DEFORMATIONS OF NEARLY KAHLER STRUCTURES

ANDREI MOROIANU, PAUL-ANDI NAGY AND UWE SEMMELMANN

ABSTRACT. We study the space of nearly Kéhler structures on compact 6-dimensional
manifolds. In particular, we prove that the space of infinitesimal deformations of
a strictly nearly Kéhler structure (with scalar curvature scal) modulo the group of
diffeomorphisms, is isomorphic to the space of primitive co-closed (1, 1)-eigenforms of
the Laplace operator for the eigenvalue 2scal/5.
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1. INTRODUCTION

A nearly Kéhler manifold is an almost Hermitian manifold (M, g, J) with the prop-
erty that (VxJ)X = 0 for all tangent vectors X, where V denotes the Levi-Civita
connection of g. A nearly Kéhler manifold is called strictly nearly Kahler if (Vx.J)
is non-zero for every non-zero tangent vector X. Besides Kahler manifolds, there are
two main families of examples of compact nearly Kahler manifolds: Naturally reductive
3-symmetric spaces, which are classified by A. Gray and J. Wolf [13] and twistor spaces
over compact quaternion-Kahler manifolds with positive scalar curvature, endowed with
the non-integrable canonical almost complex structure (cf. [8]).

A nearly Kéahler manifold of dimension 4 is automatically a Kéahler surface, and the
only known examples of non-Kéhler compact nearly Kahler manifolds in dimension 6
are the 3-symmetric spaces Go/SUs, SU3/S! xSt Sp,/S! x Sp; and Sp, x Sp; x Sp;/Sp; -
Moreover, J.-B. Butruille has recently shown in [4] that there are no other homogeneous
examples in dimension 6.

On the other hand, using previous results of R. Cleyton and A. Swann on G-structures
with skew-symmetric intrinsic torsion, the second-named author has proved in [8] that
every compact simply connected nearly Kahler manifold M is isometric to a Riemannian
product M; x ... x My, such that for each i, M; is a nearly Kahler manifold belonging
to the following list: Kahler manifolds, naturally reductive 3-symmetric spaces, twistor
spaces over compact quaternion-Kéhler manifolds with positive scalar curvature, and
6-dimensional nearly Kahler manifolds.
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It is thus natural to concentrate on the 6-dimensional case, all the more that in
this dimension, non-Kahler nearly Kahler manifolds have several interesting features:
they carry real Killing spinors (and thus are automatically Einstein with positive scalar
curvature) and they are defined by a SUj structure whose intrinsic torsion is skew-
symmetric. These manifolds were intensively studied by A. Gray in the 70’s, thus
motivating the following

Definition 1.1. A compact strictly nearly Kdahler manifold of dimension 6 is called a
Gray manifold.

The main goal of this paper is to study the deformation problem for Gray manifolds.
Notice that we consider simultaneous deformations of the metric and of the almost
complex structure. Indeed M. Verbitsky proved in [11] that on a 6-dimensional almost
complex manifold there is up to constant rescaling at most one strictly nearly Kahler
metric. Conversely it is well known (c.f. [1] or Section 4 below) that on a manifold
(M5, g) which is not locally isometric to the standard sphere, there is at most one
compatible almost complex structure J such that (M, g, J) is nearly Kéhler.

We start by studying deformations of SUj structures, then use the characterization
of Gray manifolds as SUj structures satisfying a certain exterior differential system
in order to compute the space of infinitesimal deformations of a given Gray structure
modulo diffeomorphisms. In particular, we prove that this space is isomorphic to some
eigenspace of the Laplace operator acting on 2-forms (see Theorem 4.2 for a precise
statement).

2. ALGEBRAIC PRELIMINARIES

Let V denote the standard 6-dimensional SUj representation space, which comes
equipped with the Euclidean product g € SymV™*, the complex structure J € End(V),
the fundamental 2-form w(-,-) = g(J-,-) € A*V*, and the complex volume element
Y iy~ € ABDY,

These objects satisfy the compatibility relations
2
wAYE =0, w+Aw_:§w3:4dv, (1)

where dv denotes the volume form of the metric g. It is easy to check that )" and ¢~
are related by

¢_(X>Y7Z) = _¢+(JX7KZ) (2)
We identify elements of V' and V* using the isomorphism induced by g. For any
orthonormal basis {e;} of V' adapted to J (i.e. J(ez—1) = eg;) we have:
w=e?+e* 4",

Pt = 135 M6 _ o236 _ 245 P = 36 4 M5 (235 _ 26
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The following formulas are straightforward (it is enough to check them for X = e; and
use the transitivity of the SU;3 action on spheres):

VTN (X ST = X AW, PTA(X 2T) = —JX Aw? (3)
VTAX DY) = JX AW, T A (X LYT) = X AW (4)

Let A : APV — AP~2V denote the metric adjoint of the wedge product with w,
A =13 Jeise; s It is easy to check that

2
AX o) =0, AX AYE)=JX 2%, VX eV (5)

and
AT Aw)=wAAT+ (3 —p)r, V7 eAV. (6)

We next describe the decomposition into irreducible summands of A2V and A3V. We
use the notation APDT@P)V for the projection of APV onto the real space APTIV.

A2V = (ASDV @ Rw) @ AGO+O2 Y (7)

where the first two summands consist of J-invariant and the last of J-anti-invariant
forms. Here Aél’l)V is the space of primitive (1, 1)-forms, i.e. the kernel of the contrac-
tion map A. The map

£t (8)
defines an isomorphism of the second summand A>0+©02V with V. For 3-forms we
have the irreducible decomposition

ANV = (A'V Aw) @ ABOTOIY g AP+, 9)

The second summand A®9+03)V is 2-dimensional and spanned by the forms ¢*. The
third summand A82’1)+(1’2)V is 12-dimensional and can be identified with the space of
symmetric endomorphisms of V' anti-commuting with J. We note that because of the
Schur lemma, the map given by taking the wedge product with w vanishes on the last
two summands.

An endomorphism A of V' (not necessarily skew-symmetric) acts on p-forms by the

formula
p

(Au)(X1,.. ., X)) = =) u(Xy,.. . AX)), ..., X)) (10)
i=1
A more convenient way of writing this action is

p
A*U:—ZA*(GZ')/\GZ'JU, (11)
i=1
where A* denotes the metric adjoint of A. Taking A = J we obtain the form spaces

APD+@P)V as eigenspaces of (J,)? for the eigenvalues —(p — q)2. For example, J,p = 0
for any 2-form ¢ € AGDV.
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Let Sym™V denote the space of symmetric endomorphisms anti-commuting with J.
This space is clearly invariant by composition with J. The map S ~ Sa", with
S € Sym™V, defines an isomorphism of SU(3)-representations

Sym~V = A82’1)+(1’2)V,

showing in particular that Sym™V is irreducible. Taking (2) into account, we remark
that for S € Sym™V we have

Syt = (JS)a. (12)
Notice that tr(S) =0 for all S € Sym™ V.

Let h be any skew-symmetric endomorphism anti-commuting with J. Then the map
h +— g(h-,-) identifies the space of skew-symmetric endomorphism anti-commuting with
J with AZ9+02V " Using the isomorphism (8) we can state this as

Lemma 2.1. An endomorphism F of V anti-commuting with J can be written in a
UNIqQUE Way

F =5+

for some S € Sym™V and £ € V', where wgr denotes the skew-symmetric endomorphism
Ofv deﬁned by g(¢ga ) = ¢+(f’ K )

Corresponding to the decomposition of A3V given in (9), we have
Lemma 2.2. An exterior 3-form u € A*V can be written in a unique way
u=aAw+ T+ + ST,
for somea eV, \,u e R and S € Sym™ V. Its contraction with w satisfies
Au = 2a. (13)

Proof. The contraction map A obviously vanishes on AGO+O03)} g A(()2’1)+(1’2)V, so by
(6) we have Au = Al Aw) = 2a. O

The space of symmetric endomorphisms commuting with J is identified with A®-DV
via the map h — ¢(+,-) := g(hJ-,-), which in particular maps the identity of V' to the
fundamental form w. If ¢ is a (1, 1)-form with corresponding symmetric endomorphism
h, then

1
h= ho + ctr(h)id, (14)

where hy denotes the trace-free part of h. As a consequence of this formula and of the

Schur Lemma we find that
1

b = Str(h)ida = —%tr(h)w (15)

for all symmetric endomorphisms A commuting with J.
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In the remaining part of this section we want to recall several properties and formulas
related to the Hodge *-operator, which we will use in later computations. We consider
the scalar product (-,-) on A¥V characterized by the fact that the basis

is orthonormal. With respect to this scalar product, the interior and exterior products
are adjoint operators:

(Xow,T)={w,XAT), VXeV,weAvV, re AV (16)
We define the Hodge *-operator * : A¥V — AS=*V/ by
w A *7 = (w, T)dv, YV w, e AV,

where dv = 1/6w? denotes the volume form (dv = €'#%°¢ in our notations). It is
well-known that the following relations are satisfied:
1
kW = §w2, (kw,*7) = (w,7), *2=(=1)F on A"V (17)

From the expression of ©)™ and ¢~ in any orthonormal basis {e;} we see that xi)™ = ¢~

and x)~ = —T. For later use we compute the Hodge operator on A82’1)+(1’2)V, too.

Let S € Sym™V and a € A(()2’1)+(1’2)V. We have a A v~ = 0, whence

(0, S )do ' Z =S (o, S(en) A st hdo = = (e A S(er) sa, ¢ )d

= (S AT = (Sia) AT = S(angT) —a A (SeT)

= —aA(S7) = (o, #(SaT))dv
(we used the fact that *> = —1 on 3-forms in order to get the last equality). This shows
that

*(Sap7) = ST and * (Sabt) = =S, (18)

There are two other formulas which we will use later. Let ¢y be a primitive (1, 1)-form,
¢ €V and a € APV then

*(po A w) = —po, x(ENa)=(—1)Po*xa . (19)

3. DEFORMATIONS OF SUs; STRUCTURES

Let M be a smooth 6-dimensional manifold.

Definition 3.1. A SUj structure on M is a reduction of the frame bundle of M to SUs.
It consists of a 5-tuple (g, J,w, ™, 10~) where g is a Riemannian metric, J is a compati-
ble almost complex structure, w is the corresponding fundamental 2-form w(-,-) = g(J-, )
and Yt 4+ 1p~ is a complex volume form of type (3,0).
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If M carries a SUj structure, each tangent space T, M has a SUj representation
isomorphic to the standard one, so all algebraic results of the previous section transpose
verbatim to global results on M. In the remaining part of this article we will most of
the time identify tangent vectors and 1-forms on M using the isomorphism induced by
the metric g.

Let (gi, J;,ws, 0,1, ) be a smooth family of SUs structures on M. We omit the
index ¢t when the above tensors are evaluated at ¢ = 0, and we use the dot to denote
the derivative at t = 0 in the direction of ¢.

We start with the study of the 1-jet at t = 0 of the family of Us structures (g;, J;, w;).

Lemma 3.2. There exist a vector field &, a section S of Sym™ M and a section h of
Sym*™M (i.e. a symmetric endomorphism commuting with J), such that

J=JS+f, (21)
w=p+E&ipt, (22)

where ¢ is the (1,1)-form defined by p(-,-) = g(hJ-,").

Proof. Let us write g:(-,-) = g(fi-,-) so g(-,-) = g(f-,-). We then denote by h :=
%(f —JfJ)and S := %(f + JfJ) the J-invariant and J-anti-invariant parts of f, which
are clearly g-symmetric endomorphisms. This proves the first relation, which actually
holds for deformations of almost Hermitian structures in all dimensions.

. Sin~ce Jt2 = —idpy we see th~at J anti-commutes with J. Lemma 2.1 then shows that
J=5+ 1/12 for some section S of Sym™ M and some vector field £. Differentiating the
relation ¢:(JJ; X,Y) 4+ ¢:(X, J;Y) = 0 yields

0=g(JX,Y)+g(X,JY) +g(JX,Y) + g(X,JY) =29(SJX,Y) + 29(5X,Y),
thus proving that S = —S.J = JS. The last formula follows directly from (20) and (21):

GX,Y) = g(JXY)+g(JX,Y)=g((h+S)JX.Y)+ g((JS + )X, Y)
= g(hJX,Y)+ (£20T)(X,Y).

0J

This result actually says that the tangent space to the set of all Uz structures on M at
(g, J,w) is parametrized by a section (&, S, ) of the bundle TM ®Sym~ M ALV M. We
now go forward and describe the 1-jet of a family of SUj3 structures. Since the reduction
from a Us structure to a SUs structure is given by a section in some S*-bundle, it is
not very surprising that the extra freedom in the tangent space is measured by a real
function (u in the notation below):
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Lemma 3.3. The derivatives at t = 0 of ¥, and ; are given by

¢+=—£AW+A¢“+MV—%7¢ﬂ (23)

U= —TEAw— X — S (24

where A = ttr(h) and p is some smooth function on M.

Proof. By Lemma 2.2, we can write

T =aAw+ T+l + Qa7 (25)
for some functions A, u, 1-form o and section @) of Sym™ M.

The fact that ¢, defines — in addition to the Uy structure (g, J;) — a SUz structure
is characterized by the two equations

We consider the symmetric endomorphism f; introduced above, which corresponds to
g¢ in the ground metric g. Since the identity acts on 3-forms by —3id, the first part of
(26) reads g( futby,1;") = —12. Differentiating this at t = 0 and using the fact that "
and S, live in orthogonal components of A3M, we obtain

0 = g(fu™ %) —6g(d*,v") = g((h + Sha*, ") — 24
=" 6tr(h) — 24\,
This determines the function A. We next differentiate the identity ;" Aw; = 0 at t = 0.

Since the wedge product with w vanishes on 9", 1)~ and on Q" € A(()Z’lH(l’Q)M , we
get

O=¢t Aw+ypTAw=aA?+9T A(p+EayT) ® (a+ &) Aw?,
showing that o = —¢. Finally, we differentiate the second part of (26) at ¢ = 0:
VHIX,Y,Z2) + 9T (JX,Y, Z) =4 (X,JY, Z) + 9T (X, JY, Z).

Using (21) and (25), this is equivalent to the fact that the expression

—(EAWIX,Y, Z) + Q) IXY, Z) + 6 (JSX,Y, Z) + 6 (0 X, Y, 2)
is skew-symmetric in X and Y. It is easy to check that

—(ENw)(JX,Y, Z)+ w+(w§+X, Y, Z) = (JEANw) (XY, Z),

therefore the above condition reduces to

QU (JIX,Y, Z)+ T (JSX,Y,Z) = (Qu™)(X,JY, Z) + v (X, JSY, Z).
Using (10), this last relation becomes

PH((2Q + 9)JX,Y, Z) =1 (X, (2Q + S)JY, Z), VX,Y,Z € TM. (27)

The set of all elements of the form 2Q) + S satisfying the above relation is a SU;-
invariant subspace of Sym~ M. But Sym™ M is irreducible, and not every element of
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Sym~ M satisfies (27) (to see this, just pick up any element in Sym~ M and make a
direct check). This shows that 2Q + S = 0.

Finally, the relation (24) is a straightforward consequence of (23). We simply differ-
entiate the formula Jy1b," = 3¢, (obtained from (2)) at ¢t = 0 and compute. O]

Summarizing, we have shown that the tangent space to the set of all SUj3 structures
on M at (g,J,w,¥",17) is parametrized by a section (£, S, ¢, i) of the vector bundle
TM @ Sym™ M @& ALYM @ RM, where RM is the trivial line bundle over M.

Let o : A2M — T'M denote the metric adjoint of the linear map
X eTMw— X st € A*M.
A simple check shows that
X oyt)=2X, a(XioY)=-2JX, a(r)=0 V7eAbVM (28)

Using the map «a, we derive a useful relation between the components 1/)* and w of any
infinitesimal SU3 deformation:

At B _oe B o). (29)

4. DEFORMATIONS OF GRAY MANIFOLDS

Definition 4.1. A Gray structure on a 6-dimensional manifold M is a SU3 structure
G := (g, J,w, ¥t ™) which satisfies the exterior differential system
{dw = 3yt

dy~ = 2w Aw (30)

A Gray manifold is a compact manifold endowed with a Gray structure.

Since SU3 C Sping, every Gray manifold is automatically spin. It follows from the
work of Reyes-Carrién [10] that a Gray manifold is a strictly nearly Kéhler 6-dimensional
compact manifold with scalar curvature scal = 30. We refer to [6] for an introduction
to nearly Kahler geometry. We will use later on the relations

Viw=X 1ot Vit = —X Aw,

which show that Vw and Vi are SUs-invariant tensor fields on M. Moreover the
second equation immediately implies that 1) and w are both eigenforms of the Laplace
operator for the eigenvalue 12.

Let now M be a compact 6-dimensional manifold with some Gray structure G on it.
We denote by 9 the connected component of G in the space of Gray structures on M.
Let ® be the group of diffeomorphisms of M isotopic to the identity. This group acts
on 9 by pull-back and the orbits of this action form the moduli space of deformations
of G.
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At the infinitesimal level, the 1-jet of a curve of Gray structures (ge, Ji, we, i, ;)
at G is a tuple v := (g, J,w, ¥ ™, 1) determined by a section (&, S, ¢, i) of the bundle
TM @ Sym™ M & ALYM & RM wvia (21)-(24), which satisfies the linearized system of

(30)
{dg: 3¢+,' (31)
Ay~ = —4dw A w.

The space of all tuples « is called the virtual tangent space of I at G and is denoted by
Te9M. The Lie algebra x (M) of © maps to TgIM by X — L xG. Its image, denoted by
X% (M), is a vector space isomorphic to x(M)/£(g), where £(g) denotes the set of Killing
vector fields on M with respect to g. The space of infinitesimal Gray deformations of
G is, by definition, the vector space quotient T/ x“(M).

The main purpose of this section is to give a precise description of this space.

Theorem 4.2. Let G := (g, J,w,¥",17) be a Gray structure on a manifold M such that
(M, g) is not the round sphere (S°, can). Then the space of infinitesimal deformations of
G is isomorphic to the eigenspace for the eigenvalue 12 of the restriction of the Laplace
operator A to the space of co-closed primitive (1,1)-forms A(()l’l)l\/[ .

Proof. A simple but very useful remark is that (except on the round sphere S°¢), a Gray
structure is completely determined by its underlying Riemannian metric. The reason
for that is the fact that the metric defines a unique line of Killing spinors with positive
Killing constant, which, in turn, defines the almost complex structure, and, together
with the exterior derivative of the Kahler form, one recovers the whole SU3 structure.

We claim that the dependence of the Gray structure on the metric is smooth. Let
Y.M denote the spin bundle of M. By [1, p. 137], there is (up to rescalings) exactly
one Killing spinor ¥ with Killing constant 1/2; which is obtained as a section of XM,
parallel with respect to the modified connection Vy := Vx — %X - (here “-” denotes
the Clifford product). Since V depends smoothly on ¢, so does U. The almost complex
structure J is then defined by the equation [1, p. 136] JX - ¥ =iX - ¥, so J depends
smoothly on W. Finally, since the Kéhler form w(,-) = g(J-,-) depends smoothly on g,
so does its exterior derivative dw = ™.

By the Ebin Slice Theorgm [2], each infinitesimal deformation of G has a unique
representative v = (g, J,w, ¥ ", 17) € TN such that

0g=0 and tryg = 0. (32)

Let (£, S, ¢, 1) be the section of the bundle TM @ Sym™ M & ASYM @ RM determined
by v wia the equations (21)-(24). We have to interpret the system (31)-(32) in terms
of (£, 5, ¢, ). The main idea is to show that p and J¢ are eigenvectors of the Laplace
operator on functions and 1-forms corresponding to eigenvalues which do not belong to
its spectrum, thus forcing them to vanish.
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We start by taking the exterior product with " in the first equation of (31) and use
(23) to get
do Ayt =30t At =3 AT = —12udv.
On the other hand, using (22) and taking (4) into account yields

dio AT =d(e+ ) AT =d((e+EovT) AYt) = d(E Aw?),

whence
—12pudv = d(€ A W?). (33)
We apply the contraction A to the first equation of (31) and use (13), (22) and (23):
—6€ = 3A)T = Adw = Adp + Ad(€ JyT). (34)

In order to compute the last term, we apply the general formula (29) to the particular
deformation of the SUj3 structure defined by the flow of &:

ML) = —a(Lew).
Since dw = 39" and diyt = 0, we get

Ad(E 59) = ML e*) = —a(L.ew) = —a(d(€ 1w)) — o€ 2dw) B —a(dJE) — 6,

which, together with (34), yields
A(dyp) = a(dJg). (35)

We now examine the second equation of the system (31). From (24) we get

A~ = —dJEAw+3TEANDT —du AT +dAA DT — 200? — %d(s*w).

We apply the contraction A to this formula and use the second equation of (31) together
with (5) and (6):

4 = A4 AW) +4(AD)w = Adyp™ + 4(Ad)w (36)
= —dJ¢&— ANdJEw — 36 YT — Jdp ot + JdX 2~ (37)
—8\w — %Ad(S*@D_) + 4(Aw)w. (38)

Applying « to this equality and using (2), (22) and (29) yields
—8¢ = —a(dJE) — 6§ — 2Jdu + 2d\ — %aAd(S*zZJ_).
From (35) we then get
€= Jdu+ %Ad@ _dr iaAd(S*w). (39)

Lemma 4.3. Let (g, J,w, ", 07) be a Gray structure on a manifold M. For every
section S of Sym™ M and (1,1)-form ¢, the following relations hold:
Adp = 6h + 2d\ (40)

Sh=—J5p (41)
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5(S*¢+) = _Ad(S*@ZJ_) — 205 Jw—’_ (42)
aAd(Sap) = —28S (43)
AS(Sabt) =0 (44)

where h is the endomorphism defined by ¢(-,-) = g(hJ-,-) and A = 1tr(h) = $Ap. In

-2
the above formulas, & stands for the usual co-differential when applied to an exterior
form, and for the divergence operator (cf. (3], 1.59) when acting on symmetric tensors.

Since the proof is rather technical, we postpone it to the end of this section.
Using (20), (40), (41) and (43), the relation (39) becomes
1 1 1
&= Jdu+ §5h — 565 = Jdu— Jop — 559. (45)
From (32) and (45) we obtain

&= Jdu— Jop. (46)
On the other hand, (46) shows that p is an eigenfunction of A for the eigenvalue 6:

Ap = 8dp = 6(J€) = — + d+ (JE) = —% «d(e nw?) o (47)

Now, the Obata theorem (cf. [9, Theorem 3]) says that on a compact n-dimensional
Einstein manifold of positive scalar curvature scal, every eigenvalue of the Laplace
operator is greater than or equal to scal/(n — 1), and equality can only occur on the
standard sphere. Since (M, g) is not isometric to the standard sphere and is Einstein
with scalar curvature scal = 30, the Obata theorem thus implies that y = 0. Since

A = 1tr(h) = 1tr(g), the second part of (32) also shows that A = 0. Taking (32), (41),

(42) and (46) into account, the equation (36) now becomes

g AE = i — —dJE — A(dJE)w — 36 4ot — %Ad(S*w‘)

= —dJE— A(dJE)w — 3¢ 2yt + %5(5*@&*) —&§avT,
whence 1
dJE = —A(dJE)w + 4¢ + ié(S*z/ﬁ)-

Applying A to this relation and using (44) yields A(dJE) = 3A(dJE), so dJ§ = 4p +
$0(Sap™). By (46) we have JE = 6, so

A(JE) = 8dJE = 46 = 4J¢,

i.e. JE is an eigenform of the Laplace operator with eigenvalue 4. On the other hand,
the Bochner formula on 1-forms,

A =V*V + Ric = V*V + 5id

shows, by integration over M, that 4 cannot be an eigenvalue of A | so £ has to vanish
identically. From Lemmas 3.2 and 3.3, we get

. 1 . 1
I N o (1,1)
’l/} - 2 *1/} ) w —_— 2 *w 3 W—(pEAO M
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Plugging these equations into (31) yields

dp = —%S* +, (48)
0(Sa)pT) = —xdx* (Sa™) =y %d(Sap7) = =2 % dip~ W g (WAw) = —8p.

Thus ¢ is a co-closed eigenform of the Laplace operator for the eigenvalue 12.

Conversely let us assume that ¢ € Qél’l)M is co-closed and satisfies Ap = 12¢p. We

have to show that ¢ defines an infinitesimal deformation of the given Gray structure.

The main point is to remark that dy is a form in AéQ’lH(l’Z)M .

Lemma 4.4. If ¢ is a co-closed form in Q(()l’l)M then dp € QéQ’IH(LmM.

Proof. Using Lemma 2.2, this amounts to check that dy satisfies the system

dp ANyt =0,
dp ANy~ =0, (49)
(dp, X Nw) =0, VX eTM.

Each of these equations follows easily:

dp NYT =d(e AypT) =0,

dp Ny~ =dendT) —pnd™ E 2o a0 E dlp,w) =0,

(dp, X Aw) = (Adp, X) 2 —(J5p, X)dv = 0.
O

Consequently, there exists a unique section S of Sym™ M with dy = —%S*@/ﬁ. Taking
£ =0, \=0and pu =0, the equations (21)-(24) define an infinitesimal SU3z-deformation
by w = ¢, Pt = —3S4" and v = —3S4)~. It remains to show that (@, 9t )
satisfy the linearized system (31). The first equation is clear by definition and the
second is equivalent to d(S,)~) = 8p Aw. Using again (18) and (19), this last equation
is equivalent to §(S,0™) = —8y, which follows directly from the hypothesis on ¢ and
the definition of S. O

Proof of Lemma 4.3. By (8), VxJ = ¢} € AO2FTEON 50 (o, VxJ) = 0 for all vectors
X. Identifying ¢ with the corresponding skew-symmetric endomorphism of T'M, we
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compute in a local orthonormal basis {e;} parallel at some point:

1 1 1
Ady = 5(]61'_161' J(ex ANV p) = §J€i_lvei30 — §J6i J(ex A (Ve p)es)

1 1 1
- §(V6190>Jei - §(v']@z‘g0>ei + §€k(vek90> (eia Jez)

= (Veigo)Jei + d<§07 w) - €kg0(€i, (vek J>ez)
= (Ve(pd))ei — p((Ve, J)e) + 2dX = 2e(p, Ve, J)
= —(Vh)(e) + 2d\ = dh + 2dA.

This proves (40). To prove the second relation, we notice that

9((Ve, ) (we), X) = P (es, pes, X) = 2(0%, ) = 0,
SO
6h = —=(Ve,h)e; = (Ve (Jp))es = —Jop + (Ve J)pe; = —Jbp.
We will now use several times (and signal this by a star above the equality sign in

the calculations below) the fact that any SUs-equivariant map Sym™ M — AZM is
automatically zero, by the Schur Lemma. For every 3-form 7 we can write

1 1
Ad(T) = ijei ge; (e AV, T) = e, A (éJei g€, a0V, )+ Jep Ve, T

1
= dAT — §€k N (Ve J)eiae a1+ Jep a Ve, T.
In particular, for 7 = Sxp™ we have A7 = 0 and e, A (V. J)e; se; a7 =0, so from (11)
and the remark above we get
Ad(Sap7) Jer 3V, (Sp™) = Jeg 2 (Ve )™ ) + Jek 2 (Su(Ve, 7))
—Jep 2((Ve,S)ej Nej1ip™)
—<<V6kS)€j, J6k>6j J¢_ + (VekS)ej N (Jek 1€5 _ll/J_)
((VekS)Jej, 6k>J6j _JQ/1+ + (VekS)ej A (Jek €5 _Iw_)
=68 YT + (Ve S)e; A (Jepaej av7),

[E

K

so by (2)
Ad(Sap™) = =65 st + (Ve S)ej A (ex sej 3™, (50)
On the other hand, we have
S(Sa™) = eraVe (Sej Aejat) =ep o ((Ve,S)ej Aejah™)

= —5S.ayT — (Ve S)e; Neg ae; T
D 958 Syt — Ad(S.),
thus proving (42). Let o := (V,,5)e; A (ex 2e; 21") denote the last summand in (50).
A similar calculation easily shows that J,0 = 0, so o belongs to AV M. From (28) we
thus get

alAd(Sa)~) = —a(6S Jt) = —248.
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Finally, the relation (44) can be checked in the same way:

AS(SyT) = —%Jek seg ey Vej(5*¢+))

= —% <ej Ve (Jew sex 1 (Sp™)) —ej 5 (Ve T)er sep o (S*¢+))>

* SA(Sat) =0

This proves the lemma. O

5. CONCLUDING REMARKS

So far we have identified the space of infinitesimal deformations of a given Gray
structure with the space of co-closed primitive (1,1)-forms which are eigenforms of
the Laplace operator for the eigenvalue 12. In order to proceed further there are two
immediate options. Omne could try to compute the second derivative of a curve of
Gray structures and obtain additional equations. However, this leads to quadratic
expressions, which for the moment seem to be rather difficult to handle.

A second natural task is to consider the known homogeneous examples and to study
the question whether or not there exist at least infinitesimal deformations. This amounts
to study the Laplace operator on 2-forms on certain homogeneous spaces, which should
reduce to a tractable algebraic problem.

Since a nearly Kéhler deformation always gives rise to an Einstein deformation, one
could equally well ask for the existence of infinitesimal Einstein deformations on nearly
Kéhler manifolds. This issue was recently treated in [7].

The deformation problem for the standard nearly Kihler structure on S° has to be
considered separately since the almost complex structure is no longer uniquely defined.
However, since the round metric on S® has no Einstein deformations, the problem is
much simpler in this case. Th. Friedrich has shown in [5] that the action of the isometry
group SO; on the set of nearly Kéhler structures on the round sphere (S can) is
transitive. The isotropy group of this action at the standard nearly Kahler structure is
easily seen to be the group G (the stabilizer in SO7 of a vector cross product). The space
of nearly Kahler structures on the round sphere is thus isomorphic to SO7/Gy ~ RP7 (see
also [4, Prop. 7.2]). More geometrically, the set of nearly Kéhler structures compatible
with the round metric on S® can be identified with the set of non-zero real Killing
spinors (modulo constant rescalings), and it is well-known that the space of real Killing
spinors on (S% can) is isomorphic to R®.

The counterpart of Theorem 4.2 on (S can) can be stated as follows:

Theorem 5.1. Let G := (g, J,w,",¢7) be a Gray structure on S® such that g is
the round metric. Then the space of infinitesimal deformations of G is isomorphic to

the eigenspace for the eigenvalue 6 of the Laplace operator A on functions, and is, in
particular, 7-dimensional.
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Proof. Since there are no Einstein deformations on the round sphere, we may assume
g = 0. From (20) we get ¢ = 0,h = 0,5 = 0 and in particular A = 0 too. Then
equation (46) gives &€ = Jdu and (47) shows that p is an eigenfunction of A on (S®, can)
corresponding to its first non-zero eigenvalue, 6. These eigenfunctions (also called first
spherical harmonics) satisfy Vxdu = —pX for all tangent vectors X. We define the

infinitesimal SU; deformation w := &, ¥t = = Aw+ pp~ and = == —JE Aw —

. A short calculation easily shows that this indeed is a solution of the linearized

system (31). O
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