CONFORMAL KILLING 2-FORMS ON 4-DIMENSIONAL MANIFOLDS

ADRIAN ANDRADA, MARIA LAURA BARBERIS, AND ANDREI MOROIANU

ABSTRACT. We study 4-dimensional simply connected Lie groups G with left-invariant Rie-
mannian metric g admitting non-trivial conformal Killing 2-forms. We show that either the
real line defined by such a form is invariant under the group action, or the metric is half
conformally flat. In the first case, the problem reduces to the study of invariant conformally
Kaéhler structures, whereas in the second case, the Lie algebra of G belongs (up to homothety)
to a finite list of families of metric Lie algebras.

1. INTRODUCTION

Conformal Killing forms (sometimes called twistor forms) on Riemannian manifolds gener-
alize to higher degrees the notion of conformal vector fields. They can be characterized by the
fact that their covariant derivative with respect to the Levi-Civita connection is completely
determined by their exterior derivative and co-differential (cf. Definition 3.1 below). For
basic facts on conformal Killing forms, see [14] and references therein.

A conformal Killing form whose co-differential vanishes is called Killing form. The metric
structure of 4-dimensional Riemannian manifolds with Killing 2-forms was recently described
in [7], while the case of left invariant Killing 2-forms on Lie groups with left invariant metrics
was studied in [5]. The 3-dimensional Lie groups with left invariant metrics carrying left
invariant conformal Killing 2-forms were classified in [3].

In this paper we will be mainly concerned with the problem of conformal Killing 2-forms on
4-dimensional Riemannian manifolds (M, g). After obtaining some general results in Section
3, we consider the particular case where M = G is a simply connected Lie group and g is a left
invariant Riemannian metric on G induced by a scalar product (.,.) on the Lie algebra g of
G. Our main result is Theorem 5.2, where we show that if a simply connected 4-dimensional
Lie group with left invariant metric carries a non-trivial conformal Killing 2-form w, then it
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either has a left invariant conformally Kéhler structure, or the metric Lie algebra (g, (.,.))
belongs to an explicit list of half-conformally flat metric Lie algebras. Note that we do not
assume any invariance property for w. As a matter of fact, every left invariant conformal
Killing 2-form on a 4-dimensional Lie group is automatically parallel (cf. Lemma 3.7).

The proof of Theorem 5.2 goes roughly as follows. One can first assume that the conformal
Killing form w is self-dual. If the line generated by w is G-invariant, then w divided by its
norm defines a left invariant conformally Kahler structure. If Rw is not G-invariant, then
the space of self-dual conformal Killing forms is at least 2-dimensional, and in this case the
manifold is half-conformally flat. We then use the classification of these manifolds by S. Maier
[10] and V. De Smedt, S. Salamon [6] and show that, conversely, every half-conformally flat
simply connected 4-dimensional Lie group carries non-parallel conformal Killing forms.

2. PRELIMINARIES

2.1. Four-dimensional Euclidean geometry. Let (F,(.,.)) be an oriented 4-dimensional
Euclidean vector space. We identify F and E* by means of the Euclidean metric. Similarly,
A%E will be identified with the space of skew-symmetric endomorphisms:

XAY =(Z— (X,2)Y —(Y,2)X), VX,Y,Z€E.

We endow the exterior algebra of E' with the unique scalar product equal to (.,.) on E with
respect to which the interior and exterior product with vectors are adjoint endomorphisms:

(X, ) = (o, X A\ B), Va,8 € N*E, VX € E.
The volume form of £ will be denoted by vol € A*E. The Hodge duality is the automor-
phism * of AFE defined by
aAxf = {a, ) vol, Va,B € A*E.

It satisfies *2 = (—1)* on A*E and its eigenspaces for the eigenvalues 41 are denoted by
AL E. Tt is easy to check that as endomorphisms, every element of A2 E' commutes with every
element of A2 F, and that

(1) AN2B,A2E]C A2E,  [A2E,A*F]C A’E.
For X € FE the following formulas hold:
(2) Xoxa=(-1)"x(XAa), X Axa = (=115 (X a), Va € APE.
If e; denotes an orthonormal basis of £ then
(3) ei N (ejua) = ka, eia(e; Na) = (4—k)a, Va € A*E

(here and in the sequel we use Einstein’s summation convention over repeating subscripts).
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For every a € A’E and X,Y € E we have the following commutator relation
(4) [, X ANY]=a(X)AY + X Aa(Y).
From (1) we thus get:
(5) a(X)AY + X ANa(Y) € ALE, Va € ALE.

2.2. The curvature tensor of 4-dimensional Riemannian manifolds. Let (M, g) be
an oriented, connected 4-dimensional Riemannian manifold, with Levi-Civita covariant de-
rivative V and curvature tensor

RxyZ = [Vx,Vy|Z —VxyZ, VX,Y,Z € C(TM).
We will sometimes see the curvature tensor as a fully covariant tensor by the formula
R(X,Y,Z, V) :=gRxyZ, V).
As such, the curvature tensor is symmetric by pairs and satisfies the Bianchi identities. The
Ricci tensor is defined by
Ric(X,Y) :=tr{V — RyxY} = g(R., xY, &)

with respect to some local orthonormal basis e; of TM. We also introduce the scalar curvature
S := tryRic = Ric(e;, ¢;), the trace-free Ricci tensor Ricy := Ric — 1S and the (symmetric)
curvature operator R : A2M — A%2M defined by

GRXANY), ZAV):=gRyxZ,V).
Every symmetric tensor A € Sym?(M) defines a symmetric endomorphism A of A2M by

AXANY) =AX)AY + X ANAY)=A0 (X AY)+ (X AY)o A
If A is trace-free then A maps A2 M to A?FM . The curvature operator decomposes as follows
under the natural SO(4) action:
S
12
where W* : A2 M — A2 M are the self-dual and anti-self-dual Weyl tensors. Summarizing,
we have the following matrix decomposition of R:

S 1hi.
ﬁId + W+ §R1C0

1 —
(6) R=—Id+ §R1c0 + W+ W,

(7) R = .
1Rico,  SId+W-

Let now 0 be a vector field on M and denote by @ := (V#)® the symmetric part of the
endomorphism V#. For later use, we now derive a formula relating the covariant derivatives
of df and (V6)°.
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Lemma 2.1. The following formula holds:
Vxdd =2(dVQ)(X) + 2Ry,
where (AVQ)(X) :=e; A (V.,Q)(X).

Proof. Taking a further covariant derivative in the equation Vxf = Q(X) + 3d6(X) and
skew-symmetrizing yields

Rxyf = (VxQ)(Y) = (VyQ)(X) + 3((Vxdf)(Y) — (Vyd)(X)).
We take the exterior product with Y in this relation and sum over a local orthonormal basis
Y = e; to obtain:

(8)  eiARxe0=re;A(VxQ)(e;) — (AVQ)(X) + se; A (Vxdf)(e;) — 3¢ A (Ve,dO)(X).
We now investigate each term in this relation. From the first Bianchi identity we get
R(X,0,e;,¢e;) =R(X,e;,0,e;) —R(X,e;,0,¢€;),
whence by skew-symmetry and (3):
eiNRxe = e NejR(X €;,0,¢;) =3e; Aej(R(X, e;,0,¢5) — R(X, ¢5,0,¢:))
se; ANe;R(X,0,¢;,¢5) = 3¢; AejRxge; = Ry

The first term in the right hand side of (8) vanishes since Vx@ is symmetric. By (3) again,
the third term is equal to Vxd#, and the fourth term equals to
—36; N (V,d0)(X) = X 3(e; A (V,,df)) — 1V xdf = —3V xdb.
Substituting these results in (8) yields
Rxg = —(dVQ)(X) + 5V xdé,

which is equivalent to the desired formula. Il

3. CONFORMAL KILLING FORMS IN DIMENSION 4

Definition 3.1. [cf. [14]] A conformal Killing p-form on a n-dimensional Riemannian mani-
fold (M, g) is a p-form w € QP(M) satisfying the equation

9) Vyw=XAa+ X8,  VXeTM,

for some forms oo € QP71 M and 8 € QPFIM.

By taking the exterior or interior product with X and summing over an orthonormal basis,

we immediately get o = —n+Lp5w and 8 = #dw.

The following results are folklore, see e.g. [14] and references therein.

Lemma 3.2. Ifw is a conformal Killing p-form with respect to a metric g, then @ = fPlw
is a conformal Killing p-form with respect to the conformal metric g := f?g.
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Theorem 3.3. There exists a connection V5 on APM & AP M @& AP M & APM (called the
Killing connection), such that for every conformal Killing p-form w, the tuple (w, dw, dw, Aw)
is VE-parallel. Conversely, the first component of a V¥ -parallel section is a conformal Killing
form. Moreover, the curvature of the Killing connection vanishes if the Riemannian curvature

of (M, g) vanishes.

Corollary 3.4. A conformal Killing form which vanishes on some non-empty open set, van-
1shes identically.

Corollary 3.5. The space CK, of conformal Killing p-forms is a finite dimensional vector
space of dimension < (Zﬁ) Moreover, the equality holds if M s simply connected and g is
conformally flat.

Proof. The inequality follows directly from Theorem 3.3 and the fact that for every x € M
the map CX, — (A’ MSAP M S AP MG AP M), given by w — (w, dw, dw, Aw), is injective.

If M is simply connected and g is conformally flat, a classical result of Kuiper [9] shows
that the conformal class [g] contains a flat metric g. By Theorem 3.3 the Killing connection

of (M,g) is flat, so €X,(M,g) has dimension (Zﬁ) The last statement thus follows from

Lemma 3.2. O

Assume now that n =4 and p = 2, so that CXK; has at most dimension 20.

Lemma 3.6. If w is a conformal Killing 2-form on M, its self-dual and anti-self-dual parts
w4 are also conformal Killing 2-forms.

Proof. Taking the Hodge dual in (9) and using (2) yields

(10) Vx(*w) = =X u(xa) + X A %0, VX e TM,

SO

Vx(wy) = 3X A (a£#6) + 3 X (8 F *a), VX e TM.
U

Let w be a non-trivial conformal Killing 2-form on M. After changing the orientation if
necessary, we can thus assume that w € Q2 (M) is self-dual and non-trivial. The conformal
Killing equation reduces to

(11) Vxw=(XNA0);,  VXeTM,

for some 1-form 6 := a + x5 € Q'(M). By taking a contraction in (11) and using (2) and (3)
we readily obtain

(12) dw=re; A(e; AO)y = Se; Ax(e; NO) = —3 % (e;u(e; NO)) = —

[\

x 0,
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and consequently
3
(13) &u:—*d*w:—*dw:—éé’.

Lemma 3.7. If w has constant norm then it is parallel on M.

Proof. We can assume that the norm of w is non-zero, so w is non-degenerate (being self-dual).
Taking the scalar product with w in (11) yields for every X € TM:

0=g(w,Vxw) =g(w,( X A0);) =g(w, X NO) =w(X,0).

As w is non-degenerate, this gives 6 = 0. O

The following result is an observation of Pontecorvo [12]:

Lemma 3.8. On the open set My where w is non-vanishing, the conformal metric g := |w|2g
1s Kahler.

Proof. Taking p =2 and f = |w|™!, in Lemma 3.2, we see that the form @ is conformal Killing
and has constant norm (equal to 1) with respect to g. By Lemma 3.7, it is parallel with respect
to the Levi-Civita covariant derivative V of §. Correspondingly, the endomorphism J of TM
defined by

J(JX,Y) = V20(X,Y)

is a g-orthogonal almost complex structure which is V-parallel. O

Note that M, is a dense open set, by Corollary 3.4.

Corollary 3.9. If w is a non-trivial self-dual conformal Killing form, then W*(w) is pro-
portional to w at any point, so there exists a smooth function A\ defined on My such that
WH(w) = Aw on My. Moreover, the two other eigenvalues of W at any point x of My are
equal to —i\(z).

Proof. Tt is well known that W+ is conformally covariant as endomorphism of A% (M), in
the sense that if § = f?¢ then W = F2W+. As the statement is conformally invariant,
Lemma 3.8 shows that we can assume that w is parallel, and equal to the Kahler form of a
parallel Hermitian structure J compatible with the orientation. Then A% (M) decomposes in
an orthogonal direct sum
AZ(M) =Rw @ [[A®O(M)],

where [[A?)(M)]] consist of 2-forms anti-commuting with .J. The curvature operator of any
Kihler manifold vanishes on [[A%(M)]] so by (7) we must have

(14) W+|[[A(270)(M)]] - —%Id

As tr(WT) = 0, the third eigenvalue of Wt is %. At each point of My we either have S = 0,
and then W7 is identically zero at that point, or S # 0 and then the eigenspace of W+
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corresponding to £ is the orthogonal of [[A*Y(M)]] in A2 (M), i.e. Rw. In both cases we get
the desired conclusion. g

Lemma 3.10. Ifw and fw are non-trivial conformal Killing forms on M then f is constant.

Proof. As before, we can assume that w is self-dual and non-trivial. We then have

(15) Vxw=(XA0)4, Vx(fw)=(XA0,, VXeTM,

for some 1-forms # and . By subtracting these two equations we get
X(flw=(XAO-f0);, VXeTM.

If (9 — f0) were non-zero at some point z, the right hand side takes any value in A% (T, M)

as X runs over T, M, which is of course impossible. Thus § — f0 = 0 and consequently f is
constant. U

This observation has an important consequence:

Proposition 3.11. If the vector space of self-dual conformal Killing forms on M has dimen-
sion greater than 1, then M is anti-self-dual, i.e. WT = 0.

Proof. Let w; and wy be linearly independent self-dual conformal Killing forms on M. The sets
of points M; where w; is non-vanishing are dense on in M by [14], and so is their intersection.
We claim that the set Mj of points  where wy(x) and wsy(x) are linearly independent is dense
in M; N My, and thus in M. Indeed, if w;(z) and ws(x) were collinear for every x in some
open subset U C M; N Ms, then by Lemma 3.10 we would have w; = Aws on U for some
constant A, so by Corollary 3.4, the conformal Killing form w; — Aws would vanish identically
on M.

Now, by Corollary 3.9, the self-dual Weyl tensor W* has to vanish at every point of M;
and thus Wt =0 on M. O

It turns out that in the particular case of 2-forms on 4-manifolds, the Killing connection
mentioned in Theorem 3.3 splits into a direct sum of connections, V5% defined on AZM &
TM & AEFM . We describe V&+ below (omitting the subscript ”+” in order to keep notations
simpler).

Taking first the covariant derivative in (11) and skew-symmetrizing yields

Ryyw= (Y AVx0 - XAVyl),, VX, YeTM.
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We then make the interior product with Y in this relation and sum over a local orthonormal
basis Y = ¢;. Using (2) and (3) we obtain:

eiRxew = %eiJ(ei AVx0—XAV.0)+ %QJ * (e ANVxt — X ANV,,0)
= 3Vx0—1Vx0—X60—Lx(e; AXAV,,0)
— Vx0+1X,xdo.

On the other hand, we can write VO = (V6)* + 1d6, where (V6)* denotes the symmetric part
of the endomorphism V6, so the previous relation reads

(16) eiJnyeiw = (V&)S(X) + (d9)+(X)
Now, using the first Bianchi identity we get for every tangent vector X:

:R(W)(X) = _%Rei,w(ei)X = %Rw(ei),Xei + %RX,eiw(ei) = RX,eiw(ei)a

and thus
(17) eiRxew = Ryw(e;) —w(Rxeei) = (R(w) — w o Ric)(X).
Taking (6) into account we compute:
(R(w) —woRic) = 2w+ 1(Ricyow+woRicy) + WH(w) —w o (Ricy + 51d)
—5w + W (w) + 3[Rico, w],
where [Ricg,w] := Ricy o w — w o Ricy is a symmetric endomorphism. From this equation,
together with (16) and (17) we thus get
(18) (VO)* = $[Ricy, w]
(df); = —Sw + WH(w).

This can be rewritten as
(19) Vo = %[Rico,w] + %(—%w +WH(w)) + %a,
where o := (df)_ € A2 M denotes the anti-self-dual part of d.

We claim that the covariant derivative of ¢ is a linear expression of the previous data w
and @, involving the curvature of M and its first derivative. From Lemma 2.1 we get

Vxdf = (dV[Rico, w])(X) + 2Rx o,
so using the fact that df = (df); + (df)_ = (—3w + W' (w)) + o, we obtain from (11)
Vxo = (dV[Rico,w])(X)+ 2Ry — Vx(— 2w+ W' (w))
= ¢; N\ [V,Ric,w](X) + e; A [Rico, (e; A 0)+](X) + 2Rx
— (=T w + (VxWH (W) = (=2(X A 0) + WH((X A 6)y)),

thus showing our claim.
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In the particular case where (M, g) is anti-self-dual and Einstein (i.e. Wt = 0, Ricy = 0,
S = constant), this equation simplifies to

(20) Vxo =2Rxe+ (X A0),.
On the other hand, (6) yields
Rxo=-RX N0 =—-5S(XA0)—W (X NO)-),
whence
(21) Vxo=—(5+2W7)((X AB)-).

Summarizing, we have shown that every self-dual conformal Killing 2-form w on an anti-self-
dual Einstein 4-manifold satisfies the system

VXoJ = (X VAN 9)+
(22) Vxl=—-3w(X)+ i0(X)
Vxo=—(2+2W7)((X AD)-).

Inspired by the previous computations we can now state the following:

Theorem 3.12. Let (M*, g) be an oriented simply connected Riemannian manifold which is
anti-self-dual (W = 0) and Kdhler-Einstein with respect to a complex structure J compatible
with the opposite orientation. Then, if (M,g) is not flat, the space of self-dual conformal
Killing forms on M is 8-dimensional.

Proof. Let Q := g(J-,-) denote the Kéhler form of J. Consider the following connection on
the rank 8 vector bundle A2 M & TM @ R:

w wa — (X A 9)+
VELO] = | VxO+ Sw(X)-LJ(X)
f X(f)+ SQ(X 0)

We compute the second covariant derivative (at some point where the vector field Y is V-
parallel):

w VYW — (Y A 9)+
(VE%y | 0] =VE [ Vv + Sw() — LJ(Y)
f Y(f) +2Q(Y, 9)

Vi = (Y A Vxb) = (X A (Vb + Sul¥) = £1V).
{38+ S(Va@) (V) — AX(IY) + £ (Tyw — (Y A8))(X)
3 (Y (/) + 50(Y,6)(X)

X(Y(f) + Y, V) + §QX, Vy b + (V) = £1(Y))
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and observing that the last row is symmetric in X and Y (as the endomorphisms associated
to Q€ Q2 (M) and w € Q3 (M) commute), we obtain:

(23)
w Ryyw+L(XAJY) =Y AJ(X))y — S(X Aw(Y) =Y Aw(X));
RYy | 0] = | BRxxt =S A0L(X)+E(X A0 (V) - (J(YV) A J(X))(0)
f 0

By (5) the first row of (23) equals
S(XAwY) =Y Aw(X)) =Rxyw— S[w, X AY].

Since w is self-dual, it commutes with W= (X AY) for every X, Y € TM. From(4) and (6)
we get

RX7yw —

Ryyw=—[RIXAY),w]=—([EXAY +W (X AY),w] = [w
thus showing that the first row of (23) vanishes.

S
,EX/\Y],

In order to compute the second row, we notice that by (14) the symmetric operator %—l—W_
of A2 M vanishes on the orthogonal complement of € in A2 M, so it is proportional to the

orthogonal projector on 2. Moreover, since M is Kéahler-Einstein, we have the well known
S

relation R(€2) = p (the Ricci form), so by (7) we get that the proportionality factor is .
Consequently:
(24) WI(XAY)=-S(XAY)_+2Q(X,Y)Q.
We therefore obtain from (6):
Rxyl = —RXAY)O)=(—-ZXAY -W (XAY))(H)
= (CE(XAY), — S0(X,Y)0)(0),
so the second row of (23) equals
CS(X AY)L(0) + (Y A8)4(X) + (X AB),(Y)) — SQX, V)2 + J(V) A J(X))(6).

In order to prove that this expression vanishes, it is enough to show that for every 0, X, Y €
TM the following relations hold:

(25) (XAY)(0)+ (YA (X)+ (X A0 (Y)=300% (X AY)
and
(26) *(XAY)=JX)ANJY)+QX,Y)Q2=0.

From (2) we get
(X AY),(0) = Hg(X,0)Y — g(Y,0)X) + L+ (0 A X AY).
The cyclic sums in 6, X, Y of the first two terms cancel with each other, and the cyclic sum

of the third term is 3 times itself. This proves (25). In order to prove (26), it is sufficient, by
bi-linearity, to check it for X, Y elements of some adapted basis, which is straightforward.
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We thus have checked that the connection V¥ is flat, which by simple connectedness implies
that it admits an 8-dimensional space of parallel sections. Clearly the first component of any
V& parallel section is a self-dual conformal Killing form.

We will now show that conversely, if w is a self-dual conformal Killing form on M, then it
is equal to the first component of some V¥-parallel section. Let # and ¢ be the vector field
and anti-self-dual 2-form defined by (11) and (19). From (22) and (24) we get

Vxo=-2Q(X,0)Q, VX eTM.
By taking a further covariant derivative we obtain:
Ryyo = —2(QY,Vxb) — Q(X,Vy0)Q =0

since the second row of (22) shows that the endomorphism V@ is skew-symmetric and com-
mutes with J. This relation shows that the anti-self-dual 2-form ¢ commutes with the image
through R of every 2-form, in particular with R(Q) = £€. Since M is assumed to be non-flat
we must have S # 0 (otherwise R = 0 by (6) and (24)). Thus o commutes with 2, so o = f2
for some function f. The system (22) together with (24) then show that the section (w, 0, f)
is V&-parallel. O

As a consequence, we can compute the space of conformal Killing forms on the complex
projective plane endowed with the Fubini-Study metric, or on the complex hyperbolic plane
endowed with the Bergman metric, which are both self-dual and Kahler-Einstein:

Corollary 3.13. Let (M*, g,J) be a simply connected self-dual Kdhler-Einstein manifold
endowed with the orientation induced by J. Then, if (M, g) is not flat, the space of anti-self-
dual conformal Killing forms on M is 8-dimensional, and the space of self-dual conformal
Killing forms has dimension 1.

Proof. The first statement follows directly from the previous theorem, applied to the manifold
(M, g, J) endowed with the opposite orientation. The last statement follows from Proposition
3.11. Indeed, the hypothesis ensures that W~ = 0 and Ricy = 0, so if W were identically
zero, we would obtain from (7) and (14) that (M, g) is flat. O

Using the computations above, we can also compute the space of conformal Killing forms
on K3 surfaces:

Proposition 3.14. Let (M, J) be a K3 surface (i.e. a simply connected compact complex
surface with trivial canonical bundle) and let g be any Ricci-flat Kdhler metric on M (given
by Yau’s solution to the Calabi conjecture). We endow M with the orientation defined by J.
Then CX3 (M, g) is three dimensional, and CX5 (M, g) = 0.

Proof. Indeed, for every w € CXKj (M, g), the first equation in the system (18) shows that

the metric dual of 6 := —%w is Killing, and since (M, g) is compact and Ricci-flat, Bochner’s
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formula shows that 8 = 0, i.e. w is parallel, and thus is one of the Kahler forms induced by
the hyperkahler structure of (M, g). To prove the second claim, the same argument applied
to (M, g) endowed with the opposite orientation shows that every w € CK; (M, g) is parallel.
The trace-free tensor h := w(J-,-) is then symmetric and parallel, so if it were non-zero,
its eigen-distributions would define by the de Rham Theorem a splitting of M as a product
of two Riemann surfaces, which is clearly impossible, since M is simply connected and has
trivial canonical bundle. U

4. (HALF-)CONFORMALLY FLAT METRICS ON FOUR DIMENSIONAL LIE GROUPS

Conformally flat left invariant metrics on 4-dimensional Lie groups were classified by
S. Maier in [10]. Half-conformally flat, non-conformally flat, left invariant metrics on 4-
dimensional Lie groups were classified by V. De Smedt and S. Salamon in [6]. We briefly
recall their classifications below.

4.1. Conformally flat Lie groups of dimension 4. According to [10], simply connected
4-dimensional conformally flat Lie groups fall into four different families that correspond to
types II, 111, IV and VI from [10].

e Type II: The groups R x SU(2). These groups are isomorphic to R x SU(2) and the
corresponding conformally flat metric is the Riemannian product of the standard metrics on
R and S?.

e Type III: The groups R X, R? where 7 : R — Aut(R?) is given by 7 (t)z = €'0(t)z for
teR,z € R and 0 : R — SO(3) is a Lie group homomorphism. The Lie algebras of these
Lie groups are semidirect products R x4 R* where ¢ : R — End(R?) is given by

o(t) =tI + A(t), A(t) € s0(3).

Setting A := A(1) € s0(3), B := ¢(1) = I + A and ey a unit vector orthogonal to R?, the
above Lie algebra can be written as Rey x g R?, with Lie bracket [eg, ] = Bz, x € R3. There
exists an orthonormal basis {e;, es, e3} of R? such that B takes the following form for some
a > 0:
1 —a 0
B=|a 1 0
0 0 1
We will denote by g, the corresponding Lie algebra, with Lie brackets:

[607 61] = €1 + aeg,

leo, €2] = —avey + eg,
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According to the notation in [2], g, is isomorphic to t4; for a = 0 and to v 1l /a for a > 0.
Therefore, these are non-isomorphic Lie algebras.

e Type IV: The groups R? x, R? where 7 : R? — Aut(R?) is given by m(t1,ts)r =
e O(ty,to)x for (t1,ty) € R?, z € R? and 6 : R? — SO(2) is a Lie group homomorphism. The
Lie algebras of these Lie groups are semidirect products R? x, R?* where ¢ : R? — End(R?)
is given by

¢(t1, tg) = tlj —+ A(tl, tz), A(tl, tg) € 50(2).
It follows that

0 —aty,t
Aty te) = (a(tth) (01 2)) , for a(ty, ts) € R,

with respect to an orthonormal basis { fi, fo} of the abelian ideal R%. The Lie algebra structure
is determined by the action of e; := (1,0) and ey := (0,1) on span{fi, fo}. If we denote by
ga the Lie algebra corresponding to a = a(e;), b = a(ez), the Lie bracket on g, is given by

le1, fi] = fi + afs, lea, f1] = bfa,
[e1, fo] = —afi + fo, ea, fo] = —bf1.

Using the notation from [2], it follows that ge0 = R x vy, for a # 0 and gap = aff(C) for
b # 0. The Lie algebras g, are pairwise non-isomorphic for @ > 0 and the metric Lie algebra
0ap is isometric to g, for b # 0.

e Type VI: Flat Lie groups, whose structure has been determined by Milnor [11]. In
dimension 4 there is only one such simply connected Lie group, with Lie algebra generated
by an orthonormal basis {ey, €1, €2, e3} and the following Lie brackets:

[ela 62] = €3, [elv 63] = —€s.

This Lie algebra is isomorphic to R x ¢(2), where ¢(2) is the Euclidean Lie algebra.

4.2. Half-conformally flat non-conformally flat Lie groups of dimension 4. Accord-
ing to [6], the Lie algebra and the metric (up to a constant multiple) of such a group are

necessarily of the type g(a,b) for a =1 or a = §, where in an orthonormal basis {ei, ..., e}
the Lie algebra structure of g(a,b) is given by:

[e1, 2] = aeq — bes, [e1, €3] = bea + aes,

[e1, €4] = 2aey, [e2, €3] = —eu,

[€2a 64] = 07 [637 64] == 07

Note that in [6] a different set of parameters, (A, k), is used, which correspond to the param-

1
eters (a,b) above by defining a := T b:= T
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The exterior derivative is given as follows, where we identify vectors with one-forms via
the fixed inner product and e;; denotes e; A e;:

d€1 = 07 d€2 = —ae19 — b@lg,

d€3 = b€12 — aeps, d€4 = —2a€14 + €93.
Recall that a locally conformally Kéahler (IcK) structure on a manifold M is defined by

an integrable complex structure J and a compatible 2-form € (in the sense that Q(-,J-) is a
Riemannian metric) such that dQ = 0 A Q for some closed 1-form 6, called the Lee form.

Lemma 4.1. The orthogonal complex structures Jy and J_ defined on g(a,b) by J.(e1) = ey

and J.(ey) = eeg induce left invariant conformally Kdhler structures on the simply connected

group G(a,b). Moreover, the structure J. is Kdihler for a = —3.

Proof. We have for every ¢ € {—1,1}:
ler + i1, €9 + iJ.ea] = [e1 + ey, e + ices) = (a + ieh)(eq + icez) = (a + ieb)(eq + iJ.e2),

so J. induce integrable complex structures on G(a,b). Moreover, if Q. := (J.-,-) denote the
corresponding fundamental 2-forms, then from the above formulas we get:

an = d(€14 + 8623) = —(1 + 260,)6123 = —(8 + 2&)61 VAN Qa.
This shows that the structure (J;, ) is conformally Kéhler, with Lee form
0. = —(c +2a)e;.

The last statement is a direct consequence of this formula. Il

5. CONFORMAL KILLING FORMS ON 4-DIMENSIONAL LIE GROUPS

Assume now that G is a 4-dimensional simply connected Lie group and g is some left-
invariant Riemannian metric on G. We fix some orientation on G and define the space CXK
of conformal Killing forms on GG. From Lemma 3.6 we know that CK = CK, & CK_, where
CK. = CKNOLG.

Lemma 5.1. FEvery Lie group G with a left invariant conformally Kdahler metric g admits
self-dual conformal Killing 2-forms.

Proof. Indeed, if § = e"?/g is Kéhler (with f a smooth function on G) and Q is the corre-

sponding Kihler form, then w = e=3/ Q is a conformal Killing 2-form, according to Lemma
3.2. O

Theorem 5.2. Assume that CK # 0. Then, up to an orientation change, one of the following
exclusive possibilities occurs:
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(1) (G, g) is conformally flat and its metric Lie algebra belongs to the list described in
Section 4.1. For each solution, the space CK has the mazximal possible dimension 20.

(2) (G, g) is half-conformally flat and belongs to one of the two families G(1,b) or G(3,b)
described in Section 4.2. The manifold G(%, b) is isometric to the complex hyperbolic
plane for every b, and has dim(CK,) = 8, dim(CK_) = 1. The manifold G(1,b) has
dim(CX,) > 1, dim(CK_) = 1.

(3) (G, g) is not half-conformally flat, but has an invariant conformally Kdhler structure
(9,0) satisfying A2 = 0 A Q. The space CK, is the line generated by €', where
f € C>(G) is some primitive of g. If G has another invariant conformally Kdhler
structure compatible with the opposite orientation (e.g. when (G,g) = G(a,b) with
a#s5,a#1, ¢f Lemma 4.1), then dim(CK_) = 1. If not, then dim(€X_) = 0.

Proof. We may assume that CK, # 0, otherwise we just change the orientation of G. If
dim(CX ) > 2, Proposition 3.12 implies that G is half-conformally flat, so we are in one of
the first two cases. The assertions concerning the spaces of conformal Killing forms follow
from Corollary 3.5 in case (1) and from Theorem 3.11 and Lemma 4.1 in case (2). The fact
that G (%, b) is isometric to the complex hyperbolic plane was noticed in [6].

It remains to treat the case when CX, is 1-dimensional, generated by some self-dual con-
formal Killing 2-form w, and (G, g) is not anti-self-dual. Denote by F' := |w|? the square
norm of w. Since €K, is preserved by left translations with elements in G, it follows that for
every v € G, there exists a non-zero constant ¢, such that

(27) L} (w) = cyw.

The map 7 + ¢, is clearly a group morphism from G to R7. This shows, in particular, that
w does not vanish on GG. Moreover, since the metric is left invariant, the above relation gives

(28) LiF = |Lw|* = (¢;)’F,  VyeG.

By Lemma 3.8 we see that the metric g := %g is Kéhler, with Kéhler form Q := V2F 2w.
Therefore (g, 2, 0) is an 1cK structure for 2 := \/i%w and 0 := 9€. From (27) and (28) we see
that © and 6 are is left invariant. We finally see that w = e/Q for f := (In F — In2), which

satisfies df = g. The last statement follows from Lemma 5.1. O

The complete classification of 4-dimensional metric Lie algebras whose associated simply
connected Lie group is conformally Kahler is not yet available in general. Some recent results
on left invariant 1cK structures on Lie groups can be found in [1, 4, 8, 13].
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