Killing
tensor if and only if the following system of equations is satisfied

(13) Vil = (X ko + s Xakj,  j20.

n+2(p 27)
With the convention k£_; = 0 this contains the equation Vx Ky = (X - ky)o for j = 0.

Definition 3.14. A symmetric tensor K e ['(Sym? TM) is called special Killing tensor if it

is a Killing tensor satisfying the additional equation V XI:( = X -k + Xl for all vector fields
X and some symmetric tensors k& € I'(Sym? ' TM) and [ € T'(Sym”*' TM).

From the definition it follows directly that the tensors k and [ are related by the equations
| = —LLk and O6K=—(n+p—1k—Al.

p+1



CONFORMAL KILLING TENSORS 11

Hence K is a special Killing tensor if and only if for all vector fields X we have
. . . . . .
VxK = X -k — IﬁX_,Lk: = ]%X-k:— ]ﬁLXJk:.

As for special conformal Killing tensors we can reformulate the defining equation for special
Killing tensors as a system of equations for the components K; and k;. We find

Y UVxE;, = ) X Lk — SLXLUE
§>0 >0

= > X by - LT

p+1
j=0
1—-2j5 —1-2j5 1
= YU Xk + (prdaiey - ) VX Gh
>0

. 1-2j ntp—2j—3 v 3
= 25V R - gttty LT X0k

p+1
>0

Hence K is a special Killing tensor if and only if the components K ; and l%j of the standard
decomposition satisfy the equations

2 1—2 n+p—2j—1 » .
(14) vXf{j - p j<X k’) - mXka_l jZO.

With the convention k_; = 0 we have for j = 0 the equation Vx Ko = Z=(X - ko)o.

p+1

For a given special conformal Killing tensor A we now want to modify its components
K by scalar factors in order to obtain a special Killing tensor /K. This will generalize the
correspondence between special conformal and special Killing 2-tensors obtained in [26].

We are looking for constants a;, such that K = ZpoK with K = a;K; is a special
Killing tensor, where k = 3 >0 l%j with l%j = bjk; for a other set of constants b;. Considering
= L(X - boko)o. Hence we
can define ayp = 1 and by = 2. Then writing (14) with the modified tensors K; and k;

p—1 .
and comparing it with (13) multiplied by a;, we get the condition a; = 2 _p:zj b; for the first

summand on the right hand side and

first the special Killing equation for 7 = 0 we have VxaoKy =

a; _ _ _ (nd4p—2j-1) b _ _ _ (n4p—=2j-1) prl .
n+2(p—27) (p+ D) (nt2(p—24)) 1 -+ (n+2(p—27)) p+1-2j 9717
for the second summand. Hence a; = — 2214, | and in particular a; = — 242=3 By
J p+1-25 7 p—1

this recursion formula the coefficients a; and b; are completely determined and indeed K
defined as above is a special Killing tensor.
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As an example we consider the case p = 2. Let K = Ky + LK, be a special conformal
Killing 2-tensor. Then K = Ko+ a,LK;, = K,y — (n —1)LK; = K —nLK;, = K — tr(K)g.
Indeed tr(K) = AK = 2nK; and L = 2g. Hence we obtain for special conformal Killing
2-tensors the same correspondence as in [26].

Special conformal Killing 2-tensors have the important property of being integrable. Indeed
their associated Nijenhuis tensor vanishes (cf. [26], Prop. 6.5). Recall that if A is any
endomorphism field on M, its Nijenhuis tensor is defined by

NA(X,Y) = —A2X,Y] + A[AX,Y] + A[X, AY] — [AX, AY]
= A(VxA)Y — A(VyAX — (VaxA)Y + (VayA)X .

Lemma 3.15. Any special conformal Killing 2-tensor has vanishing Nijenhuis tensor and
thus is integrable.

Proof. Let A be a special conformal Killing 2-tensor. Then VxA = X - £ for some vector field
€. Then (VxA)Y =g(X,Y) €+ g(¢,Y)X and it follows

Na(X)Y) = g(X,Y) AL + g(§,Y)AX — g(Y, X) AL — g(§ X)AY
—g9(AX,Y)E = g(§Y)AX + g(AY, X) ¢ + g({, X)AY = 0.
0

It is easy to check that special Killing 2-tensors associated to special conformal Killing
tensors as above, have non-vanishing Nijenhuis tensor, therefore the statement in [26], Prop.
6.5 is not valid for special Killing tensors.

From Proposition 3.7 it follows that Stéckel tensors are characterized among trace-free
tensors by the vanishing of the two operators P; and P;. It is natural to consider trace-free
symmetric tensors with other vanishing conditions. Here we mention two other cases:

Lemma 3.16. For a trace-free symmetric tensor K € T'(Sym{ TM) the relations P,(K) =0
and P3(K) = 0 hold if and only if there exists a section k of Sym?* TM with Vx K = (X -k)o.
In this case k is uniquely determined and VxK = — % (X - 0K)o.

It follows from (13) for j = 0 that the trace-free part K, of a special conformal Killing
tensor K satisfies P;(K,) = 0 and P3(Kp) = 0.

For p = 2 consider a section Ky of Symg TM with P,(K;) = 0 and P3(K;) = 0. Then
there exists a 1-form k with Vx Ko = (X -k)o= X -k — ”H’Q;p—‘l L(X_k) =X -k—2k(X)g.
Substituting two tangent vectors Y and Z we obtain the equation

(15) (VxKo)(Y,2) = g(X,Y)k(Z) + g(X, 2)k(Y) — 2K(X)g(Y,Z) .

For the sake of completeness, we also consider the case of trace-free symmetric tensors
K € T'(Sym{ TM) satisfying the vanishing conditions P,(K) = 0 = P3(K). Equivalently
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the covariant derivative VK is completely symmetric, i.e. VK € I'(Symjt' TM). This
can also be written as (VxK)(Y,...) = (VyK)(X,...) for all tangent vectors X, Y or as
dVK = 0, where K is considered as a 1-form with values in Synﬁ{f1 TM, ie. a section of
"M ® Symg_1 TM. For p =2, a tensor K with dVK = 0 is called a Codazzi tensor.

4. EXAMPLES OF MANIFOLDS WITH KILLING TENSORS

Any parallel tensor is tautologically a Killing tensor. By the conformal invariance of the
conformal Killing equation, a parallel tensor defines conformal Killing tensors for any con-
formally related metric. These are in general no Killing tensors. There are several explicit
constructions of symmetric Killing tensors which we will describe in the following subsections.

4.1. Killing tensors on the sphere. Let Curv(n+1) denote the space of algebraic curvature
tensors on R™™!. Then any symmetric Killing 2-tensor K on S" is given in a point p € S™
by K(X,Y) = R(X,p,p,Y) for some algebraic curvature tensor R € Curv(n + 1). The
subspace of Weyl curvature tensors in Curv(n + 1) corresponds to the trace-free (and hence
divergence-free) Killing tensors on S”, cf. [19].

The dimension of the space of Killing tensors on S™ gives an upper bound for this dimension
on an arbitrary Riemannian manifold [29], Theorem 4.7.

4.2. Symmetric products of Killing tensors. Let (M", g) be a Riemannian manifold with
two Killing vector fields &;,&;. We define a symmetric 2-tensor h as the symmetric product
h :=¢& - &. Then h is a Killing tensor. Indeed d(&; - &) = (d&1) - & + & - (d€e) = 0 holds
because of Lemma 2.1. More generally the symmetric product of Killing tensors defines again
a Killing tensor. Conversely, it is known that on manifolds of constant sectional curvature,
any Killing tensor can be written as a linear combination of symmetric products of Killing
vector fields, cf. [29], Theorem 4.7.

Lemma 4.1. For any two Killing vector fields &1, & it holds that
0(&1 - &) = dg(&, &) -

Proof. We compute §(&1-&) = — > €;0V,(§1-&) = = > ein((Ve,&1) &+ &1+ (Ve,&2)). Since

the Killing vector fields &, &, are divergence free we obtain §(; - &) = —Ve, & — Vg, & . Using

again that &1, & are Killing vector field we have

X(9(6,&)) = 9(Vx&, &) + 9(&, Vx&) = —9(Velt + Ve &, X) = g(6(6 - &), X)
OJ

Corollary 4.2. Let &,& be two Killing vector fields with constant scalar product g(&;,&2).
Then & - & is a divergence free Killing tensor and

hi=&-& — g(6&,6) 2y
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s a trace-free, divergence-free Killing 2-tensor.

Proof. Indeed the trace of the symmetric endomorphism h = £ - & € I'(Sym? TM) is given
as tr(h) = 2¢g(&,&). Hence the tensor h defined as above is a trace-free and divergence-free
Killing tensor. 0

Example 4.3. Let (M™, g,&) be a Sasakian manifold. Then & - £ — 2g is a trace-free Killing
2-tensor. On a 3-Sasakian manifold one has three pairwise orthogonal Killing vector fields of
unit length defining a six-dimensional space of trace-free Killing 2-tensors.

Example 4.4. On spheres S™ with n > 3 one has pairs of orthogonal Killing vector fields,
defining trace-free Killing 2-tensors. Indeed, every pair of anti-commuting skew-symmetric
matrices of dimension n 4 1 defines a pair of orthogonal Killing vector fields on S™.

4.3. Killing tensors from Killing forms. There is a well-known relation between Killing
forms and Killing tensors (e.g. cf. [3]). Let u € QP(M) be a Killing form, i.e. a p-form
satisfying the equation X 1V xu = 0 for any tangent vector X. We define a symmetric bilinear
form K* by K*(X,Y) = g(X Ju,Y Ju). Then K" is a symmetric Killing 2-tensor (for p = 2
this fact was also remarked in [10], Rem. 2.1). Indeed it suffices to show (Vx K")(X,X) =0
for any tangent vector X, which is immediate:

(VxK")(X,X) = Vx(K“X, X)) — 2K“(VxX,X) = 2g(X .Vxu, X su) = 0.

Since Killing 1-forms are dual to Killing vector fields, this construction generalizes the the one
described in Section 4.2. If u is a Killing 2-form considered as skew-symmetric endomorphism,
then the associated symmetric Killing tensor K* is just —u?. In this case K% commutes with
the Ricci tensor, since the same is true for the skew-symmetric endomorphisms corresponding
to Killing 2-forms, cf. [3]. Examples of manifolds with Killing forms are: the standard sphere
S™, Sasakian, 3-Sasakian, nearly Kéhler or weak Gy manifolds [27].

A related construction appears in the work of V. Apostolov, D.M.J. Calderbank and P.
Gauduchon [1], in particular Appendix B.4. They prove a 1-1 relation between symmetric
J- invariant Killing 2-tensors on Kahler surfaces and Hamiltonian 2-forms. In contrast to
Killing forms there are many examples known of Hamiltonian 2-forms, thus providing a rich
source of symmetric Killing tensors.

4.4. The Ricci curvature as Killing tensor. Special examples of Killing tensors arise as
Ricci curvature of a Riemannian metric. Notice that if Ric is a Killing tensor then the scalar
curvature scal is constant. Riemannian manifolds whose Ricci tensor is Killing were studied in
[2] Ch. 16.G, as a class of generalized Einstein manifolds. In the same context this condition
was originally discussed by A. Gray in [12]. It can be shown shown that all D’Atri spaces, i.e.
Riemannian manifolds whose local geodesic symmetries preserve, up to a sign, the volume
element, have Killing Ricci tensor (cf. [2], [6]). This provides a wide class of examples, many
of them with non-parallel Ricci tensor. In particular naturally reductive spaces are D’Atri,
and thus have Killing Ricci tensor. Here we want to present a direct argument.
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Proposition 4.5. The Ricci curvature of a naturally reductive space is a Killing tensor.

Proof. Naturally reductive spaces are characterized by the existence of a metric connection \V,
with skew-symmetric, V-parallel torsion 7" and parallel curvature R. This gives in particular
the following equations

g(TXY, Z) + g(Y, TXZ) =0 and TXY + TyX =0.

The condition VR = 0 can be rewritten as the following equation for the Riemannian curva-
ture R

(VxR)yz = [TX7RY,Z} — Rryvz — Ryrez -

The Ricci curvature is defined as Ric(X,Y) = > g(Rx.,e:, Y ), where {e;} is an orthonormal
frame. Its covariant derivative is given by

(VZRie)(X,Y) = Y g((VzR)xeeY) .

The Ricci curvature Ric € I'(Sym? TM) is a Killing tensor if and only if (V xRic)(X, X) =0
for all tangent vectors X, which is equivalent to

3 o(VxR)xeci X) = 0.

If R is the Riemannian curvature tensor of naturally reductive metric this curvature expression
can be rewritten as

ZQ((VXR)X,Q%X) = ZQ([TX,RX,@] ei — Rryxe€i — Rxrye€i, X)
= ZQ(TX Rxcei, X) — g(Rxe, Txei, X) — g(Rx1ye€i, X)

= Y —g(Rxeen TxX) — 2g(Rx., Txei, X)
=0
Here we used T'x X = 0 and the equation g(Rx., Txe;, X) = 0, which holds because of
9(Rxe; Txei, X) = —g(Re,rye; Xs X) — g(Brye,xei X) = g(Rxrye.eis X)
= —g(Rx,., Txei, X) .
O

We define a modified Ricci tensor Ric € Sym? TM as Ric := Ric — 2;—31 id . If Ric is a Killing

tensor then the same is true for ﬁi/c, but not conversely.

Lemma 4.6. The modified Ricci tensor Ric is Killing tensor if and only if it is a conformal
Killing tensor. Moreover Ric is Killing if and only if (VxRic)(X, X) = =5 X (scal) g(X, X)
for all vector fields X .
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Proof. A symmetric 2-tensor is a Killing tensor if and only if the two equations of (11) are
satisfied. The first equation characterizes conformal Killing 2-tensors. Hence we only have to
show that the second equations holds for Ric, i.e. we have to show that dtr(Rlc) = 26 Ric.

Since tr(Rlc) = ? scal, the well-known relation J Ric = —35 dscal implies

§Ric = —1 Ldscal + 25 5 dscal = +2 7 dscal, d tr(Ric) = fﬁg dscal .

Hence dtr(Ric) = 20Ric and the modified Ricci tensor Ric is a Killing tensor if it is a
conformal Killing tensor. The other direction and the equation for Ric are obvious. 0

Remark 4.7. A. Gray introduced in [12] the notation A, for the class of Riemannian man-
ifolds with Killing Ricci tensor, and C for the class of Riemannian manifolds with constant
scalar curvature. The class of Riemannian manifolds whose modified Ricci tensor is Killing
was studied by W. Jelonek in [15] under the name A & Ct. Finally we note that there are
manifolds with Killing Ricci tensors which are neither homogeneous nor D’Atri. Examples
were constructed by H. Pedersen and P. Tod in [24] and by W. Jelonek in [14].

5. CONFORMAL KILLING TENSORS ON RIEMANNIAN PRODUCTS

Let (M, ¢1) and (Ms, g2) be two compact Riemannian manifolds. The aim of this section
is to prove the following result, which reduces the study of conformal Killing 2-tensors on
Riemannian products M := M; x M, to that of Killing tensors on the factors.

Theorem 5.1. Let h € T'(Symj( TM)) be a trace-free conformal Killing tensor. Then there
exist Killing tensors K; € I'(Sym?( TM,)), i = 1,2, and Killing vector fields &y, ..., & on M,
and Cy,...,C. on My such that

k
h = (K1+K2)O+Z€i‘<i .
i=1
Conversely, every such tensor on M 1is a trace-free conformal Killing tensor.

Proof. We denote by n, ny and ng the dimensions of M, M; and M,. Consider the natural de-
composition h = hy+hy+¢, where hy, hy and ¢ are sections of 7 Sym?( TM,), 73Sym?( TM,),
and 77 TM; ® 75 T M respectively. We consider the lifts to M of the operators d;, 6;, L;, A;
on the factors. Clearly two such operators commute if they have different subscripts, and
satisfy the relations (1) and (8) if they have the same subscript. We define f; := A;(h;). Since
h is trace-free, we have f; + fo = 0. The conformal Killing equation

1

dh = —
n+ 2

Léh
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reads

1
dihy +dihe +di¢ +dohy + dohy +dagp = T F 2L1(51h1 + 610 + 02ho + 020)

1
2L2(51h1 + 010 + daho + 620) .

Projecting this equation onto the different summands of Sym®( TM) yields the following
system:

dlhl == —mL ( hl "— 52¢)
(16) dahy = — 5 La(d2hs + 619)

dihy +degp = —,%LQIQ@ hy + d29)

dahy + dig L (62hg + 010)
Applying A; to the first equation of (16) and using (8) gives

2(n; +2
oyt iy = -2 D 6y 4 gy

whence
(17) dhy = dagp + d1f1 :

Similarly, applying Ay to the second equation of (16) gives

ng + 2 n + 2
(18) boha = =816+ 5 =dafz .
Replacing d;h; in the right hand side of (16) using (17) and (18), yields
dihy L1(202¢ + di f1)
(19) dahs L2(261¢ + dafo)
dihg +dop = ——L (2020 + dy f1)
dohy +d1¢ = —5-L1(201¢ + dafo)

We now apply d; to the third equation of (19) and use (8) and (18) together with the fact
that fo = —f; to compute:

1
dodep = —dadihy + n—d2(252¢ +dify)
2
Ng + 2 n+2 1
= —d; < 2 ¢+ d2f2> —d252¢ + —dodi f1
ny 2 Tig
ng + 2 n(ng + 2)

= — did1¢ + n—d252¢ dody f1 .

nq 2 nine
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Similarly, applying d; to the fourth equation of (19) and using (8) and (17) yields:

n(ny + 2)
2’[11712

n1—|—2
N2

2
(20) o1d1p = — dadagp + n—d151¢ + dody fo .
1

In order to eliminate the terms involving f; and f; in these last two formulas, we multiply
the first one with n; 4+ 2 and add it to the second one multiplied with ny + 2, which yields

(n1 + 2)d2da¢ + (ng 4 2)01d1¢ + (n2 + 2)d161¢ + (n1 + 2)d2d2¢ = 0,

which after a scalar product with ¢ and integration over M gives di¢ = ds¢p = 0 and
d1¢ = 02¢ = 0. Plugging this back into (20) also shows that didyf, = 0. In other words,
there exist functions ¢; € C*°(M;) such that fo = 1+ @9, and correspondingly f1 = —p1— 2
(we identify here ¢; with their pullbacks to M in order to simplify the notations).

The system (19) thus becomes:

dihy = —ﬁlelfl = ﬁhdl%
(21) dohy = —ﬁdezﬁ = —2—3HL2d2902

dihy = —ﬁbdlfl = ﬁLlecpl

dohy = —ﬁhdzfz = —ﬁhdz%

This system shows that the tensors

1 1 1 1
Ki=hi+—Ligs— 5 —Lipr  and  Kp:=hy+ 5—Laps — 5—Lapy
2n1 27’LQ 2711 2712
verify d1 Ky = do K7 = 0 and d1K; = dy K3 = 0. The first two equations show that K; and
K, are pull-backs of symmetric tensors on M; and M,, and the last two equations show that

these tensors are Killing tensors of the respective factors M; and Ms. Moreover, we have

1 1
Ki+Ky=hi+hy+L|z=—p2——¢1
2711 2712

and thus (K7 + K)o = hy + ha.

Finally, we claim that d;¢ = 0 and dy¢ = 0 imply that ¢ has the form stated in the
theorem. Let Ty := 7 ( TM;) and T; := 75 ( TM,) denote the pull-backs on M of the tangent
bundles of the factors. Then ¢ is a section of 77 ® T5, and d;¢ = 0 and dy¢ = 0 imply that
Vo = VMg + VM4 is a section of AT} @ Ty + Ty ® A*T,. In some sense, one can view
¢ as a Killing vector field on M; twisted with T5, and also as a Killing vector field on M,
twisted with T7. Let us denote by ¢ := VMg € T(A*Ty @ Ty), ¢ := V™29 € T(T} @ A%Ty)
and ¢3 := VM VMg = VM2¥ Mgy € T(A*T} @ A*Ty). The usual Kostant formula for Killing
vector fields immediately generalizes to

VX1¢1 — RX1¢7 VX2¢2 - RX2¢7 le(b?) - RX1¢27 VX2¢3 - RX2¢17
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where for any vector bundle F, i € {1,2}, and X € T}, Rx : T, ® F — A?T; ® F is defined
by Rx(Y ® 0) := Rxy ® 0.

We thus get a parallel section ® := (¢, ¢1, @2, ¢3) of the vector bundle
E=(ToT) & (NToT) & (Ty ® N°Ty) & (A*Ty @ A°Ty)
with respect to the connection defined on vectors X; € T; by

@Xl (¢a ¢17 ¢27 ¢5) = <VX1¢ - ¢1(X1)7 VX1¢1 - RX1¢7 VX1¢2 - d)d(Xl)? VX1¢3 - RX1¢2)

and

Vi, (6, 61, 2, 03) 1= (V¢ — 02(Xa), V1 — 3(X2), Vi, 2 — R, 6, Vs — Rx,1).
We now define for 7 = 1, 2 the connections Vi on E; == TM; ® A2 TM; by
W(i(ai, 51) = (V)Aéiai - 51‘(X7;)7 V)Aélﬁz - R)Aéi(%)),
and notice that E' = 7j(E1) @73 (E») and that v coincides with the tensor product connection
induced by V! and V2 on E. It follows that the space of V-parallel sections of F is the tensor

product of the spaces of V-parallel sections of E; and of V2-parallel sections of Es. Taking
the first component of these sections yields the desired result. |

Remark 5.2. Note that the compactness assumption in Theorem 5.1 is essential. There
are many non compact products, with trace-free conformal Killing 2-tensors which are not
defined by Killing tensors of the factors. The simplest example is the flat space R™.

6. WEITZENBOCK FORMULAS

Let (M™, g) be an oriented Riemannian manifold with Riemannian curvature tensor R. The
curvature operator R : A2TM — A2 TM is defined by g(R(X AY),ZAV) = R(X,Y,Z, V).
With this convention we have R = —id on the standard sphere.

Let P = Pso(n) be the frame bundle and EM a vector bundle associated to P via a SO(n)-
representation p : SO(n) — Aut(E). Then the curvature endomorphism ¢(R) € End EM is
defined as )

q(R) = 5 Z(e, VAN ej)* o 'R(ez A €j)* .
Z?]
Here {e;},i = 1,...n, is a local orthonormal frame and for X AY € A2TM we define
(XAY). = p(X AY), where p, : s0(n) — EndFE is the differential of p. In particular, the
standard action of A2 TM on TM is written as (X AY),Z = ¢g(X, 2)Y — g(Y, Z) X =
(Y- X, — X Y ,)Z. This is compatible with

JUXNY)ZV) = g(XAY,ZNV) = g(X, Z)g(Y,V) — g(X,V)g(Y,Z) .
For any section ¢ € I'(EM) we have R(X AY).¢ = Rxye. It is easy to check that

q(R) acts as the Ricci tensor on tangent vectors. The definition of ¢(R) is independent of
the orthonormal frame of A TM, i.e. ¢(R) can be written as ¢(R) = > wi. o R(w;). for
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any orthonormal frame of A2 TM. Moreover it is easy to verify that ¢(R) is a symmetric
endomorphism of the vector bundle EM.

The action of ¢(R) on a symmetric p-tensors K can be written as ¢(R)K = Y ej-¢; 1 Re, ¢, K.
On symmetric 2-tensors h the curvature endomorphism ¢(R) is related to the classical cur-

vature endomorphism R (cf. [2, p. 52]), which is defined by
(RR)(X,Y) = ) h(Rx.Y.e) .

If h is considered as a symmetric endomorphism the action of R on h can be written as
R(h)(X) = =22 Rx.e, hlei) -
The action of Ric is extended to symmetric 2-tensors h as a derivation, i.e. it is defined as

Ric(h)(X,Y) = —h(RicX,Y) — h(X,RicY) . Then the following formula holds on Sym?* T M:
(22) ¢(R) = 2R — Ric .
If h is the metric ¢ then (Rg)(X,Y) = —Ric(X,Y) and Ric(g)(X,Y) = —2Ric(X,Y) .

As seen above, the covariant derivative V on Sym{, TM decomposes into three components
defining three first order differential operators: P;(K) := p;(VK), i = 1,2, 3, where p; are the
orthogonal projections onto the three summands in the decomposition (4). The operators
P*P,,i = 1,2,3 are then second order operators on sections of Symff TM. These three
operators are linked by a Weitzenbdck formula:

Proposition 6.1. Let K be any section of Symh TM, then:
qRVK = —pP/P K + (n+p—-2)P;P, K + PiP, K .

Proof. The stated Weitzenbock formula can be obtained as a special case of a general proce-
dure described in [28]. However it is easy to check it directly using the following remarks.

Let E be any SO(n)-representation defining a vector bundle EM and let T be the standard
representation defining the tangent bundle TM. Then any p € End( T®Q E) can be interpreted
as an element in Hom(T® T® E, E) defined as p(a®@b®e) = (au® id) p(b®e), for a,b € T
and e € E. Important examples of such endomorphisms are the orthogonal projections
pi, t = 1,..., N, onto the summands in a decomposition T® E = V; & ... & Vy. Another
example is the so-called conformal weight operator B € Hom(T ® T ® E, E) defined as
Bla®b®e) = (aAb).e. As an element in End(T ® E), the conformal weight operator can
be written as B(b®e) = > e; ® (e; Ab).e .

Let K be a section of EM, then V2K = > ¢, ® ¢; ® VgivejK is a section of the bundle
Hom(TM @ TM @ EM, EM). Using the remark above we can apply elements of the bundle
End(TM ® EM) to V2K. It is then easy to check that

B(V’K) = ¢(R) K, id(V’K) = —V*VK, p(V?K) = —P'P K

where P, i = 1,..., N are the first order differential operators P;(K) := p;(VK). Hence in
order to prove the Weitzenbock formula above it is enough to verify the following equation
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for endomorphisms of T ® E in the case £ = Sym” T:

B = ppr — (n+p—2)ps —p3s = (p+1)pr — (n+p—3)ps — id

n+2p—4
n+2p—2

= mm — Ty Ty — id .

This is an easy calculation using the explicit formulas for 7} and m;, ¢« = 1,2 given above. [

6.1. Eigenvalue estimates for the Lichnerowicz Laplacian. The Lichnerowicz Lapla-
cian Ay is a Laplace-type operator acting on sections of Sym?” TM. It can be defined by
Ap :=V*V + ¢(R). On symmetric 2-tensors it is usually written as Ap, = V*V + 2 R — Ric,
which is the same formula, by (22).

Proposition 6.2. Let (M",g) be a compact Riemannian manifold. Then Ap > 2q(R)
holds on the space of divergence-free symmetric tensors. Equality Aph = 2q(R)h holds for a
divergence free tensor h if and only if h is a Killing tensor.

Proof. Directly from the definition we calculate
dsh == ;- Ve, (ejaVeh) ==Y e+ (e; 2V, Ve,h) .
Similarly we have

A = Y eVl ol = Yo TN
- _Zveiveih - Zej ) (eiJVGivejh)
= V*Vh — Zei' (eijejveih)

Taking the difference we immediately obtain
0dh — doh = V*Vh — > ej-e; 1R b = V'Vh — q(R)h = Aph—2q(R)h .

Thus, if A is divergence free we have (A, — 2¢(R))h = ddh and the inequality follows after
taking the L? product with h. The equality case is clearly characterized by dh = 0. O

Remark 6.3. For symmetric 2-tensors this estimate for Aj was proven in [11].

Remark 6.4. As a consequence of Proposition 6.2 we see that divergence free Killing tensors
on compact Riemannian manifolds are characterized by the equation V*Vh = ¢(R)h. This
generalizes the well known characterization of Killing vector fields as divergence free vector

fields ¢ with V*V¢ = Ric(§).

Remark 6.5. Recall that ¢(R) is a symmetric endomorphism. The eigenvalues of ¢(R)
are constant on homogeneous spaces. On symmetric spaces M = G/K the Lichnerowicz
Laplacian A, can be identified with the Casimir operator Casg of the group G and ¢(R) with
the Casimir operator Casg of the group K.
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6.2. Non-existence results. In [5] Dairbekov and Sharafutdinov show the non-existence of
trace-free conformal Killing tensors on manifolds with negative sectional curvature. In this
section we will give a short new proof of this result.

Proposition 6.6. On a compact Riemannian manifold (M, g) of non-positive sectional cur-
vature any trace-free conformal Killing tensor has to be parallel. If in addition there exists a
point in M where the sectional curvature of every two-plane s strictly negative, then M does
not carry any (non-identically zero) trace-free conformal Killing tensor.

Proof. On sections of Sym{ TM we consider the Weitzenbock formula of Proposition 6.1:
o(R) = —pP'P, + (n+p—=2)P3F + PPy .

Trace-free conformal Killing tensors are characterized by the equation P, K = 0. In particular
we obtain for the L2-scalar product:

(23) (a(R)K, K)12 = (n+p = 2)| RE|* + | K[* > 0,

where K is a trace-free conformal Killing tensor. We will show that (¢(R)K, K)2 < 0 holds
on a manifold with non-positive sectional curvature. This together with (23) immediately
implies that P, K = 0 and P3K = 0 and thus that K has to be parallel.

For any x € M and any fixed tangent vector X € T,M we consider the symmetric
bilinear form Bx (Y, Z) := g(RxyX, Z), defined on tangent vectors Y, Z € T,M. Since the
sectional curvature is non-positive, this bilinear form is positive semi-definite. Hence there is
an orthonormal basis ey, ..., e, of T,M (depending on X) with Bx(e;,e;) = 0 for ¢ # j and
BX(e,-,ei) = aZ(X) Z 0 for all <.

A symmetric tensor K € T'(Sym{TM) can also be considered as a polynomial map on
Ty by the formula K(X) := g(K, X?). In particular we have for the Riemannian curvature
(Ry,zK)(X) = (3 Ry,ze - e 1 K)(X) = p3_ g(Ry,zex, X) (e 2 K)(X).

Let T be the tangent space T' = T, M for some x € M. Then we can define a scalar product
on Sym{T by g(Ki, K3) = fST K (X)Ky(X)dp, where Sy is the unit sphere in 7" and du
denotes the standard Lebesgue measure on Sp. From Schur’s Lemma it follows the existence
of a non-zero constant ¢ such that g(Ki, Ky) = %g(Kl,Kg) holds for all K, Ky € SymhT.
Since both scalar products are positive definite the constant ¢ has to be positive. We now
compute the scalar product g(q(R)K, K) at some point x € M. From the remarks above we
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obtain:
9@(RK,K) = Y glej-eisRee K.K) =Y g(Re, o K, e e 1K)

= o [ R ) (e KX

- / 3 ey X) -k KX gl X) (e ) (X)
-t 37 0l Xoew) (ex 2 K)(X) (e ) (X)
T / 3 Bx(ep ) (e s K)X) (e 2 K)(X)

— e / S 4,(X) (e 5 K) (X)) dp
0.

This proves that for every trace-free symmetric tensor K, on a manifold with non-positive
sectional curvature, the inequality g(q(R)K,K) < 0 holds at every point. By the above
arguments, if K is conformal Killing, then K has to be parallel.

IN

If in addition there is a point x € M where all sectional curvatures are negative, then
the symmetric form By is positive definite for all X € S, so its eigenvalues are positive:
aj(X) > 0. The computation above shows that (Y 1 K)(X) = 0 for every X € Sy and for all
tangent vectors Y orthogonal to X. This is equivalent to
(24) 0= g<K> (‘X‘2Y - <X7 Y>X> ’ prl) = ’X|2g(K7 Y- prl) - <X7 Y>Q(K, Xp)
for all tangent vectors X, Y € T,M. On the other hand, from (2) we immediately get for
every X, Y € T,M

g(Y - K, X7 = (p+ 1)(X,Y)g(K, X?)
and
g(L- (VoK) X" = p(p + 1)| X Pg(K, Y - XP71) .
From (24) we thus obtain
L-(YJK)=pY K, VY e T, M.
Applying A and using (1) and (2) together with the fact that AK = 0, yields
2n+4(p—1)YIK =2pY . K

at x, whence K, = 0. As K is parallel from the first part of the proof, this shows that
K=0. O

Corollary 6.7. Let X, be a compact Riemannian surface of genus g > 2. Then M admits no
trace-free conformal Killing tensors. More generally, there are no trace-free conformal Killing
tensors on compact quotients of symmetric spaces of non-compact type.
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Remark 6.8. Note that this result was also obtained by D.J.F. Fox in [9], Corollary 3.1.

7. KILLING TENSORS WITH TWO EIGENVALUES

Let K € I'(Symj TM) be a non-trivial trace-free Killing (i.e. Stickel) tensor on a connected
Riemannian manifold (M", g). We assume throughout this section that K has at most two
eigenvalues at every point of M.

Lemma 7.1. The multiplicities of the eigenvalues of K are constant on M, so the eigenspaces
of K define two distributions TM = Ey ® Es. If ny,ns denote the dimensions of Ey, Es and
m; denote the orthogonal projection onto E; for v = 1,2, then K is a constant multiple of
NoT1 — N1 T2.

Proof. Since K is trace-free, the eigenvalues of K are distinct at every point p € M where
K, # 0. Every such point p has a neighborhood U on which the multiplicities of the eigen-
values of K are constant. The eigenspaces of K define two orthogonal distributions F; and
E, along U such that TM|y = E; @ Es. Then the Killing tensor K can be written as
K = fm1 + hmy. Since K is trace-free, we have 0 = ny f + ngh. The covariant derivative of K
can be written as

9g(VxK)Y,Z) = g(Vx(KY) - K(VxY),Z)
= g(X(f)m(Y) + f(Vxm)Y + X(W)m2(Y) + h(Vxm2)Y, Z) .
Note that for any vector X and vector fields X;,Y; € E; for : = 1,2 we have
(25) 9(Vxm)X;,Yi) = 0

and similarly for mo. For X € Ej, the Killing tensor equation gives (VxK)(X,X) = 0 and it
follows from the formula above that g(X(f)m(X),X) = 0. Thus X(f) = 0 for all X € E;
and similarly X (h) = 0 for all X € E,. It follows that f and h are constant on U, since f and
h are related via ny f + nyh = 0. The eigenvalues of K are thus constant on U. Since this is
true on some neighbourhood of every point p where K, # 0, we deduce that the eigenvalues
of K, and their multiplicities, are constant on M. This proves the lemma. [

We will now characterize orthogonal splittings of the tangent bundle which lead to trace-free

Killing tensors.

Proposition 7.2. Let FEy and Es be orthogonal complementary distributions on M of dimen-
sions ny and ny respectively. Then the trace-free symmetric tensor K = nomy —nyms is Killing
iof and only if the following conditions hold:

(26) VXle S F(El) VX € F(El) and VX2X2 € P(Eg) V Xy € F(EQ) .

Proof. Assume first that K = nom — nymy is a Killing tensor. Since m; + w9 = id is parallel,
we see that m; and 7y are Killing tensors too. Let X; € I'(F;) and Xy € T'(E;). As 7 is a
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Killing tensor, we get from (25):

0 = g((Vx,m)X1, X2) + g((Vx,m1) X2, X1) + g(Vxom1) X1, X1)

= 29((Vx,m)X1, X5)

= 29(Vx, X1,Xs),
and similarly 0 = ¢(Vx, X3, X1), thus proving (26).

Conversely, if (26) holds, then for every vector field X on M we can write X = X; + X,

where X; := m;(X) for i = 1,2 and compute using (25) again:

g(Vxm)X, X) = 29((Vxm)X1, X2) =29(Vx Xy, Xo)
29(Vx, X1, Xs) +29(Vx, X1, X5)
= 29(Vx,X1,X2) —29(Vx, X5, X;)=0.

OJ

Pairs of distributions with this property were studied in [21] by A. Naveira under the name
of almost product structures of type D;.

Note that Killing tensors with two eigenvalues were intensively studied by W. Jelonek
and also by B. Coll et al. in [4]. The results above about Stéckel tensors with at most two
eigenvalues also follow from the work of W. Jelonek, cf. Theorem 1.2 and Theorem 2.1. in
[15] and Lemma 5 in [16], or Lemma 2 in [17]. In fact, combining [15] and [17], a more general
classification result can be proved for general (not necessarily trace-free) Killing 2-tensors,
which are characterized by Equation (1.5) in [15].

Example 7.3. If M — N is a Riemannian submersion with totally geodesic fibers and V
and H denote its vertical and horizontal distributions, then E; := V and FE := H satisfy
(26), by the O’Neill formulas. It turns out that this generalizes several examples of Killing
tensors appearing in the physics literature, e.g. in [11].

Remark 7.4. Note that (26) does not imply the integrability of E; or E,. However, assuming
that (26) holds and that one of the distributions, say Fj, is integrable, then there exists
locally a Riemannian submersion with totally geodesic fibers whose vertical and horizontal
distributions are F; and FE5 respectively.

8. CONFORMAL KILLING TENSORS ON HYPERSURFACES

In this last section we give a short proof, using the formalism developed above, of a van-
ishing result of Dairbekov and Sharafutdinov:

Theorem 8.1 ([5]). Let (M™,g) be a connected Riemannian manifold and let H C M be a
hypersurface. If a trace-free conformal Killing tensor K vanishes along H, then K wvanishes
tdentically on M.
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Proof. Let K € T'(Sym§ TM) be a trace-free conformal Killing tensor vanishing along a
hypersurface H C M. Starting with K, := K we recursively define tensors K; := VK, 1,
which are sections of TM®!® Sym) TM. We claim that all tensors K; vanish along H. Since
the conformal Killing equation is of finite type this will imply that K is identically zero on
M.

Consider the natural extensions d : I'(TM®! ® Sym” TM) — I'( TM®! @ Sym?™ TM),
5 : T(TM®' @ Sym” TM) — D(TM®' ® Sym” ' TM) and V : T(TM®! @ Sym? TM) —
D(TM® ) @ Sym? TM) of d, § and V, defined on decomposable tensors by

AT K) : Zez TRK)=T®dK+Y V., T®e¢ K,

(TRK) ==Y eV (TOK)=T®K —» V. T®eK

VI@K)=VI@K+) (®T)® VK,

where {e;} denotes as usual a local orthonormal basis of TM. A straightforward computation
shows that

(27) [d, V] =R", [0,V]=R",

where Rt : TM®! ® Sym? TM — TM® WD @ Sym?™ TM is defined by
RUT®K) =Y (e:@T)® (€ Re e, K) + (6 ® Re, o T) ® (e - K)

(2]

and R~ : TM®!' @ Sym? TM — TM® WD @ Sym?P~' TM is defined by

R(TOK):==> (6;0T)® (€juRe; o, ) + (€; @ Re, o, T) @ (e,0K) .
4]
Since K is trace-free conformal Killing, Lemma 3.3 shows that

(28) dK, = LSK, .

+2p 2

(Note that since K is trace-free, the notation K, from Lemma 3.3 coincides with our notation
K = K, above). We will prove by induction that there exist vector bundle morphisms
Fiy: TM®' ® Sym? TM — TM®! ® Sym”™ TM such that

-1
(29) dK, = — L5 LK + > Fiu(K) |

i=0
where here L : TM®? ® Sym? TM — TM®! ® Sym?"™ TM denotes the natural extension of
L, which of course commutes with V. For [ = 0, this is just (28). Assuming that the relation
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holds for some [ > 0 we get from (27)
dK;,, = dVK; =VdK;+ RJFKZ

= v( +2p2L5Kl+ZEl >+R+Kl

— LVOK, + Z (VE)(K) + (d® Fy)(Kiq)) + RTK

n+2p 2
-1

LoKp +LRK) + Y (VE)(E) + ([d @ Fiy)(Kip)) + RTE
=0

n+2p 2 (

which is just (29) for [ replaced by [ + 1 and

B VEl+(id®Fz 10)5 i<l—1
A LR +({d® F_1)+R", i=1.

n+2p 2

This proves (29) for all [.

Assume now that Ky, ..., K; vanish along H for some [ > 0. We claim that K; . is also
vanishing along H. Take any point x € H and choose a local orthonormal frame {e;} such
that e; =: N is normal to H and es,... e, are tangent to H at z. From (29) we have
dK; = — +2— LOK; at =. Moreover, VelKl vanishes at x for every ¢ > 2. The previous
relation thus reads
(30) N -VyK, = mLNJVNKZ )

Writing
VNKZ - Z er ® SI )
Ie{1,..,n}t
with ej :==¢;, ® ... ®e;,, and S; € Sym” TM, (30) becomes
(31) N-Sr=——=LN.S;

for every I. It is easy to check that this imphes S; = 0 for every I. Indeed, if iy € {0,...,p}
denotes the largest index i such that the coefficient C; of N in S} is non-zero, comparing the
coefficients of N in (31) yields C;, = +2—ZOC7JO, which is clearly 1mp0881ble for n > 2.
This shows that VyK; = 0 at x, and since we already noticed that V., K; vanishes at z for
every ¢ > 2, we have K; ;1 = 0 at x. As this holds for every z € H, our claim is proved.

Consequently, if K vanishes along H, then all covariant derivatives of K vanish along H.
Since the conformal Killing equation has finite type (cf. Remark 3.4), this implies that K
vanishes identically on M (being a component of a parallel section of some vector bundle on
M which vanishes along H). This proves the theorem. O
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