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ABSTRACT. We give a complete description of all locally conformally K&hler structures with
holomorphic Lee vector field on a compact complex manifold of Vaisman type. This provides
in particular examples of such structures whose Lee vector field is not homothetic to the
Lee vector field of a Vaisman structure. More generally, dropping the condition of being of
Vaisman type, we show that on a compact complex manifold, any lcK metric with potential
and with holomorphic Lee vector field admits a potential which is positive and invariant
along the anti-Lee vector field.

1. INTRODUCTION

A Hermitian metric g on a complex manifold (M, J) is called locally conformally Ké&hler
(in short, IcK) if around any point in M, the metric g can be conformally rescaled to a Kéahler
metric. This condition is equivalent to the existence of a closed 1-form 6 such that d€2 = A€,
where 2 denotes the fundamental 2-form defined as Q(-,-) := g(J-,-). The 1-form 6 is called
the Lee form and its metric dual is called the Lee vector field. In this paper we assume that
0 #0, i.e (J,g,Q) is not Kéhler.

A special class of IcK structures is represented by the so-called Vaisman structures, defined
by the property that the Lee form is non-zero and parallel with respect to the Levi-Civita
connection of g. It is known that a Vaisman structure on a complex manifold is uniquely
determined, up to a positive constant, by its Lee form, via the following identity:
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On a compact complex manifold of Vaisman type, i.e. admitting at least one Vaisman
metric, the Lee vector fields of all Vaisman structures are holomorphic, and coincide up to a
positive multiplicative constant. This fact was originally obtained in [12], but for the reader’s
convenience we give below an alternative proof.

Q=——(0AJO—dJo).

In [8], A. Moroianu, S. Moroianu and L. Ornea proved that a compact lcK manifold with
holomorphic Lee vector field is Vaisman if the Lee vector field either has constant norm or is
divergence-free. Moreover, they also construct examples of non-Vaisman IcK structures with
holomorphic Lee vector field on a compact manifold of Vaisman type. These lcK structures,
however, have the same Lee vector field as the Vaisman structures. More recently, F. Belgun
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[1] constructed examples of lcK manifolds with holomorphic Lee vector field on compact
complex manifolds which are not of Vaisman type.

In this paper we describe all 1cK structures with holomorphic Lee vector field on compact
complex manifolds of Vaisman type. In particular, this description provides examples of such
structures whose Lee vector field is not homothetic to the common Lee vector field of the
Vaisman structures (see Remark 4.9) and which were not known to exist up to date. We also
describe all holomorphic vector fields on Vaisman-type manifolds which can be obtained as
Lee vector fields of 1cK structures.

After introducing the needed notions and notation in a preliminary section, we will recall
in Section 3 the description, due to K. Tsukada [12], of the space of all 1-forms which occur
as Lee forms of Vaisman structures. We give here a new presentation, based on two types of
deformations of Vaisman structures.

In Section 4 we prove the main results. Given an lcK structure (€2, #) with holomorphic Lee
vector field T on a compact complex manifold (M, J) of Vaisman type, we show in a first step
that there exists a Vaisman structure (go, €20, 69) on (M, J) adapted to this lcK structure, in
the sense that its Lee form 6 is cohomologous to 6 and is J7T-invariant. This follows by an
averaging process and using the aforementioned deformations of Vaisman structures, as well
as the convexity of the space of Lee forms of Vaisman structures. In particular, the anti-Lee
vector field J7T is holomorphic and Killing with respect to the Vaisman metric gy. The space
of all holomorphic Killing vector fields on a compact Vaisman manifold will be described as a
separate result (cf. Lemma 4.4), which allows us to deduce that JT' is completely determined
by a function a, via the formula JT = aJT, — Jgrad’a. Moreover, we prove that the function
a is necessarily positive (see Theorem 4.8).

Conversely, we show that on a compact Vaisman manifold (M, J, go, o, 00), given a holo-
morphic Killing vector field of the form K = aJTy — Jgrad?a, where a is a positive function,
there exists an IcK structure with holomorphic Lee vector field equal to —J K. Moreover, we
describe all these 1cK structures by two parameters, namely a K-invariant function and a K-
invariant twisted harmonic form of type (0, 1), which satisfy two certain positivity conditions,
thus defining an open set in some infinite-dimensional vector space (see Theorem 4.11).

As a last result, we show that on a compact lcK manifold, not necessarily of Vaisman type,
if we additionally assume that the lcK structure with holomorphic Lee vector field T has a
potential, then there exists a JT-invariant potential which is positive everywhere.

Acknowledgments. This work was supported by the Procope Project No. 57445459
(Germany) / 42513ZJ (France).

2. PRELIMINARIES ON LCK AND VAISMAN MANIFOLDS

Let (M, J) be a compact complex manifold. An lcK structure on (M, J) is a Hermitian
metric g whose fundamental form

Q:=gqg(J-,")

satisfies the IcK condition d€2 = 6 A Q, for some closed 1-form 6 called the Lee form. The
metric dual T" of 8 will be called the Lee vector field.
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The 1cK condition is conformally invariant: if (€2,6) is an lcK structure on (M, J), then
(e/Q, 0 +df) is an IcK structure on (M, J) for every smooth function f. An IcK structure is
thus globally conformally Kahler if and only if its Lee form is exact. If this does not hold,
the IcK structure is called strict.

On a manifold M endowed with a closed 1-form 6, one may introduce the twisted differential
dg :=d — 6 A -, which satisfies dZ = 0, and thus defines so-called Morse-Novikov (or twisted)
cohomology groups H;(M). If (M, J) is a complex manifold, the twisted differential can be
decomposed as follows: B

do = Op + O,
with B -
89228—01’0/\', 39::0—00’1/\-,
where 00 := 1(0 4 iJ6) and 6°! := 1(6 — iJ6). One may also introduce the real operator
g —- Z(é@ - 89) = [J7 dg],
where J acts on exterior forms as a derivation. Since d = 0, we immediately get
892 =0, 52 =0, 0959 + 5909 =0, dedg = 226959.

Note that, by definition, a Hermitian form € on (M, J) is IcK if and only if there exists a
closed 1-form 6 such that dgp€2 = 0. The IcK structure (€2, 0) is called dg-exact if there exists
a 1-form [ such that Q = dyp.

If ¢ := 6+ df, then dp = e/dge™/. Similar conjugation relations hold for the other
operators introduced above, so that their properties only depend on the cohomology class
of 6. In particular, for second order operators the following relation holds:

(1) derdS (e'h) = e’ dgdSh,  for any h € C*®(M).

Definition 2.1. An IcK metric g on (M, J) is called Vaisman if its Lee vector field T is
Killing with respect to g and non-zero. A complex manifold (M, J) is called of Vaisman type
if it admits a Vaisman structure.

Let V denote the Levi-Civita connection of g. Since @ is closed, V@ is a symmetric bilinear
form. Moreover, the Lie derivative of g with respect to T is equal to the symmetric part
of V@. The above condition that 7" is a Killing vector field is thus equivalent to the more
familiar condition that V6§ = 0.

Assume from now on that (M, J, go, o, 00) is Vaisman. Being parallel, §, has constant
norm with respect to go. Moreover, the Lee vector field Ty is holomorphic with respect to J,
ie. Lr,J =0 (cf. [13] or [8, Lemma 3]). Hence, it also follows that L5,y = 0, so using the
Cartan formula we get

0= ETOQO = d(To_lQo) + TO_IdQO = djeo + To_l(eo VAN Qo) = dJGO + |00‘2QO - 90 VAN Jeo,
whence the well known formula
(2) dJ@o - 00 A J(g(] - ’90’290,

which can also be written as

. 1
(3) Qo = dg,dj, (W) -
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Definition 2.2. An IcK structure (J,€2,0) for which there exists a function h such that
2 = dpd§(h) is called an 1cK structure with potential [10].

The above formula (3) shows that Vaisman metrics have potential, and by (1), if (€2,0) is
an 1cK structure with potential h, then (/2,6 + df) is an IcK structure with potential e/h.

Remark 2.3. Every IcK metric with potential, in particular every Vaisman metric, on a
compact complex manifold is strict. Indeed, if § = —df and Q = dpdjh, then (1) shows that
e/Q = dd°(e/h) is a Kihler metric with global potential, which is not possible on compact
manifolds.

Note that there exist IcK metrics without potential (cf. [10]), even on Vaisman-type man-
ifolds (cf. [3]). However, N. Istrati has recently shown the following result which will be very
useful for us in the sequel.

Proposition 2.4. (¢f. [4, Theorem 6.2]) Let (M, J, go, Qo, 6p) be a compact Vaisman manifold
and let (2,6y) be an lcK structure on (M, J) with the same Lee form. Then there exists a
function h € C®(M,R) and a form o € Q¥ (M) in the (finite dimensional) kernel of the
twisted Laplacian Aéeo := 09,0}, + 0;, 0o, such that:

(4) Q= dgodgoh + 89006 + 5@05,

where 6;0 denotes the formal adjoint of Op, with respect to go.

The proof is based on standard Hodge theory, using the identification of the twisted Bott-
Chern cohomology with some twisted Dolbeault cohomology, due to the vanishing of the
Morse-Novikov cohomology on Vaisman manifolds (cf. Corollary 3.5 below).

3. DEFORMATIONS OF VAISMAN STRUCTURES

In this section we consider two types of deformations of Vaisman structures, which have
already been introduced in [12]. However, we present them from a different point of view
that is useful for the purpose of this paper.

Recall first that the space of harmonic forms on the compact Vaisman manifold (g, Q, 0)
decomposes as follows:

(5) M (M, go) = span{fo} & Hy(M, go),

where H3(M) is J-invariant and consists of harmonic 1-forms pointwise orthogonal to 6
and J6p. In particular, the Cartan formula shows that Lr,ao = 0 and L, = 0 for every
a € H' (M, go). For a proof, see for instance [7, Lemma 5.2].

If (go,,00) is a Vaisman structure on (M, J) with Lee vector field Tj, then for every
positive real number ¢ > 0, the triple (g; := tgo, € := €0, 6p) is a new Vaisman structure
with the same Lee form, whose Lee vector field is T = %To. The square norms of the Lee
fields with respect to the respective metrics are related by

1 1
(6) 515 = 60(T) = geo(To) = ;|To .
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Definition 3.1. A Vaisman metric is called normalized if the Lee form (or, equivalently, the
Lee vector field) has norm 1.

From (6) it follows that every Vaisman metric is proportional to a normalized Vaisman
metric, which is unique in its homothety class. By (3), every normalized Vaisman metric has
constant potential 1.

Lemma 3.2. Let (M, J, go,,00) be a compact Vaisman manifold and let (g,$2,60) be any
lcK structure on (M,J). If [] = t[6o] + [a], with t € R and o € H{(M, go) denotes the
decomposition of [0] with respect to (5), then t > 0.

Proof. In the conformal class of g, there exists an IcK metric with Lee form equal to tfy + a.
So without loss of generality, we assume that 6 = t0y + a. As dJa = 0, we get from (2)

dJO = tdJby + dJo = (6 A Jby — [6o]2, o),

Let n denote the complex dimension of M. Taking the wedge product with Q"' and inte-
grating over M yields

/ dJ@/\Qnil :t/ (00/\J€0— |60 ZOQ()>/\Q”71,
M M

which has the opposite sign of ¢, since [, (6o A J0 —[6o[2,2) AQ*" < 0. On the other hand,
by Stokes’ theorem, we have

/ dJo A QT = / JOAAQ") = —(n - 1)/ oA JOAQ <0,
M M M
since 6 # 0. We thus deduce that ¢ > 0. 0

Lemma 3.3. Let (M, J, go,$,00) be a Vaisman manifold. For every positive real number
t > 0 and harmonic 1-form o € HY(M, go), the pair (§2,0)) defined by 0 := t6y + o and
Qf =0y A\ JO, — dJb) is a normalized Vaisman structure on (M, J).

Proof. Since 0y, Hy(M, go), and the expression of Q) do not change if € is rescaled by a
constant, one can assume that (M, J, go, Q0,6p) is normalized. Then (2) shows that dJf, =
Qg — 0y N\ Jby. Moreover da = dJa = 0, whence

(7) Qp = (thy + ) A J(t0y + o) + t(2 — Oy A Jby).

Denoting as before by T := Qg the metric dual of 6y with respect to gy, we have that the
kernel of Qg — 6y A JOy is the span of Ty and JTj. On the other hand,

[(teo + Oé) VAN J(t90 + CY)](CLT(] + bJTo, J(CLTQ + bJTo)) = tQ((Z2 + b2)

since a vanishes pointwise on Ty and J7,. This shows that the right-hand side of (7) is
positive definite since it is the sum of two positive semi-definite (1,1)-forms which have no
common kernel. Clearly d€, = 6} A Q. so (€2, 6;) is 1cK.

Moreover, Ty €Y = tJ6), so T := 1T is the Lee vector field of (€),6(). In particular,
Tj is holomorphic, and furthermore L7, = L7, = 0 since Lya = 0, Ly, J = 0, and

L1600 = 0. Hence T is Killing with respect to g, and thus (€2, 6;) is Vaisman. Finally,
0,(T3) = t0o + (1) = 00(To) = 1, so (€, ;) is normalized. O
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On a complex manifold (M, J), the Vaisman structure (£, 6) defined as in Lemma 3.3
will be called a deformation of type I of (£, 6)).

A direct consequence of Lemmas 3.2 and 3.3 is the following result:

Proposition 3.4. The Lee form of any IcK structure on a Vaisman manifold is cohomologous
to the Lee form of a Vaisman structure which is a deformation of type I of the initial Vaisman
structure.

Thus, if we denote by Hly (M) and by Hy. ... .. (M) the set of all de Rham cohomology
classes that are represented by the Lee form of an 1cK structure, respectively of a Vaisman
structure, then on a compact complex manifold of Vaisman type these sets are equal and are

described as follows with respect to an arbitrarily fixed Vaisman structure (go, o, 0o):
Hic(M) = Hyyigman (M) = {t[00] + [a] € Hgp(M,R)[t > 0,a € Hy(M, go)}.

Vaisman
Corollary 3.5. If 0 is the Lee form of some lcK structure on a Vaisman-type manifold
(M, J), the twisted cohomology Hj(M) vanishes.

Proof. By Proposition 3.4, 6 is cohomologous to the Lee form 6, of a Vaisman structure on
(M, J). Since the twisted cohomology only depends on the cohomology class of the 1-form, we
have H; (M) = Hg (M). On the other hand, it was shown in [6] that the twisted cohomology
Hj (M) vanishes whenever 6 is non-vanishing and parallel with respect to some Riemannian
metric on M. 0

We now consider another type of deformation of Vaisman structures, which preserves the
cohomology class of the Lee form. Let (go, o, 6p) be a Vaisman structure on (M, J) with Lee
vector field Ty. Let f € C°°(M), such that Ty(f) = JTo(f) = 0. We define the closed 1-form
¢;, and the (1, 1)-form € by

(9) Qy = dg(=J0) = 160]2,Q0 + 00 A JAf +df A JOy+df AJdf —ddef.

When € is a positive (1,1)-form (for instance if f is close to 0 in the C? sense), the pair
(24, 0;) is an 1cK structure on (M, J).

Moreover, we have To.€, = |6 5210‘]00 + |60 gonf = |6y 5210*]96’ since Toodf = TooJdf =0
and Toudd®f = Lr,d°f = d°Lqf = 0. Therefore, the Lee vector field of (€, 6;) is T} =
L-Ty. Since L7,J = 0 and L7, = 0, and 6,(7T}) = 1, the structure (6}, ) is normalized

10012,

Vaisman and we will call it a deformation of type II of (€, 0).

The next result is well-known (cf. [12] or [9, Prop. 2.14]); we provide here a short proof
for convenience.

Proposition 3.6. Let (go,0,00) and (g4, 82, 6;) be two Vaisman structures on a compact
complex manifold (M, J), with Lee vector fields Ty, respectively T}. Then there exists a positive
constant X > 0, such that T = NTj.

Proof. Since a constant rescaling of the fundamental form induces a constant rescaling of the
Lee vector field, one can assume that the two Vaisman structures are normalized. The closed
1-form 6], is cohomologous to a harmonic 1-form with respect to the metric go. By (5), there
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exist t € R and o € H{(M, g) such that [05] = [t6p + . Lemma 3.2 then yields that the real
number ¢ is positive, and by Lemma 3.3 it follows that tfy + « is the Lee form of a normalized
Vaisman structure, whose Lee vector field is %TO.

Thus, without loss of generality, we may assume that [0)] = [0o], so there exists f € C*(M),
such that 6) = 6y + df. The (n,n)-form (—1)"d.J6y A (d.J6))" ! is exact and semi-positive,
hence
(10) dJOy A (TGt =0
by Stokes’ formula. The interior product of d.J6) with T} and JT} vanishes, and (d.J6))" ! is
nowhere vanishing. Thus, taking the interior product with 7 and J7 in (10) yields

0 = dJOo(T}, JTY),

whence T, = Ty + ¢/ JTp, for some functions ¢ and ¢, which have to be constant, since Tj
and Tf are holomorphic and M is compact. Moreover,
0= Ly = cLy 0y + ¢ L0y = cd(To(f)) + <d(JTo(f)),
0= EJT696 = CﬁJTOG() — CIETOQ(I) = —C/d(To(f)) + Cd(JTo(f))

hence To(f) = JTo(f) = 0. Therefore (€2, 0f) is obtained from (29, 6y) by a deformation of
type II, which implies that Ty = sTj) for some positive real number s. |

Proposition 3.6 allows to identify on a compact complex manifold of Vaisman type (M, J)
two naturally oriented 1-dimensional distributions, 7 spanned by T; and J7 spanned by JTy,
where Tj is the Lee vector field of some Vaisman structure on (M, J), which also determines
the orientation. The 2-dimensional distribution 7 & J7T is called the canonical distribu-
tion. We denote by T+ the subset of T consisting of the union of all positive half-lines in
T, namely 71 := péJMRJrTO(p) and correspondingly we denote by JT* := péJM]R*JTO(p).

Proposition 3.6 ensures that 7+ and J7 T are well-defined, independently of the choice of the
Vaisman structure.

Moreover, the proof of Proposition 3.6 actually shows the following:

Proposition 3.7. Let (M, J,Q,00) be a compact Vaisman manifold. Then any normalized
Vaisman structure (€, 6;) on (M, J) is obtained by deformations of type I and Il starting
from the given Vaisman structure (o, 6p).

We now introduce the subspace £ C Q'(M) of Lee forms of Vaisman structures, defined
by

L:={0€Q'(M)|df =0and (Q:=60AJI—d(J),0) is a Vaisman structure},
which is tautologically in bijection with the set of normalized Vaisman structures on (M, J).
Lemma 3.8. Let (M, J) be a Vaisman-type manifold. Then L is a convex cone inside Q' (M).
Proof. Let 6 be the Lee form of a Vaisman structure (€2,60) on (M, J). For any t > 0, the

1-form t0 is the Lee form of the Vaisman structure (t26 A JO — td.J0,t0) obtained from (2, 0)
by a deformation of type I. Thus, £ is a cone inside Q'(M).
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We now show that £ is also a convex set. Let 61,0y € L. Thus (2y := 6, A JO; —d(J6,),0;)
and (Qq := 0 A JOy — d(J0y),05) are two normalized Vaisman structures on (M, J) with
associated Riemannian metrics g1 = Qq(-,J-) and g = Qa(+,J-). We need to check that
0 := 01 + 6, also belongs to L. We define:

Q= OAJO—AJO = (0, + 02) A (JO1 + J0) — (dJO + dJOs) = Qy + Qo+ 01 A T + 05 A JO;

which is clearly a (1,1)-form. We claim that the symmetric tensor g := (-, J-) is positive
definite.

For any vector field X on M the following identity holds:
(11) QX, JX) = N (X, JX) + Qo(X, JX) + 201 (X)02(X) + 2J60,(X)J0(X).

Using some local orthonormal bases {0, J01, a1, ..., a, o} and {01, J01, 51, ..., Bn2} of
(AY(M), g1) and (AY(M), go) respectively, (11) becomes:

(12)  QX,JX) = (01(X) + 05(X))? + (JO,(X) + JOy(X 2+Zal 24 Bi(X)?).

Thus, 2 is positive semi-definite. In order to show that (2 is actually positive definite, assume
that Q(X, JX) = 0 for some vector X. If we denote by 77 and 75 the Lee vector fields of the
Vaisman structures (21, 61), respectively (€29, 65), then the above equation yields that X lies
in the span of {T}, JT}, respectively of {75, JT5}.

By Proposition 3.6, there exists a positive constant A\, such that T} = AT5. Thus, X is
of the following form: X = aT} + bJT) = A(aTs + bJT3). The assumption Q(X,JX) = 0
together with (12) also implies that 6, (X) 4 65(X) = 0 and J6,(X) + JO2(X) = 0. Hence,
we get that a(A+ 1) = 0 and b(A+1) = 0. As X\ > 0, it follows that « = b = 0 and thus
X = 0, showing that € is positive definite and (£2,0) is a Vaisman structure on (M J). Let

us remark that the Lee vector field T of this Vaisman structure is T' = —=T; = —=T5. O

1+/\ 1+)\

4. LcK STRUCTURES WITH HOLOMORPHIC LEE VECTOR FIELD

This section contains the main result of the paper, namely the description of all IcK struc-
tures with holomorphic Lee vector field on a compact Vaisman-type complex manifold.

Let (M, J) be a compact complex manifold of Vaisman type, and let 7 denote as before
the 1-dimensional distribution spanned by the Lee vector field of any Vaisman structure on
(M, J) (cf. Proposition 3.6). We consider the space HL of holomorphic vector fields on
(M, J) of Lee type, defined as follows:

Definition 4.1. The set HL(M,J) is the set of all holomorphic vector fields which can be
obtained as the Lee vector field of some 1cK structure on (M, J).

Let us introduce the following notion, which will be used in the sequel:
Definition 4.2. A vector field X on a manifold M is called of Killing type if there exists a

Riemannian metric g on M, such that X is a Killing vector field of g.

The first observation is that if 7' € HL(M, J) then JT is holomorphic and of Killing type.
More precisely we have the following result:
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Lemma 4.3. If T is the Lee vector field of some lcK structure (g,$2,0), then L0 = 0. If
T is holomorphic, then JT is Killing for g.

Proof. Indeed, the Cartan formula shows that the anti-Lee vector field JT of an 1cK structure
always preserves the fundamental 2-form:

L0 = d(JTQ + JT(dQ) = df + JTL(0 A Q) = 0.

If, moreover, T is holomorphic, as J is integrable, JT is also holomorphic, thus L ;rg =
L7 (Q(-,J:)) = 0. O

Let us now give the description of holomorphic Killing vector fields on Vaisman manifolds,
which will be used in the sequel.

Lemma 4.4. Let (M, J, go,,60) be a normalized Vaisman manifold with Lee vector field
To. Then any holomorphic Killing vector field K on (M, J, go) is of the following form:

K = CT0+CLJT0+K0,

where Ko € {Ty, JTp}*, ¢ is a constant, and the function a € C*°(M), called the Hamiltonian
of the holomorphic Killing vector field K, satisfies Koy = da and Ty(a) = JTy(a) = 0.

Proof. Let K be a holomorphic Killing vector field on (M, J, go). Then K leaves also invariant
the fundamental form, L€y = 0, and thus also the Lee form, Lx0y, = 0. From the Cartan
formula and the closedness of the Lee form 6y, it follows that ¢ := 6y (K) is constant. Hence,
the vector field K splits as:

K = CTD + aJTo + KQ,
where K, € {Tp, JTp}* and a := JOy(K). Furthermore, we compute again using Cartan’s
formula and (2):

0=LgJOy=KidJOy+ d(K_JOy) = Ki(0g N JOy — Q) + da
=cJOy — aby — Ky + da = cJOy — aby — cJOy + aby — K¢y + da
= da — Ky£.
In particular, it follows that Ty(a) = JTo(a) = 0, since Qo(Ko, To) = Qo(Ko, JTp) = 0. O
Lemma 4.5. Let (M, J) be a compact manifold of Vaisman type and let X be a holomorphic

vector field of Killing type on M. Then for any class [0] € HL (M) there exists a normalized
Vaisman structure (Qo,00) on (M, J) such that [0y] = [0] and Lx0y = 0.

Proof. By Proposition 3.4, there exists a Vaisman structure (g1, 2y, 6;) on (M, J), such that
[01] = [0]. Let g be a Riemannian metric on M for which X is a Killing vector field. Then
the flow of X consists of isometries ¢, € Iso(M, g), so its closure G := {¢,} in Iso(M, g) is a
compact torus with Haar measure dyu, normalized such that | o dp = 1. We define

Oy = / ’)/*91 d[L S Ql(M)
veG

Then the following cohomology classes are equal: [0y] = [0;] = [0], since the action of any
connected Lie group is trivial in cohomology. Furthermore, the 1-form 6, is invariant under
X, 1.e. Lx0y = 0, since v*6y = by, for any v € G. As X is holomorphic, v*6; is the Lee
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form of the Vaisman structure v*(€2;) on (M, J) for every v € G. By the convexity of the
set of Lee forms of Vaisman structures (Lemma 3.8), we obtain that 6y is the Lee form of a
normalized Vaisman structure whose fundamental 2-form is € := 0y A JOy — dJ0,. O

Corollary 4.6. Let (M, J) be a compact manifold of Vaisman type and let T € HL(M, J)
be a holomorphic vector field of Lee type. Then for every IcK structure (g,Q,0) on (M,J)
whose Lee vector field is T, there exists a normalized Vaisman structure (g, 00) on (M, J)

such that [0y] = [0] and Oy(JT) = 0.

Proof. By Lemma 4.3, JT is Killing for g. Then Lemma 4.5 applied to X := JT and to the
class [0] ensures the existence of a normalized Vaisman structure (€, 6p) on (M, J) such that
[0o] = [0] and L;r0y = 0. We only need to check that any such Vaisman structure satisfies
Oo(JT) = 0.

Cartan’s formula together with L£;r0y = 0 already imply that ¢ := 6y(JT') is constant.
Moreover, since 6 and 6, are cohomologous, there exists f € C>°(M,R) such that 6 = 6y +df
and thus we compute:

0=0(JT) = (6 + df)(JT) = c + JT(f).

Considering this equality at a point of extremum for f on the compact manifold M, it follows
that the constant ¢ vanishes, hence 6y(JT') = 0. O

In the sequel, we will need the following criterion to decide when a vector field is the
anti-Lee vector field of a dy-exact IcK structure:

Lemma 4.7. Let (M, J,$,0) be a strict lcK manifold, such that Q = dgf, for some B €
QYM). Let K be a vector field on M such that Lx3 = 0 and 0(K) = 0. Then K is the
anti-Lee vector field of (2,0) if and only if B(K) + 1 = 0. In particular, the Lee vector field
of any lcK structure on such a manifold is not vanishing at any point.

Proof. By definition, K is the anti-Lee vector field of the IcK structure (£2,0) if and only if
K2 = —6. On the other hand, we compute as follows, using Cartan’s formula and the fact
that L8 =0 and §(K) = 0:

K0 = Kodyf = K 5(d8 — 0 A B) = LicB — d(B(K)) — 0(K)B + BIK)0 = —dg(B(K)).
Hence, K Q) = —6 is equivalent to dg(8(K) + 1) = 0.

Since the lcK structure is not exact, dg is injective on functions (cf. [7, Lemma 2.1]),

showing that K is the anti-Lee vector field of (€2, 0) if and only if 5(K)+1 = 0. In particular,
K, and thus also the Lee vector field —JK, is nowhere vanishing on M. 0

We will now gather some further information about holomorphic vector fields of Lee type
on Vaisman-type manifolds.

Theorem 4.8. Let (M, J) be a compact Vaisman-type manifold endowed with an lcK structure
(9,9, 60) whose Lee vector field T is holomorphic.

(1) There ezists a normalized Vaisman structure (go, o, 6o, To) on (M, J) such that [0] =
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(i) The anti-Lee vector field JT is holomorphic and Killing with respect to the Vaisman
metric go and there exists a function a € C*(M), with Ty(a) = JTy(a) = 0, and such that
JT = aJTy — Jgrad®a.

(7i1) The function a is everywhere positive on M.

Conversely, if (go, 0,00, To) is a normalized Vaisman structure on (M,J) and K is a
holomorphic Killing vector field on (M, J, go) with positive Hamiltonian a and vanishing Ty-
component c, then —JK s the Lee vector field of an lcK structure (S2,0) on (M, J) such that

Proof. (i) Follows directly from Corollary 4.6.

(ii) Since T is holomorphic, the same holds for JT', so L;7J = 0. Moreover L 70, =
d(e()(JT)) = 0, SO EJTQO = EJT(GO AN Jeo — dJeo) = O, whence ,CJTgo =0.

By Lemma 4.4, there exists a real constant ¢ and a function a € C*°(M) (the Hamiltonian
of JT'), with Ty(a) = JTy(a) = 0, and such that JT' = Ty + aJTy — Jgrad*a. Moreover, ¢
vanishes, since

0="00(JT) =c—by(Jgrad®a) = ¢+ JTy(a) = c.

(iii) Corollary 3.5 ensures that every lcK structure (€2,6) on a Vaisman-type manifold is
dg-exact, i.e. 2 = dyf for some 1-form S. Using an averaging argument as before, one can
assume that L£;r8 = 0. By the converse of Lemma 4.7 applied to K = JT we thus obtain
that 7' is never vanishing.

Since [0] = [0y], there exists f such that 6 = 0y + df. We now compute:
|T\§ = O0(T)=00(T)+T(f)=00(aTt — grad®a) + aTy(f) — df(grad®a)
= a+aly(f) —(df,da)g,
which together with the fact that T vanishes nowhere on M, yields the following inequality:

(13) a+aly(f) — (df,da), >0

Let us denote by m := m]\i4n a the minimum of the function a on the compact manifold M.

Applied at any p € a~*(m), the above inequality yields a(p)(1 + To(f)(p)) > 0. Hence, in
particular, we have m = a(p) # 0.

We assume, by contradiction, that m < 0. The above inequality yields 1 + To(f)(p) < 0
for all p € a='(m). As Ty is a parallel vector field of constant length 1 with respect to the
Vaisman metric gg, each integral curve of Tj is a complete geodesic of (M, go). Moreover, the
restriction of the function a along any integral curve of T} is constant, since Ty(a) = 0. Hence,
along a complete geodesic v: R — M starting at a point p € a~!(m), the following inequality
holds: To(f)(y(t)) < —1, for all t € R, which yields a contradiction, since the function f is
bounded. This proves that m = mj\}na > 0, hence the function a is positive on M.

Conversely, let K = aJTy — Jgrad?’a be a holomorphic Killing vector field on (M, J, go),
with Ty(a) = JTo(a) = 0. We claim that the Lee vector field of the IcK structure
1 d
(Q:= Q0,0 := Oy — )
a

a
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is —JK. Indeed,
1 1
(—JK)Q = (aTy — gradgoa)_n(aﬁo) = Jby — aJda = J6.
[

Remark 4.9. Theorem 4.8 gives rise to examples of IcK structures on compact Vaisman-
type manifolds whose Lee vector field is not homothetic to the common Lee vector field
of the Vaisman structures. More precisely, if there exists on a compact Vaisman manifold
(M, J, 0, 6y, Ty) a Killing vector field K which is not a linear combination of Ty and JTj,
then, according to Lemma 4.4, it decomposes as K = ¢TIy + aJTy — Jgrad®a, where c¢ is
a constant and the Hamiltonian function a is not constant. As T} is also a Killing vector
field for gy, by subtracting ¢Ty and adding kJT, to K, for any constant k > ]m]vlln al, we

obtain a Killing vector field whose Hamiltonian function a + k is positive everywhere and
has no component along Ty, namely K = (a + k)JTy — Jgrad®(a + k). According to the
converse part of Theorem 4.8, there exists an IcK structure on (M, J) whose Lee vector field
equals —JK = (a+ k)Ty — grad? (a + k), which is clearly not homothetic to Tj, because a is
not constant and grad? (a + k) is orthogonal to Ty. Examples of compact Vaisman manifolds
admitting Killing vector fields which are not everywhere tangent to the canonical distribution
T @ JT are provided for instance by compact toric Vaisman manifolds (see [5], [7], [11]) or
compact homogeneous Vaisman manifolds (see [2]).

The above result is not completely satisfactory, as the description of the space HL(M, J)
of holomorphic vector fields of Lee type on (M, J) obtained in Theorem 4.8 depends on the
choice of some background Vaisman structure. However, it is possible to give a completely
intrinsic description of the space HL(M, J) on compact Vaisman-type manifolds:

Theorem 4.10. Let (M,J) be a compact complex manifold of Vaisman type, and let T
denote as before the 1-dimensional distribution spanned by the Lee vector field of any Vaisman
structure on (M, J). Then a holomorphic vector field T belongs to HL(M, J) if and only if
the following conditions are satisfied:

(i) JT is of Killing type.

(ii) For any point p € M, if T, € T, ® JT,, then T, € T}

Moreover, if T € HL(M,J), then for any cohomology class p € HLy (M) there exists an
lcK structure whose Lee form represents this class and whose Lee vector field is T.
Proof. It T € HL(M, J), there exists an IcK structure (g,€2,6) on (M, J) whose Lee vector
field is T. By Lemma 4.3, JT is Killing for ¢, so (i) is satisfied.

By Theorem 4.8, we may choose a Vaisman structure (go, €20, 60, 70) on (M, J) such that
[0] = [6o], 0o(JT) =0, and JT is a Killing vector field with respect to the metric go satisfying

T = aTy — grad®a,
where the Hamiltonian function a € C*(M) is everywhere positive.

If p is any point in M such that T, € T, @ J7,, then T, = a(p)(1p),, because grad”a €
{Ty, JTo}*. In particular, as a > 0, it follows that T}, € 7,7 Thus (ii) is satisfied too.
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Conversely, let T be a holomorphic vector field satisfying (i) and (ii). By Lemma 4.5, for
any cohomology class in pu € H (M), there exists a normalized Vaisman structure (£, 6p)
on (M, J) such that [f] = «, and L;70y = 0. Hence, JT' is a Killing vector field of the
Vaisman metric gy and according to Lemma 4.4, we can write

JT = Iy + aJTy — Jgrad®a,

where ¢ is a constant and a € C*(M) with To(a) = JTp(a) = 0. Applying J to this equality
yields T'= —cJTy + aTy — grad®a.

Let p be a point of minimum of the function a. Then T, = —c(JTy),+a(p)(To), € T B JT.
The condition (44) from the definition of H.L implies that T), € 7,7, whence ¢ = 0 and a(p) > 0.
This shows that T" = aTy — grad”a and the function a is positive. The converse part of
Theorem 4.8 shows that T is the Lee vector field of the IcK structure (2 := 10, 6 := 6y —92),
so T € HL(M,J). Moreover, the Lee form of this IcK structure satisfies [0] = [6p] = p. O

Now, that we have intrinsically characterized the set HL(M, J) of all holomorphic vector
fields which can occur as Lee vector fields of 1cK structures on Vaisman-type manifolds, we
would like to describe, for each fixed T' € HL(M, J), the set of all IcK structures admitting
T as Lee vector field. In order to do so, we will fix some cohomology class u € H,, (M, J)
and apply Corollary 4.6 in order to choose a normalized Vaisman structure (€, 6y) whose
Lee form satisfies [0y] = p and 0y(JT) = 0.

Our aim is to describe all 1cK structures with Lee vector field T, and with Lee form in the
cohomology class p. If (€,0) is such an 1cK structure, then 6 = 6y + df, for some function
f €C®(M,R), so (e7/Q, ) is an 1cK structure on (M, J) with Lee form 6. By Proposition
2.4, there exists a function h € C*(M,R) and a (0, 1)-form a € Q%' (M) in the kernel of the
twisted Laplacian Ac%o’ such that
(14) e 1 Q = dg,d§,h + Dp,x + Op, 0.

Since L;r0 = 0 and L 70y = 0, it follows that L;rdf = 0, hence JT(f) is constant. As f
has critical points, this constant must be zero, so JT'(f) = 0.

Let ¢; denote the flow of the holomorphic Killing vector field J7T'. Since JT' preserves J,

Q, 6, 0y and f, we obtain:
e~ = ¢} (e71Q) = dgdf, (¢7h) + Dby (¥} ) + g, (7).
Thus, after averaging over the compact torus G := {p;}, we may assume that both the

function h and the 1-form « are invariant under J7'.

Using the fact that dg,a = 0 = 9y, and the relation (1) between dy and dg,, the funda-
mental 2-form 2 can be expressed as follows:

Q = e/ (dg,d§, h + Og,cx + Dpy0) = €/ dg,[df,h + 2Rea] = dg[e/ (dj, h + 2Re )] = d3,
where
(15) B = el (d§ h+ 2Re )

is also JT-invariant.
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Lemma 4.7 applied to K := JT shows that 5(JT) + 1 = 0, which by (15) is equivalent to
(16) el = —T(h) + hby(T) — 2Re(a(JT)).

Conversely, suppose that h € C>®(M,R) is a smooth function and a € Q%' (M) is a (0, 1)-
form in the kernel of the twisted Laplacian Aéeo such that:

(1) EJTh =0 and £JTO[ = 0;

(2) the right hand side of (16) is positive on M;

3) the (1,1)-form dy df h + Oy a0 + Oy, is positive definite.
() h ( )f dodeoh a0 ao b defi

Then if f is defined by (16), the pair (Q := e/ (dg,d§,h + Og,x + Op, @), 6 := 0 + d f) is an 1cK
structure on (M, J) whose Lee vector field is T' by Lemma 4.7.

Motivated by the above considerations, we now introduce for any holomorphic vector field
of Lee type T' € HL(M, J) and for any normalized Vaisman structure (go, (2o, 0o, Tp), the sets
of functions and of twisted harmonic forms that are invariant by J7T"

O3 (M) := {h € C*(M) | JT(h) = 0},

HE;Z,JT<M) i={a € O (M)|Ag, a=0,Lra =0},

and we define the open subset F 7 of C3-(M) x Hg’: ;7(M) consisting of all pairs (h, ) that
07
satisfy the following two conditions:

a7 dg,d§ h + Dgycx + Og, is a positive definite (1,1)-form
—T'(h) + hoy(T) — 2Re(a(JT)) > 0.

Note that the set F 7 is non-empty. Indeed, the pair (1,0) belongs to F,r, because the
(1,1)-form dg,dg 1 = € is positive definite and the second inequality is fulfilled since 0o(T)
is the Hamiltonian of the Killing vector field JT', which is positive by Theorem 4.8. We can
now state our main result:

Theorem 4.11. Let T € HL(M, J) be a holomorphic vector field of Lee type on a Vaisman-
type manifold, and p € H (M, J) be a fized cohomology class of lcK type. Fiz any normalized
Vaisman structure (2, 00) whose Lee form satisfies [0p] = p and 0o(JT) = 0 (the ezistence
of such a Vaisman structure is granted by Corollary 4.6). There is a surjective map from the
set Fyr to the set of all lcK structures (2,6) on (M, J) having [0] = p and the Lee vector
field equal to T, given by:

(18) (h, @) = (Q := e/ (dg,d§, h + Tgyx + Op, @), 0 := b + df),
with e~/ := —T(h) + hOo(T) — 2Re(a(JT)).

Moreover, two pairs (h,a), (TL, a) € Fyr are mapped to the same lcK structure if and only
if there is a positive constant ¢, such that o = ca and h — chq is equal to the imaginary part
of a function in HY" (M)

8oy, JT ‘
Proof. The first part of the theorem was already proved above. It remains to determine under
which circumstances two pairs (h, @), (h, @) define the same lcK structure on (M, J).
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Assume that (h, @), (%,&) are two pairs in F;r that define the same lcK structure, i.e.
0 =Q and 6 = 0. The last equality is equivalent to df = df, showing that there exists a
positive constant ¢, such that e™f = ce™/ . Thus, Q = Q reads:

iy Opy (h — ch) + Op, (o — &) + O, (o — cat) = 0,

or equivalently, using the fact that a and a are in the kernel of the twisted Laplacian Ag,, so
in particular dp,a = dp,a = 0 and J o = 95 a = 0, as:

(19) do, [i0g,(h — ch) + o — c& + @ — ca] = 0,
By Corollary 3.5, the homology of dy, vanishes, so (19) is fulfilled if and only if there exists

a function b € C*(M, C), such that i9y,(h — ch) + a — ca + @ — ca = dg,b, or equivalently,
when considering on both sides the forms of type (1,0), respectively (0, 1):

(20) a—ca= Op, b, PN o —co= 5901_),
o — c@ + i0p, (h — ch) = O, . Do, + 109, (h — ch) = Oy, b.

The last equation yields dp, (2Im b—h+ch) = 0. On the universal cover M of M this equation
translates into the condition that the real-valued function (2Imb — h + ch)e ¥, where ¢ is a

primitive of 6y on M , is holomorphic. This is only possible if the function is constant, and
because of the equivariance condition, this constant must actually vanish. Hence, we obtain
that h — ch = 2Im b.

On the other hand, since o and @ are in the kernel of Ay, the first equation in (20) implies

(21) 9;,09,b = 03, (v — cat) = 0.

Taking the scalar product with b and integrating over the compact manifold M yields 9y,b = 0,
which together with the first equation in (20) shows that @ — cav = 0. We thus also obtain

that h — ch = Im (—=2b), with —2b € Hg"  (M). O
o

Our last result concerns IcK structures with holomorphic Lee vector field on complex man-
ifolds which are not necessarily of Vaisman type, but assuming instead that the lcK structure
has a potential (cf. Definition 2.2).

Proposition 4.12. Let (M, J,g,8,60) be a compact lcK manifold with potential and with
holomorphic Lee vector field T'. Then T is not vanishing at any point of M and the following
assertions hold:

(1) There exists a JT-invariant potential h.

(13) Any JT-invariant potential h satisfies the equation T(h) — hO(T) + 1 = 0.

(7i1) Any JT-invariant potential h is positive.
Proof. The fact that T is not vanishing at any point of M is a direct consequence of Lemma 4.7,
as any lcK structure with potential on a compact manifold is strict (¢f. Remark 2.3).

(7) Let hg be a potential of the IcK structure, i.e. Q = dyd§hy. Since L;76 = 0 and
L = 0, the flow ¢, of JT preserves J, 6 and 2 and hence ¢}hy is also a potential of
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(Q2,0), for all t. Therefore, denoting as before by G := {¢;} the closure of the flow of JT in
Iso(M, g), the function h := [, ¢;hodp is a JT-invariant potential.

(27) If the potential h is JT-invariant, then we may apply Lemma 4.7 to f := djh and
obtain that JT satisfies 5(JT') + 1 = 0, which is equivalent to T'(h) — hO(T) +1 = 0.

(zi1) If h be a JT-invariant potential, then by (ii), h satisfies T'(h) — hO(T) +1 = 0. If p

is a minimum of A on M, then this equation implies that h(p) = ep(%(p)) = |Té)‘2 > 0, hence
g

h>0on M. H
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